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The velocity of sound in water has been measured by an ultrasonic echo technique in the temperature 
range from —12°C to 129°C under hydrostatic pressures varying up to 9600 kg/cm*. Even at the highest 
pressures the temperature dependence of the velocity of sound is found to be abnormal. In contradiction 
to certain previous results, the temperature at which the velocity of sound is a maximum is found to increase 
with increasing pressure. The behavior of the sound velocity is discussed in the light of recent theories 
concerning the structure of water. The internal consistency of the data with existing pressure standards is 


also analyzed. 





INTRODUCTION 


ECENTLY Holton! has reported measurements on 
the velocity of sound in water as a function of pres- 
sure up to 6000 kg/cm? at two differentte mperatures, 
namely, 30°C and 50°C. Holton pointed out the utility 
of his data in improving the accuracy of our knowledge 
of the thermodynamical properties of water and, in 
particular, by correlating his data with that of Bridg- 
man’ on the isothermal compressibility of water, he 
computed improved values for the ratio of the specific 
heat at constant pressure to that at constant volume. 
The purpose of the present paper is to report data 
over a more extended range of pressure and tempera- 
ture than that investigated by Holton. Although, in a 
general way, the results reported below agree reason- 
ably well with those obtained by Holton, small dis- 
crepancies between the two sets of measurements are 
found. These discrepancies may have a significant 
bearing on the various theories about the structure of 
water. Consequently, it has been deemed desirable 
to report them in some detail. 

The principal discrepancy under review involves the 
behavior of the maximum in the velocity of sound as a 
function of temperature as the pressure is increased. 
Holton concludes from his measurements that tlis 
temperature decreases with increasing pressure; the 
Present authors conclude exactly the reverse. Our 
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measurements indicate that the abnormal temperature 
dependence of the velocity of sound persists even to 
10000 atmospheres. If this be so, Eucken’s* use of 
PVT data obtained in this pressure range for comput- 
ing the behavior of “normal” water may be less justi- 
fiable than had hitherto been supposed. 


APPARATUS 


The velocity of sound is measured by a pulse-echo 
technique, similar to that employed by other investiga- 
tors‘~’ for sound velocity determinations as well as the 
absorption of sound in water. This method is particu- 
larly adapted for measurements at high pressures be- 
cause the experimental chamber is sufficiently small to 
be readily mounted in a high-pressure vessel of limited 
capacity. A schematic diagram of the apparatus in 
Fig. 1 shows the arrangement of the high-pressure 
components together with the control and measuring 
units. 

The pressure system has been described previously*® 
in the literature. It will not be described in detail here 
because the mode of pressure generation is immaterial 
to this investigation. On the other hand, measurement 
of the pressure is of the essence. Pressures were de- 
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7P. Rosenberg, Radiation Laboratory, Massachusetts Institute 
of Technology, Report No. 56, 1946. 

81). Lazarus, Phys. Rev. 76, 545 (1949). 
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Fic. 1. Schematic diagram showing arrangement of high- 
pressure equipment, controls, and apparatus for measuring the 
velocity of sound. 


termined by means of a manganin resistance gauge. 
This gauge was calibrated by determining the resistance 
of the gauge at two pressures established by others as 
accepted standards by the careful use of free piston 
techniques. The standard pressures used were the 
freezing point of mercury as determined by Bridgman® 
(7640 kg/cm? at 0°C) and the freezing point of CO» 
as determined by a blocked capillary method by 
Michels” (3439 kg/cm? at 0°C). The pressure coefficient 
of resistance of the gauge was the same at both pres- 
sures, indicating a linear dependence of resistance on 
pressure for this particular gauge. The pressure coeffi- 
cient of resistance 1/R dR/dP was found to be 2.43 
<10-* cm?/kg. Because our determination of the CO» 
melting point was also by a blocked capillary technique, 
it is presumed that a comparison of our determination 
with that of Michels is to be preferred to a comparison 
with that of Bridgman, who used a technique involving 
a change in volume on freezing. Since the latter method 
gave a freezing point for CO, at 0°C about 1 percent 
lower than that found by Michels, it is by no means 
clear whether the most appropriate procedure has been 
followed. We shall re-address ourselves to this problem 
below when we consider the internal consistency of the 
sound velocity data with the pressure calibration. 
Depending on the temperature range, the tempera- 
ture was varied either by a furnace or by a bath sur- 
rounding the pressure vessel. The temperature was con- 
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Fic. 2. Schematic diagram showing arrangement of components in 
the apparatus for measuring the velocity of sound. 


9 P. W. Bridgman, Physics of High Pressures (G. Bell and Sons, 
London, 1931). 
1 A. Michels, Physica 9, 565 (1942). 


Fic. 3. Design of high-pressure plug showing (A) the sylphon 
bellows used as water reservoir; (B) highly polished stainless-stee 
acoustic reflector; (C) the goldplated 12-mc quartz transducer; 
(D) threads for mounting plug in high-pressure vessel; (E) con- 
nector for cable from oscillator. 


trolled by a proportioning controller. In view of the large 
heat capacity of the system, it is believed that the tem- 





arran; 
betwe 
back 1 
space 
cham 
vides 
from : 
These 
washe: 
All : 
Stainle 
gold-p! 
optical] 
a wave 
provid 
echo pl 
spring. 


The 
baric cr 
maximt 
ture wit 
When 1 
observe 
ing disc 
decided 
Further 
more CC 
of isob: 
shown it 
with Ho 
The dat 









ylphon 
ss-steel 
sducer; 
E) con- 


e large 





peratures are known to 0.2°C, the limit being set by 
the technique employed, now to be described. The tem- 
perature was measured in the wall of the high-pres- 
sure vessel at a point about 1 inch from the interior. 
A correction was then applied for the temperature 
gradient between this point and the water under study. 
This gradient was determined by a separate experiment. 
All temperatures were measured with a _ chromel- 
alumel thermocouple by means of a type K-2 Leeds and 
Northrup potentiometer. 

The ultrasonic pulse was introduced to the water 
by an X-cut quartz transducer having a natural fre- 
quency of 12 megacycles. The oscillator, pulser, re- 
ceiver, and detector are the same as those previously 
described by Lazarus,* and are indicated in the block 
diagram Fig. 2. The repetition frequency used was 1000 
cps, the pulse length varied from 1 to 10usec, and the 
peak voltage of the pulse was about 30 v. 

The echo chamber used is shown in Fig. 3. A neces- 
sary feature in the design of this chamber is the separa- 
tion of the water under study from the pressure trans- 
mitting fluid, which was silicone oil or hexane, depending 
on the temperature. This separation is accomplished 
at one end of the echo chamber by sealing the edge of 
the quartz transducer C with a Neoprene washer. This 
arrangement not only affords a better acoustical match 
between the quartz and the water, but also eliminates 
back reflections from the conical reflecting surface of the 
space filler behind the quartz. The other end of the 
chamber is sealed by a sylphon bellows A which pro- 
vides a reservoir of water to take up the slack arising 
from the compression of water in the chamber itself. 
These bellows are screwed on and sealed by a Neoprene 
washer. 

All surfaces coming in contact with the water are of 
stainless steel except for the Neoprene washers and the 
gold-plated quartz crystal. The reflecting surface B is 
optically ground and polished stainless steel, flat within 
a wavelength of the mercury green line. Alignment is 
provided by the accurately machined shoulder in the 
echo plug against which the transducer is pressed by a 
spring. 

MEASUREMENTS 


The first data obtained in this experiment were iso- 
baric curves in which it was hoped that the shift in the 
maximum velocity of sound as a function of tempera- 
ture with increasing pressure could be directly observed. 
When the temperature of the maximum velocity was 
observed to increase with pressure and the correspond- 
ing discrepancy with Holton’s data realized, it was 
decided to check the 30° and 50° curves isothermally. 
Further data were taken at other temperatures, some 
more complete than others, until a complete family 
of isobaric and isothermal curves was obtained as 
shown in Figs. 4 and 5. Direct plot of the present data 
with Holton’s data (plotted points) is shown in Fig. 6. 
The data for these curves is given in Tables I and II 
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Fic. 4. The velocity of sound in water as’a function of 
temperature at different pressures. 
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with corrections for the effect of the compressibility as 
a function of temperature and pressure included in the 
velocity shown, at most a 0.2 percent correction. 

The apparatus as designed is more suitable for 
making observations of changes in the velocity of sound 
than in making an absolute determination of this ve- 
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Fic. 5. The velocity of sound in water as a function of 
pressure at different temperatures. 
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was observed between the sets of data. No further 
effort was made to remove gas from the water. 

The time interval between echoes was measured by 
observing the first four echoes and averaging the time 
interval between them. The input signal was too weak 
for parts of the temperature-pressure range to use more 
than four echoes. It is estimated that the time interval 
could be determined to +0.1 percent. The calibration 
of the microsecond scale on the delay line of the 256D- 
A/R oscilloscope was checked against an internal 
crystal whose natural frequency gave 10usec mark- 
ers on the scale. The range markers were calibrated by 
beating against station WWV and are accurate to 1 
part in 10°. 


TABLE .I The velocity of sound in water as a function of pressure 
determined isothermally at various temperatures. 














Fic. 6. Enlarged graphs showing relative variation of velocity 
of sound as a function of temperature near the maxima. The ordi- 
nate scale indicates only differences in velocity. 


locity at each temperature and pressure. Therefore the 
velocity, 1510 m/sec, at 30°C and 1 atmosphere given 
by Willard" and other investigators was used as a 
reference velocity from which all velocities were calcu- 
lated. An absolute determination of the velocity of 
sound in water, using the measured length of the echo 
chamber (1.583 cm) and an observed time interval 
gave a velocity at 30°C within 0.1 percent of the 
chosen value. 

The water used in this experiment was doubly dis- 
tilled water for the most part, although some readings 
were made with singly distilled water. No difference 





7 P kg/cm? u m/sec rf P kg/cm? u m/sec 
—12.0 3467 1954 0.0 4619 2149 
—12.0 4118 2065 0.0 5122 2221 
—12.0 4311 2085 0.0 5136 2210 

—8.1 1227 1576 0.0 5787 2289 

—8.1 2169 1750 0.0 6447 2363 

—8.1 3000 1889 7.3 11 1444 

—8.1 3932 2023 13 1107 1639 

—8.1 4861 2165 7.3 1892 1765 

0.0 1 1403 ne 3447 2006 
0.0 1 1403 ee 4672 2168 
0.0 1 1402 7.3 5659 2290 
0.0 36 1410 30.0 1 1510 
0.0 256 1440 30.0 1989 1834 
0.0 315 1468 30.0 3975 2110 
0.0 474 1487 30.0 5963 2338 
0.0 502 1478 50.0 1 1543 
0.0 1011 1576 50.0 860 1684 
0.0 1077 1565 50.0 1989 1861 
0.0 1470 1666 50.0 2985 1999 
0.0 1543 1675 50.0 3038 2011 
0.0 1957 1744 50.0 3978 2129 
0.0 2006 1761 50.0 5967 2351 
0.0 2561 1848 96.5 1 1548 
0.0 2562 1855 96.5 435 1638 
0.0 3139 1939 96.5 1039 1747 
0.0 3582 2014 96.5 5544 2333 
0.0 3622 2016 96.5 7370 2506 
0.0 4216 2097 96.5 9410 2678 
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Fic. 7. Comparison of Holton’s results with those reported here. 
The solid curves are plotted from the data in Table II; the solid 
circles and triangles are Holton’s observations at 50°C and 30°C 
respectively. 


1G. W. Willard, T. Acoust. Soc. Am. 19, 235 (1947). 








RESULTS 


From the reference velocity at 30°C and 1 atmos- 
phere, the velocity calculated at 50°C and 0°C is 
found to be in good agreement with other investigators. 
Willard gives 1543 m/sec for 50°C, Randall!? 1403 
m/sec for 0°C. The only high-pressure work (about 
800 kg/cm?) for comparison is that of Holton and is 
shown in Fig. 6. 

The trend as seen from the curves in Fig. 4 is for the 
maximum of the velocity of sound vs temperature curve 
to move to higher temperature rather rapidly with 
initial rise in pressure, and approach a maximum dis- 
placement at about 94°C. In addition to this effect, 
there is a flattening out of the curve with increasing 
pressure. Thus the positive temperature coefficient at 





























2 C. R. Randall, Bur. Standards J. Research 8, 94 (1932). 
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30° and 1 atmosphere (2.5 m/sec per °C) is about twice 
that at 30° and 5000 kg/cm? (1.2 m/sec per °C). 
Somewhere above 9500 kg/cm? it would appear that 
the temperature coefficient becomes zero over a range 
from the freezing temperature to about 100°C. All 
isothermal curves recorded would apparently cross at 
this pressure if extrapolated. 

Referring to Fig. 6 again, where our results are com- 
pared with those of Holton, we observe that, while the 
two sets of data are in excellent agreement below about 
3000 kg/cm?*, above this pressure Holton’s two curves 
begin to converge until, at 5500 kg/cm?, they have 
actually crossed. Our corresponding curves on the other 
hand are still converging very slowly. The implication 
of Holton’s data is that pressure has displaced the 
maximum in the velocity of sound to lower tempera- 


TABLE II. Velocity of sound as a function of temperature as 
determined isobarically for various pressures. 











P kg/cm? rc um/sec P kg/cm? ie u m/sec 

1 0.0 1403 1039 104.6 1744 

1 22.5 1488 3038 48.8 2008 

1 24.2 1494 3038 56.1 2024 

1 26.6 1504 5544 0.0 2264 

1 27.0 1505 5544 22.6 2290 

1 27.6 1504 5544 57.4 2324 

1 45.4 1539 5544 66.5 2327 

1 55.1 1547 5544 76.3 2331 

1 65.5 1555 5544 85.9 2335 

1 74.7 1557 5544 96.1 2333 

1 83.2 1557 5544 103.3 2334 

1 93.8 1549 5544 103.4 2332 
435 22.5 1563 7370 19.1 2485 
435 57.6 1628 7370 42.8 2492 
435 66.9 1637 7370 51.1 2491 
435 77.0 1642 7370 63.4 2495 
435 86.7 1642 7370 69.7 2495 
435 96.5 1638 7370 84.0 2497 
1039 26.5 1677 7370 95.6 2506 
1039 44.2 1714 9410 56.5 2671 
1039 55.4 1729 9410 62.4 2669 
1039 63.4 1737 9410 70.2 2672 
1039 70.5 1742 9410 82.7 2676 
1039 75.5 1745 9410 97.4 2678 
1039 80.4 1746 9410 98.4 2676 
1039 88.1 1748 9410 128.9 2664 
1039 96.4 1747 9410 129.0 2666 








tures. However, none of our more extensive data give 
any indication that this conclusion is correct but rather 
the contrary. 


DISCUSSION OF EXPERIMENTAL RESULTS 


It is not difficult to see why the two experiments lead 
to conflicting conclusions. The numerical discrepancies 
are small and any slight systematic error could easily 
account for the difference. A priori, it would be diffi- 
cult to say which experiment is in error, or, in fact, if 
the difference did not arise from comparable errors in 
both experiments. 

The principal sources of error in both Holton’s 
¢xperiment and ours are distortions of the wave form 
i successive pulses and the measurement of pressure. 
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Fic. 8. Estimated contributions of the structural and normal 
components of the adiabatic compressibility of water. In this 
figure, K, is the abnormal or structural component (denoted by 
K, in the text), and K,, is the normal component. 


With regard to the first source of error, it should be 
mentioned that one principal difference between Hol- 
ton’s technique and ours is the fact that Holton used 
up to 40 echoes in his measurements, while we used in 
many cases as few as four. The reason for this is that 
Holton applied over 1000 volts to the crystal while we 
worked with pulses of about 100 volts. In principle, the 
measurements are more precise with a larger number of 
echoes, but our experience indicated that, with our 
apparatus at least, at higher-voltage levels the distor- 
tion in the amplifier increased. The difference in echo 
times of successive pulses in our experiment was seldom 
greater than 0.3 percent and appeared to be random in 
distribution. 

Holton does not discuss the calibration of his man- 
ganin gauge, but presumably his procedure was similar 
to ours. Differences in gauge calibration might cause 
small systematic discrepancies between the two sets 
of data but could not explain the crossover of Holton’s 
two curves. A possible source of error in our experiment 
is the fact that our upper pressure vessel, containing the 
pressure gauge, was not thermostated. Consequently, 
during a run its temperature might have varied by 
several degrees. The effect on the pressure coefficient 
of resistance itself of such a temperature fluctuation 
would be negligible, but there would be an error owing 
to a hidden shift of the zero-pressure resistance of the 
gauge. We estimate that errors from this source in our 
experiment could not exceed 0.2 percent at 30°C and 
50°C. Apparently, Holton’s technique involves similar 
small errors. 

One major source of error which could cause trouble is 
the possibility of change in gauge zero during a run 
owing to a sudden change in pressure. This source of 
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error was presumably eliminated in our experiments by 
rejecting any data in which the resistance at zero pres- 
sure of our gauge changed by more than +0.01 ohm. 

Another possible source of discrepancy between the 
two results is the fact that Holton used degassed water, 
while ours was merely distilled. However, the difference 
in velocity of sound between fully degassed water and 
water saturated with air at atmospheric pressure and 
30°C is only 1 m/sec, and it is difficult to see how this 
error could increase with increasing pressure. 

For the foregoing reasons the authors have examined 
the information available from other sources which 
might indicate in which direction the velocity maximum 
should be shifted by pressure. Such data are available in 
the form of isothermal compressibilities as a function of 
temperature and pressure from the investigations of 
Bridgman,” of Amagat,' and of Smith and Keyes." 

The following relations are pertinent. The velocity of 
sound wu is related to the adiabatic compressibility Ka 
and the density p by the equation 


u= (Kap)73. (1) 


Thermodynamics relates the isothermal compressi- 
bility Ky to the thermal expansion coefficient a, the 
specific heat at constant pressure C,, and K, by the 
equation 
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Kr—Ka= (2) 








Pp 





Manipulation of Eq. (1) and Eq. (2) in the region 
of the maximum of the velocity of sound leads to the 
following conclusions. Corresponding to the maximum 
in the velocity of sound, both the isothermal and adia- 
batic compressibilities will exhibit minima as a function 
of temperature. Near zero pressure it may be shown 
that the minimum in the isothermal compressibility 
must occur at a lower temperature than the minimum 
in the adiabatic compressibility. Furthermore, the 
minimum in the adiabatic compressibility must occur 
at a lower temperature than the maximum in the 
velocity of sound. As an example, using Randall’s” data 
















TABLE III. Abbreviated summary of Amagat’s data on the 
isothermal compressibility of water as a function of temperature T 
and pressure P. 
















Pressure 


range 
kg/cm? 30°C 40°C 50°C 60°C 70°C 


















for Ky and Kg, we may compute the various tempera- 
















1-100 460 449 449 455 462 
100-200 436 429 4258 427 439 
200 300 422 414 413 415 425 
300-400 413 407 4028 406 411 
400-500 406 404 399 3948 398 
500-600 392 390 390 388 391 















(1934). 





13 E. Amagat, Ann. chim. et phys. 29, 68, 505 (1893). 
“LL. Smith and R. Keyes, Proc. Am. Acad. Arts. Sci. 69, 285 


® Indicates minimum of Kr and illustrates how minimum shifts to higher 
T with increasing P. The units of Kr are in 1073 dyne/cm?. 
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tures under consideration. At atmospheric pressure, we 
compute that the minimum in K7 will occur at 45°C, 
the minimum in K, at 65°C, while the maximum in the 
velocity of sound will occur between 70°C and 74°C. 

The conclusions of the preceding paragraph should 
be valid up to pressures of the order of magnitude of 
6000 kg/cm? where a crossover occurs between curves 
of thermal expansion vs pressure for different tempera- 
tures. Above this pressure the minimum in K, vs tem- 
perature will occur for a lower temperature than that 
for Kr. 

If we pursue the reasoning of the preceding para- 
graphs, it becomes clear that if we can establish that 
the minimum of Kr vs temperature increases with 
increasing pressure, then the maximum in the velocity 
of sound must also increase, as found by our experi- 
ments. 

Referring now to the behavior of the isothermal com- 
pressibility as a function of temperature and pressure, 
we find unfortunately that neither of Bridgman’s 
experiments’ on the PVT relations in water have been 
carried out with sufficient accuracy to provide an un- 
ambiguous answer to our question. 

If, however, we examine the data of Amagat on Kz, 
we find that his results clearly indicate an increase of 
the minimum in Kr vs T with increasing pressure. 
Accordingly, his results lend weight to our conclusion 
that the maximum of u vs T increases with increasing 
pressure. To illustrate our point, we have incorporated 
Amagat’s data in Table III. The same conclusion is 
indicated by the data of Smith and Keyes, whose data 
are reproduced in part in Table IV. 


SELF-CONSISTENCY OF THE SOUND VELOCITY 
AND PRESSURE MEASUREMENTS 


One of the most unsatisfactory aspects in precision 
investigations at high pressures is the lack of a uniform 
standard in the measurement of pressure. We have 
already touched briefly on the discrepancy between the 
determinations of Bridgman? and Michels” on the freez- 
ing point of CO2. We do not propose to enter into a 
discussion of the complex of factors involved in this 
discrepancy, e.g., difference in observational techniques, 
purity of sample, etc. 

The purpose of this section is to call attention to the 
fact that the measurement of the velocity of sound ina 






TaBLe IV. Abbreviated summary of the data of Smith and 
Keyes on the isothermal compressibility of water as a function of 
temperature and pressure (compressibility in arbitrary units). 











Pressure 
range 
in bars o°c 20°C 40°C 60°C so°c 
0-350 421 4158 418 429 450 
350-1000 - tee 332 3148 331 








@ Indicates minimum of K7 and illustrstes how minimum shifts to higher 
T with increasing P. The units of Kr are in 10-% dyne/cm?. 
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TABLE V. Calculation of pressure from Eq. (4).* 


VELOCITY OF SOUND 








Based on Bridgman’s H2O data of 1935 
P from Eq. (4) 





u(m/sec) kg/cm? 
P(kg/cm?) V(cc/gm) TJT(°K) Holton Authors Holton Authors 
1 1.0046 303 1510 1510 1 1 


500 0.9845 303 1588 1593 490 492 
1000 0.9665 303 1667 1676 989 992 
2000 0.9368 303 1822 1833 1978 1992 
3000 0.9127 303 1968 1981 2969 2995 
4000 0.8925 303 2100 2113 3967 4003 
5000 0.8754 303 2222 2234 4954 5002 
6000 0.8603 303 2344 2341 5955 6007 


1 1.0120 323 1543 1543 1 1 
500 0.9916 323 1623 1623 500 500 
1000 0.9744 323 1703 1704 981 981 
2000 0.9450 323 1856 1858 1965 1966 
3000 0.9207 323 1990 2004 2962 2972 
4000 0.9005 323 2118 2135 3944 3973 
5000 0.8835 323 2227 2252 4906 4952 
6000 0.8684 323 2334 2356 5877 5946 


Based on Bridgman’s H2O data of 1912 


1 1.0041 303 1510 1510 1 1 
500 0.9837 303 1588 1593 498 500 
1000 0.9663 303 1667 1676 982 987 
2000 0.9364 303 1822 1833 1978 1994 
3000 0.9105 303 1968 1981 3046 3075 
4000 0.8897 303 2100 2113 4077 4119 
5000 0.8719 303 2222 2234 5089 5165 
6000 0.8554 303 2344 2341 6203 6262 


1 1.0118 323 1543 1543 1 1 
500 0.9916 323 1623 1623 496 496 
1000 0.9743 323 1703 1704 980 980 
2000 0.9445 323 1856 1858 1978 1980 
3000 0.9205 323 1990 2004 2965 2973 
4000 0.8996 323 2118 2135 3987 4008 
5000 0.8818 323 2227 2252 4998 5037 
6000 0.8662 323 2334 2356 6007 6065 








_s Based on calibration of manganin resistance gauge using Bridgman’s 
freezing point of Hg at O°C and Michels’ freezing point of CO2 at O°C. 


liquid, the volume of the liquid as a function of pressure, 
and the pressure itself are not independent. In fact, for 
an imaginary fluid with no thermal expansion, the fol- 
lowing relation between these three quantities must be 
valid : 


VPM 
P—Py= f —waV. (3) 
vo V? 


0 


For an actual fluid with a finite thermal expansion, it 
follows from Eq. (2) that the pressure, volume, and 
velocity of sound in a fluid must obey the relation 


YPM wMTo?\— 
P—Po= fi —#(14+——) dV. (4) 
vo V? 


0 Pp 


According to the preceding equation, if the volume 
of a fluid at some unknown pressure is ascertained, and 
the velocity of sound at the same pressure is determined, 
the pressure may then be calculated if rather crude 
values for the thermal expansion coefficient and the 
specific heat are available. The latter quantities need 
not be known very well because they represent a correc- 









IN WATER 





TABLE VI. Dependence of calculations in Table V 
on gauge constant® at 30°C. 








Gauge constant¢ 
vy =2.438 X10-* 
(kg/cm?)-1 


Gauge constant» 
y =2.410 X1078 
(kg/cm?)- 





P (kg/cm?) V (cc/gm) u(m/sec) integral u(m/sec) integral 
1 1.0046 1510 1 1510 1 
500 0.9845 1594 492 1593 492 
1000 0.9665 1678 997 1676 992 
2000 0.9368 1837 1999 1893 1992 
3000 0.9127 1986 3007 1981 2995 








® Pressure determined assuming gauge resistance varies as Rp = Ro(1+~7P). 
+ Based on Bridgman’s freezing point of CO2z 3400 kg/cm? at 0°C. 
¢ Based on Michels’ freezing point of COs 3439 kg/cm? at 0°C. 


tion of from 3 percent to 6 percent. As a result of the 
integration the effect of an 8 percent error in a or C, on 
P is reduced to about 0.2 percent. 

We are invited, therefore, to calculate the pressure 
from known PVT data and the velocity of sound from 
Eq. (4) and to compare the result with that determined 
by the manganin gauge using available pressure stand- 
ards established by a free piston technique. 

In making such a comparison, owing to various dis- 
crepancies in the experimental literature, several pro- 
cedures are possible. The possibilities are denumerated 
according to whether we use (1) Bridgman’s PVT data 
of 1912; (2) Bridgman’s PVT data of 1935; (3) Holton’s 
data on the velocity of sound; (4) The present data on 
the velocity of sound; (5) Bridgman’s determination 
of the freezing point of CO2; or (6) Michels’ determina- 
tion of the freezing point of CO». 

Tables V and VI show the results of a number of the 
possible permuted comparisons. It is difficult to draw a 
cleancut conclusion from these calculations, but they 
may be summarized as follows. On the whole, both 
Holton’s results and ours are in better agreement with 
Bridgman’s PVT data of 1935 than those of 1912—this 
statement being particularly appropriate to the 1912 
data at 30°C. Regardless of which set of data on the 
velocity of sound is employed in the calculation, the 
deviations between the pressures determined by the 
free piston technique and that calculated from the 
velocity of sound seldom exceed 2 percent—a remark- 
able result considering the lapse of years and the varied 
sources of the experimental data. 

Table VI shows that the rough generalities drawn 
above are somewhat sensitive to the pressure standards 
used in the calibration of the resistance gauge. Table V 
is based on the use of the freezing point of mercury at 
0°C as determined by Bridgman, and the freezing point 
of CO, as determined by Michels. If, on the other hand, 
we confine our comparison to pressures below 3000 
atmospheres, we find that the consistency of the pres- 
sure data with ours is improved at 30°C by using Bridg- 
man’s data on the freezing point of CO:. The arguments 
evoked in the selection between the two comparisons 
are so involved that we do not believe they may be 
resolved by our data. The suspicion is generated never- 
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theless that our absolute pressure standards are un- 
certain to about } percent in the range below 10000 
atmospheres. 


COMPARISON OF THEORY AND EXPERIMENT 


Although the differences between the results of 
Holton and ours seem minuscule from an experimental 
point of view, they have been emphasized because of 
their apparent importance in discriminating among the 
various theories of the structure of water. All of these 
theories incorporate as a basic postulate the concept 
that a considerable memory of the ice structure is 
retained in the liquid phase. Perhaps the first significant 
modern effort to interpret the properties of water was 
that of Bernal and Fowler,!® who treated the water as a 
mixture of two types of H,O complexes. One type of 
complex was considered to assume a quartz-like type of 
arrangement (normal water), while the other type was 
assumed to have a trydimite type of arrangement as in 
ice. To explain qualitatively the behavior of water near 
the ice point, Bernal and Fowler found it necessary to 
assume that approximately 70 percent of the molecules 
were ice-like even near the boiling point. Subsequent 
investigations of the structure of water using x-ray 
diffraction patterns indicated that this model was over- 
simplified and that the molecular rearrangements in 
the liquid state were more subtle. In particular, the 
investigations of Morgan and Warren,'* and also of 
Katzhoff,'’ indicate that as the temperature was in- 
creased the major change in the structure could be 
ascribed to an increase in the number of neighbors in 
the successive shells of molecules surrounding any given 
molecular center. In an effort to circumvent this objec- 
tion, Eucken’ in a series of papers addressed himself to a 
somewhat different approach. He depicted water as 
composed of a mixture of polymers and considered the 
equilibrium between a system composed of monomers, 
dimers, quadrimers, and octomers. He then assumed the 
PVT data at 10 000 atmospheres to reflect the behavior 
of normal water. By empirically fitting an equation of 
state to this data, he predicted the behavior of normal 
water under atmospheric conditions. By differences 
between the observed and predicted values of the vol- 
ume of water as a function of pressure, he deduced the 
number of abnormal molecules (octomers) as a function 
of temperature and by a rather elaborate structure was 
able to correlate this dependence with that of the 
specific heat and other physical properties. For the 
sake of completeness, we add that recently Gierer and 
Wirtz'* have attempted to reconcile Eucken’s theory 
with that of Bernal and Fowler. 

If our experimental results be accepted at face value, 
it would seem that Eucken’s assumption that water is 
behaving normally at 10 000 atmospheres is somewhat 


16 J. D. Bernal and R. H. Fowler, J. Chem. Phys. 1, 515 (1933). 
16 J, Morgan and B. E. Warren, J. Chem. Phys. 6, 666 (1935). 
17S. Katzhoff, J. Chem. Phys. 2, 841 (1934). 

'8 A. Gierer and K. Wirtz, Z. Naturforsch. 5, 577 (1950). 
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dangerous. Although the isothermal compressibility 
appears to be behaving in a normal fashion, the velocity 
of sound does not. A reexamination of these early 
theories, therefore, appears to be in order. 

We digress temporarily to discuss a theory by Hall” 
which was developed to explain the anomolous absorp- 
tion of sound in water. Hall assumes that a water mole- 
cule can exist in two states differing in free energy by 
an amount F. The molal volume V of water is then 
assumed to be given by 


V= V,»(1—xa)+ V a= V nt AV xa, (5) 


where V, is the molal volume of normal water, V, the 
molal volume of abnormal water, x, and x, the corre- 
sponding concentrations of the two states assumed to 
be related by the simplest possible interaction, namely, 
Xn 
—=e SFiRT, (6) 
Xa 


It is now possible conceptually to separate the com- 
pressibility K of water into two components, the com- 
pressibility at infinite frequency K, plus a structural 
component K,, which is easily deduced to be given by 


the following expression: 
(AV)? 





K,=K—-K,,=+ : 
AF 
2RTV| 1+-cosh— 
RT 


Estimates of K.. may be made from the compressibility 
of ice and calculations from known intermolecular 
potential functions. The estimates for K. range be- 
tween 12 and 24X10-" cm?/dyne. Hall was able to 
obtain satisfactory agreement with sound absorption 
measurements by choosing K. to be 18X10-” cm’/ 
dyne, AV equal to —8.4 cm’, and AF equal to 500 
cal/mole. 

We shall now investigate whether Hall’s estimates of 
these quantities also give reasonable values for the 
compressibility, thermal expansion, and specific heat, 
and compare the resulting estimates with those ob- 
tained by Eucken. 

We shall begin our analysis by commenting that the 
consistent application of thermodynamics to the Hall 
model leads to the conclusion that in addition to the 
structural compressibility K, given by Eq. (7), con- 
comitant structural effects also occur in the thermal 
expansion coefficient and the specific heat. These quan- 
tities are not completely independent, but are related 
by the following relations, regardless of the validity 
of Eq. (6): 

T(AV)*c, 


VK, 


and 
a,=c,AV/VAH, (9) 
19 L. Hall, Phys. Rev. 73, 775 (1948). 


(AH)? (8) 
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where c, is the structural contribution to the specific 
heat, a, is the structural contribution to the thermal ex- 
pansion coefficient, and AH is the difference in enthalpy 
between normal and abnormal water molecules. 

Referring all our calculations for the moment to 0°C, 
we find from Eq. (7) by assuming AF is zero that the 
minimum value of AV is 8.0 cm*/mole if we use a value 
for K,=12X10-" cm?/dyne. This value for AV com- 
pares favorably with the value of 8.4 cm®/mole assumed 
by Hall and is consistent with the difference between the 
observed density of water and that which it would 
acquire if water had the same structure as ice. 

If the structure of water were completely ice-like, 
Pople” has estimated that its volume would differ from 
that of water at 0°C by 0.22 cm*/g, a difference which 
must be accounted for by the transition from abnormal 
molecules to a normal state. In accordance with this 
reasoning, assuming Eq. (6) is correct, we deduce that 
0°C the fraction of normal molecules is 50 percent, a 
number intermediate to the predictions of Bernal and 
Fowler on the one hand and Eucken on the other. 

Using the value of AV equal to 8.0 cm*/mole deduced 
above, and Eucken’s estimate of 8.5 cal/mole for c,, we 
find from Eq. (8) that we must take AH equal to 2600 
cal/mole to be consistent. This value for AH falls within 
the range of the values assumed by Eucken for the 
dissociation of the various polymers in his model. 

Using the value of AH deduced from Eq. (8), we now 
calculate from Eq. (9) that the consistent value of 
a, at O°C is 14.6 10-*/°C. This value for a, is eminently 
reasonable since the average expansion coefficient for 
methyl alcohol between O0°C and 100°C is about 
+1210-*/°C and that for water at 0°C is —1.0 
xX 10-*/°C. 

Using Eq. (6) again, from the value of x, at 0°C, we 
calculate that the value of x, at 100°C should be 0.78. 
Thus, the increase of the normal component between the 
freezing and boiling points of water is 28 percent. If we 
take our value of 2600 cal/mole for AH, this implies 
an excess increase of the enthalpy of water between 
these two temperatures of 730 cal/mole. The value esti- 
mated by Eucken is approximately 785 cal/mole. 

It is not difficult to verify from the above data that 
the minimum in the thermal expansion coefficient must 
occur in the neighborhood of 0°C. Thus, it must be 
concluded that the rather crude model used by Hall is 
in essential agreement with many of the thermodynamic 
properties of water. 

Nevertheless, Hall’s theory is subject to the following 
criticisms. Hall concluded that the difference between 
the two states assumed in this model was the breaking 


—_— 


*J. A. Pople, Proc. Roy. Soc. (London) A205, 163 (1951). 





of a hydrogen bond. If so, the validity of Eq. (6) is 
open to question. Secondly, the value of AH found here 
is too small to account for the properties of water on 
this physical model. The heat of evaporation of ice, for 
instance, implies that the energy to break a hydrogen 
bond is at least twice the value of AH used here. 

This dilemma may be resolved, perhaps, by consider- 
ing the point of view of Pople”.*! and Lennard-Jones.”! 
According to their viewpoint the explanation of the 
anomalies in the behavior of water lies not in the break- 
ing of bonds but in their flexibility. Thus, AH should 
not necessarily be considered as the energy required to 
break a hydrogen bond but probably as the energy 
required to bend one. Pople’s theory seems to be con- 
sistent with the x-ray diffraction data. 

Another insufficiency in Hall’s model is its failure to 
describe satisfactorily the molal volume on data at 
higher pressures. Bridgman’s PVT data indicate that 
this quantity goes through a minimum at successively 
lower temperatures as the pressure is raised and then 
at even lower temperatures through a maximum. These 
features are qualitatively described well by the equa- 
tions given above. Quantitatively, however, the differ- 
ence in molal volume between the maximum and 
minimum decreases rapidly with increasing pressure. 
In the theory this quantity is constant since the varia- 
tions of AV and AS with temperature and pressure have 
been neglected. The theory requires considerable re- 
finement before the fine experimental details can be 
adequately described. 

We revert now to a comparison of the Hall theory 
with that of Eucken. According to Eq. (7), the struc- 
tural bulk modulus should decrease somewhat more 
rapidly than the absolute temperature as the latter is 
increased. The behavior of the abnormal adiabatic com- 
pressibility, as predicted by Eq. (7), is shown in Fig. 8, 
where it is compared with that predicted by Eucken. 
As may be seen, the discrepancy is rather large. Al- 
though our measurements seem to support Hall’s model, 
clearly more measurements and analysis are needed to 
select the preferable theory. 

In conclusion, it should be noted that the arguments 
given above are not particularly sensitive to the form 
of Eq. (6) because AF/RT is relatively small. 
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The thermal conductivities of thirty-one polar and nonpolar organic vapors have been determined at 


pressures up to one atmosphere, over a temperature range from 40 to 160°C. The relation between thermal 
conductivity and viscosity is discussed in terms of the expression: 








K°M = fa firaneCotrans tfineCrint 


nCvo 


Cro 


where, following a suggestion by Eucken, the ratio f is divided into separate components ftrans and f int, 
corresponding to the different rates of transfer of translational and “internal” (vibrational and rotational) 


energies. 


Experimental values of f are not in accord with Eucken’s original assumption that fint=1. For nonpolar 
vapors fint increases towards a high-temperature limit which is close to the theoretical value of 1.3. For 
polar vapors ftrans appears to be less than the theoretical value of 2.5, the decrease depending on the polar 
character of the molecule. These results are discussed with reference to energy exchanges occurring during 


collisions between complex molecules. 








I. INTRODUCTION 


HE thermal conductivity of an organic vapor 
varies with pressure and temperature. The varia- 
tion with pressure is related to the corresponding change 
in specific heat.! The variation with temperature has 
been studied experimentally but no adequate theoretical 
treatment exists; before such a treatment is possible a 
knowledge of the relationship between conductivity and 
viscosity is required. In the present paper the results of 
extensive new thermal conductivity measurements are 
reported, and these, together with published values of 
viscosities and specific heats, have been used to in- 
vestigate this relationship. The present results are 
complementary to those described recently ;' the tem- 
perature range of the earlier measurements has been 
extended and further substances investigated. 
The relation between thermal conductivity and vis- 
cosity may be discussed in terms of the dimensionless 
ratio 


K°M /nCw= f, (1) 


where K° is the conductivity at zero pressure (see Sec. 
III) and n, Cvo,and M are the viscosity, the molar heat at 
constant volume, and the molecular weight of the vapor. 
The theoretical studies of Chapman,” and Hirschfelder, 
Bird, and Spotz* have shown that for simple spherical 
molecules f~ 2.5, the value being virtually independent 
of temperature ; this has been confirmed experimentally 
for gases which possess only translational energy, e.g., 
the inert gases.‘ On the other hand, for polyatomic gases 
experiment shows that f<2.5. For these gases Eucken® 


1R. G. Vines, Australian J. Chem. 6, 1 (1953). 

2S. Chapman, Phil. Trans. A211, 433 (1912). 

3 Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948) ; 
Chem. Revs. 44, 205 (1949). 

4W. G. Kannuluik and E. H. Carman, Proc. Phys. Soc. (Lon- 
don) B65, 701 (1952). 

5 A. Eucken, Physik. Z. 14, 324 (1913). 
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suggested subdividing the conductivity into parts corre- 
sponding to the separate transport of translational and 
“internal” energies, viz. 


n 
K°= zi fh cond meet fintCrint ], (2) 
M 


where ftrans=2.5 and fint=1, and where Crtrans and 
Cvint are the translational and internal (vibrational and 
rotational) contributions to the total specific heat Cv. 
From this it is easily shown® that 


Ff Bucken = 1+4.47/Coo, (3) 


where Crp is in cal mole“. 

Eucken’s suggestion has no rigorous theoretical foun- 
dation. Chapman and Cowling,’ and Schafer® have 
pointed out that the transport of internal energy takes 
place by a diffusion mechanism, and on this basis the 
Eucken expression in Eq. (2) must be modified by the 
substitution fint=Dp/n>1, D being the self-diffusion 
coefficient and p the density of the vapor. It may be 
shown’ that Dp/n=34A, where A is a complicated func- 
tion which depends upon the type of molecular inter- 
action assumed. For the Lennard-Jones (12:6) po- 
tential, the values of A tabulated by Hirschfelder et al.’ 
yield Dp/n= 1.31—1.33 over a large temperature range; 
for smooth elastic spheres Dp/n ~ 1.2.7 

The only molecular model with internal energy which 
has received rigorous theoretical treatment is the “rough 
sphere” discussed by Chapman and Cowling.’ For this 
model, which possesses rotational but not vibrational 


6 P. M. Craven and J. D. Lambert, Proc. Roy. Soc. (London) 
A205, 439 (1951). 

7S. Chapman and T. G. Cowling, The Mathematical Theory 
of Non-Uniform Gases (Cambridge University Press, Cambridge, 
1939). 

8K. Schifer, Z. phvsik. Chem. B53, 149 (1943). See however 
J. Meixner, Z. Naturforsch. 8a, 69 (1953). 
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energy, the modified Eucken expression holds strictly in 
the limiting case where the mass of the molecule is 
concentrated centrally. This, as Chapman and Cowling 
point out, implies negligible interchange of rotational 
and translational energy. For actual molecules it is thus 
considered that the modified Eucken expression is valid 
when translational/rotational energy interchange is 
infinitely slow, and a state of equilibrium exists between 
the various rotational modes, so that rotational/rota- 
tional exchange is infinitely rapid. There is no adequate 
model for molecules possessing vibrational energy, but 
by analogy it seems likely that the modified Eucken 
expression holds only when translational/vibrational 
interchange is negligible, and vibrational/vibrational 
(and vibrational/rotational) exchange is exceedingly 
fast. If fint=Dp/n only under conditions approximating 
to these, then at low temperatures, where the rapid 
exchange of internal energy is reduced, the value of fint 
may be smaller. However, at high temperatures as 
energy exchange is facilitated, fine should increase 
towards Dp/n; in fact, it might somewhat exceed this 
value if the relatively slow translational/rotational and 
translational/vibrational interchanges become appre- 
ciable.® 

The validity of these conclusions will be examined in 
Sec. IV. 
II. EXPERIMENTAL 


The apparatus was of the compensated hot wire type 
and was similar to that used previously (for details see 
reference 1), but the design was improved so that the 
various parts of the conductivity cell could be assembled 
more easily. The new cell is shown diagrammatically in 
Fig. 1. The conductivity and compensating wires, 15 cm 
and 6 cm in length, respectively, were of platinum (diam 
io mm) and were held centrally in holes (diam 2 mm) 
bored through a cylindrical block of aluminum bronze. 
The leads to the wires were of solid silver (diam ~1 
mm), and were insulated from the body of the apparatus 
by accurately ground glass sleeves, as shown in the 
diagram; to prevent strain on the wires all leads were 
brought to supporting terminals on a glass disk at the 
top of the cell. Fine tungsten springs were used to 
provide slight tension in the wires. 

The assembly was contained in a brass tube silver- 
plated on the inside. At the top the tube was soldered 
with a high melting silver-tin solder to a metal/glass 
seal, and four tungsten seals in an adjoining glass bulb 
provided connections to the external electrical equip- 
ment. The unit could be immersed in a thermostat 
without the electrical leads coming into contact with the 
thermostat liquid. 

The remainder of the equipment was identical with 
that of the earlier experiments, as also was the procedure 





*A more realistic model than the rough sphere has been dis- 
cussed by Chapman and Hainsworth, Phil. Mag. 48, 593 (1924). 
The treatment is not extensive, but again indicates that a decrease 
in f below the value given by the modified Eucken expression may 
be expected for real molecules. 
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Fic. 1. Thermal conductivity apparatus. P, P’ platinum wires; 
L silver leads; J glass insulators; 7 glass terminal support; S 
tungsten springs; B aluminum-bronze block; C metal container; 
G glass bulb; M@ metal/glass seal; E supports for lower electrodes. 





involved in calibrating the apparatus and making 
measurements. The conductivities of the various vapors 
were compared with that of air at the same temperature 
and absolute values were calculated using Kannuluik 
and Carman’s recent results for the conductivity of air." 
Experiments were completed as rapidly as possible, 
since certain of the vapors (notably ethyl nitrate) ap- 
peared to decompose at the higher temperatures. 


Experimental Accuracy 


For accurate measurements the apparatus must be 
very carefully thermostated, and this proved difficult at 
150 and 160°C. Furthermore, the effects of incomplete 
molecular accommodation in the apparatus become 
more pronounced with increasing temperature, and 


W. G. Kannuluik and E. H. Carman, Australian J. Sci. 
Research A4, 305 (1951). 
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TABLE I. Thermal conductivities of organic vapors.* 











K® X106 (cal cm~! sec™! deg) 
Temperature °C 44.9 60.2 68.3 78.1 79.0 79.1 87.5 100.7 100.8 101.1 101.2 106.8 109.0 126.0 149.0 161.6 161.9 


Air (Kannuluik 65.3 67.9 69.2 70.8 71.0 71.0 72.4 74.6 74.6 74.7 74.7 75.4 75.8 78.4 81.8 83.6 83.7 















































and Carman) 
Acetonitrile 34.1 36.8 41.7 (44.75) 
Propionitrile 39.35 
Nitromethane> 34.7 38.8 
Methanol» 59.15 65.0 68.5 
Water (56.6) (58.2) (62.2) (68.5) 
Ethyl nitrate 38.3 43.65 (49.0) 
Acetone> 37.4 47.7 53.35 56.0 
Ethyl acetate» 47.8 53.55 56.45 
Methyl acetate> 37.75 42.5 48.0 $3.85 57.25 
Ethyl formate> 44.3 50.25 56.3 
Dioxane 40.25 46.35 51.9 
Ethylene oxide 46.5 52.65 59.6 
Acetaldehyde> 48.0 
Diethylamine> 59.75 66.55 
Triethylamine> 53.25 59.65 
Piperidine (50.75) 
Pyridine (42.2) 
Ethylidene chloride> 35.46 
Ethylene dichloride 34.6 
Ethyl chloride 50.9 
Methyl chloride 28.5 32.16 35.35 
Methyl bromide 20.35 23.5 25.95 29.1 
Methyl iodide 14.8 17.0 18.35 20.2 
Chloroform> 20.3 22.26 26.65 29.1 
Ether> 43.2 47.65 53.0 60.1 66.5 
Benzene» 34.7 39.55 45.65 51.15 $4.55 
Cyclohexane> 50.55 57.85 61.6 
Hexane> 54.9 61.65 65.5 
Cyclopropane 58.05 66.8 74.4 
Propane 65.25 73.8 81.7 
Ethane 75.5 84.55 (~93) 

















* Absolute conductivities were calculated using results for the conductivity of air recently obtained by Kannuluik and Carman (reference 10). Corrections 
have been made for accommodation effects in the apparatus [see Vines (reference 1) Appendix II]; the K® values determined by direct experiment have thus 
been decreased by about 0.3 percent at 60°C, 0.4 percent at 110°C, and 0.5 percent at 150°C, before being listed in Table I. The figures in parentheses are 
uncertain. 

b Substances previously investigated at lower temperatures (see reference 1). 









TABLE II. 8 values of organic vapors (percent atmos™'). 








Temperature °C 44.9 60.2 68.3 78.1 79.0 79.1 87.5 100.7 100.8 101.1 101.2 106.8 109.0 126.0 149.0 161.6 161.9 
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Acetonitrile a4. 
Propionitrile 

Nitromethane* 

Methanol® 

Water (3.2s)> (2.95) 
Ethyl nitrate 2.25 

Acetone®* 3.45 

Ethyl acetate* 

Methyl acetate* 2.2 
Ethyl! formate* 

Dioxane 

Ethylene oxide 0.9 
Acetaldehyde* 

Diethylamine* 

Triethylamine* 

Piperidine 

Pyridine 

Ethylidene chloride* 

Ethylene dichloride* 

Ethyl chloride* 0.35 
Methyl! chloride 0.65 
Methyl! bromide 0.95 
Methyl iodide 1.45 
Chloroform*® 1.85 1.45 

Ether® 0.95 0.9 0.85 
Benzene* 0.55 0.45 
Cyclohexane* 

Hexane*® 

Cyclopropane 0.25 f 
Propane (0.2s) ; 
Ethane (0.2) (0.15) 


Air*® 0.35 0.36 
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* Substances previously investigated at lower temperatures (see reference 1). 
b The figures in parentheses are uncertain—see Appendix. 










although corrections for this can be applied, small errors Ill. RESULTS 

inevitably remain. The estimated accuracy of the con- The thermal conductivities of the following sub- 
ductivity values is about +1 percent. This includes the stances were measured: ethane, propane, cyclopropane, 
error due to radiation which, in the apparatus described, hexane, cyclohexane, benzene, ether, chloroform, methy! 
amounts to less than 3 percent even at 160°C. (Details iodide, methyl bromide, methy] chloride, ethy] chloride, 
for the calculation of the radiation correction are given ethylene dichloride, ethylidene chloride, pyridine, pi- 
by Kannuluik.)" peridine, diethylamine, triethylamine, acetaldehyde, 
4 W. G. Kannuluik, Proc. Roy. Soc. (London) A131, 328 (1931). ethylene oxide, dioxane, ethyl formate, methy] acetate, 
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ethyl acetate, acetone, ethyl nitrate, water vapor, 
methyl alcohol, nitromethane, propionitrile, acetonitrile. 
The results are of interest, independent of the discussion 
of f values given in Sec. IV, and are presented to show 
the dependence of conductivity on both pressure and 
temperature. 

The variation of conductivity with pressure was 
found to be linear in all cases (see also references 1 and 
12). Thus, at a given temperature, 


where K is the conductivity at pressure p (in atmos- 
pheres) and K® the (extrapolated) conductivity at zero 
pressure. 8, the percentage increase in conductivity over 
a pressure range of one atmosphere, has a characteristic 
value for each vapor. Since typical measurements have 
already been reproduced in Figs. 2-6 of the previous 
paper,! the present results are not given in detail. Values 
of K® and 8 are summarized in Tables I and II; from 
these the conductivities of the various vapors at pres- 
sures up to one atmosphere may be computed. 

The variation of K°® with temperature is shown in 
Fig. 2, in which results of this and the earlier investiga- 
tion have been collected. Where comparison is possible 
there is excellent agreement with the results of other 
workers.!?-" It may be seen from Fig. 2 that, in general, 
the increase in conductivity of an organic vapor with 
temperature is steeper than linear (see reference 1, 
Appendix IT). 


IV. DISCUSSION 


The extent to which the theoretical treatment out- 
lined in the introduction agrees with the experimental 
results may be seen from Tables ITI and IV. “Observed” 
values of f (column VII) were obtained from Eq. (1) 
using K° values from Fig. 2, and published values of Cvo 
(column IV) and y (column V). Reliable figures for 7 and 
Cv are scarce, and calculations are thus possible in only 
a few cases. Values of frucken (See Eq. (3)) are shown in 
column VI. 

It may be seen from Table III that, for nonpolar 
vapors, fovs> fEucken; from this it follows that finy>1. 
Assuming ftrans= 2.5, values of fint (column VIII) have 
been calculated from the experimental results using 
Eq. (2). 

In Sec. I it was suggested that at lower temperatures 
fint<Dp/n, but should approach this value with in- 
creasing temperature as the exchange of internal energy 
becomes more rapid. Measurements of D for organic 
vapors are not available so that experimental values of 
Dp/n are unknown; however, experimental values of D 
for simple compounds yield Dp/n~ 1.3, the theoretical 





Lambert, Staines, and Woods, Proc. Roy. Soc. (London) 
A200, 262 (1950). 

4 J. Scrivins, Ph.D. thesis (Oxford University, 1952). 
“ Gazulla, Garcia, and Perez, Z. Electrochem. 56, 569 (1952). 
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Fic. 2. The variation in the thermal conductivities of organic 
vapors with temperature. @ Present results and those of Vines 
(reference 1). + Results of Lambert, Staines, and Woods (refer- 
ence 12) and Lambert and Scrivins (reference 13). XK Results of 
Gazulla, Garcia, and Perez (reference 14). All results stand- 
ardized by comnarison with values for the conductivity of air 
given by Kannuluik and Carman (reference 10). 


value for the Lennard-Jones (12:6) model. Since the 
intermolecular potential for nonpolar organic vapors is 
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TABLE III. Values of f for nonpolar compounds. 
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Benzene 80 34.8 21.75° 9004. i-k 1.20; 1.39 1.21 
M=78.1 100 39.4 23.2 950 1.19; 1.39; 1.23 
120 44.1 24.6 1000 1.18; 1.40 1.25 

140 49.0 26.0 1045 1.17; 1.40; 1.27 

54.0 27.3 1095 1.16; 1.41 1.28 








Propane 100 64.8 19.1," 10308 1.23; 1.45 1.25 
M=44.1 120 1 20.1 1080 1.22; 1.45, | 
140 78.7 21.0; 1130 1.21, 1.46 1.29 

Ethane 80 68.3 12.3;° 1080": 1.36 1.54 1.24 
M= 30.0; 100 75.2 12.9; 1140 1.34; 1.53 1.24 
120 82.4 13.5; 1195 Lo 1.52; Le 

140 [89.6 ]* 14.1; 1255 1.31; 1.51; 12 

Cyclohexane 80 38.9 [29.44 8308-b.3 1.15 1.34 1.21 
M=84.1; 100 43.9 31.3 870 1.14; 1.35; 1.24 
120 49.2 33.3 915 1.13; 1.36 1.25 

140 54.8 35.2 960 £32, 1.365 1.26 

61.1 [37.1] 1005 1.12 1.38 1.28 











Hexane 80 43.0 37.1,! 745% 1.12 1.34 1.23; 
M=86.1; 100 48.0 39.0 790 1.11; 1.34; 1.25 
120 53.3 40.8 830 1.11 1.35; 1.26; 
140 59.0 42.55 875 1.0; 1.36; 1.28 
160 64.9 44.3 920 1.0 1.37 1.29 














he figures in brackets are less reliable than the other values. 




















T 
G. B. Kistiakowsky and W. W. Rice, J. Chem. Phys. 8, 610 (1940). 
G. B. Kistiakowsky and W. W. Rice, J. Chem. Phys. 7, 281 (1939); H. W. Thompson, Trans. Faraday Soc. 37, 344 (1941). 
J. B. Montgomery and T. De Vries, J. Am. Chem. Soc. 64, 2375 (1942); R. Spitzer and K. S. Pitzer, J. Am. Chem. Soc. 68, 2537 (1946). 
Scott, Waddington, Smith, and Huffman, J. Chem. Phys. 15, 565 (1947); J. B. Montgomery and T. De Vries, J. Am. Chem. Soc. 64, 2375 (1942). 
G. Waddington and D. R. Douslin, J. Am. Chem. Soc. 69, 2275 (1947). 
T. Titani, Bull. Chem. Soc. Japan 4, 277 (1929); 5, 98 (1930); 8, 255 (1933). 

b P. M. Craven and J. D. Lambert, Proc. Roy. Soc. (London) A205, 439 (1951). 

iM. Trautz and K. G. Sorg, Ann. Physik. 10, 81 (1931). 

i A. G. Nasini, Proc. Roy. Soc. (London) A123, 686, 692, 704 (1929). 

k McCoubrey, McCrea, and Ubbelohde, J. Chem. Soc. 1961 (1951). For hexane these measurements have been preferred to those of Craven and Lambert 
(reference h above) and Titani (reference g above), since the values of fint obtained are more in keeping with the nonpolar character of the vapor. The 
latter measurements give abnormally low values, such as are found for polar vapors (see reference 6). 
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approximately of (12:6) form,’® Dp/n should again be 
~1.3. 

The view that fint—Dp/n at higher temperatures is 
consistent with the results in Table III. In all cases fint 
increases with temperature, the variation being from 
about (1.21—1.24) at 80° to (1.25—1.29) at 140°C. Of 
particular interest in this connection is the observation 
by Grilly'® that at temperatures above 100°C fini—1.3 
for hydrogen, carbon monoxide, carbon dioxide, oxygen, 
nitrous oxide, nitric oxide, and methane. 

There is another point to be noticed from Table III. 
The Eucken expression not only fails to reproduce the 
experimental values of f, but does not even reflect the 
trend of the values as the temperature is raised ; except 
















16 This is shown, for example, by investigation of the reduced 
virial coefficients of nonpolar vapors (reference 1). It is true that 
agreement with experiment is here obtained only by assigning 
values for interaction energies and molecular diameters which have 
little physical significance; if more usual values are adopted 
deviations become apparent, particularly at lower temperatures 
(see E. A. Guggenheim, Revs. Pure Applied Chem. (Australia) 3, 1 
(1953); J. S. Rowlinson and J. R. Townley, Trans. Faraday Soc. 
49, 20 (1953)). Nevertheless, Rowlinson and Cook [Proc. Roy. 
Soc. (London) A219, 405 (1953) ] have shown that these devia- 
tions are due primarily to orientation effects occurring in collisions 
between nonsymmetrical molecules, and that the prevailing inter- 
molecular potential is still roughly of the (12:6) type. 

16 EF. R. Grilly, Am. J. Phys. 20, 447 (1952). 


















in the case of ethane, f,», consistently increases with 
temperature whilst fucken decreases. Together with the 
results above, this implies that at high temperatures 
there is considerable energy interchange in collisions be- 
tween complex molecules. Ultrasonic measurements on 
organic vapors are in accord with this view.” 

The increase in fo}; with temperature will not con- 
tinue indefinitely. If fin, proceeds to a limit (possibly 
somewhat in excess of 1.3) the specific heat of the vapor 
will ultimately become the main factor determining the 
value of f; thus beyond a certain temperature /ovs 
should decrease. Such behavior has, in fact, been ob- 
served by Franck,!* who has shown that the value of 
f exhibits a maximum for a number of simple gases. 

The results for polar vapors are shown in Table IV. 
For strongly polar vapors (methyl alcohol, water, 
acetaldehyde, acetonitrile) the observed values of f are 
low ; unlike the values for nonpolar compounds they are 
less than those calculated from Eq. (3). This is not be- 
cause of a decrease in f int, but is caused by the fact that 
for polar compounds f trans falls below 2.5, the theoretical 
value for simple molecules. Schiifer® has shown that this 


17 J. D. Lambert and J. S. Rowlinson, Proc. Roy. Soc. (London) 


A204, 424 (1950). 
18 —. U. Franck, Z. Elektrochem. 55, 636 (1951). 
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TABLE IV. Values of f for polar compounds. 

















I II III IV Vv VI VII VIII xX xX 
Fint Sirans “*Reduced* 
=. K°-106 Cv +107 SEucken fobs {assuming [assuming dipole 
Substance “he cal cm~! sec™! deg! cal mole gem sec) =1+4.47/Cvo =K9°M/nCvo0 ftrans=2.5] fint =1.27] energy” ft 
Ether 60 43.0 27.85° 840™ 1.16 1.36 1.23 2.14 
M=74.1 80 48.0 29.2 885 1.15; 1.37; 1.25 2.32 <02 
100 53.1 30.5 935 1.43 1.38 1.26 2.40 : 
120 58.5 31.8 985 1.14 1.38; 1.27 2.49 
Chloroform 60 20.1 14.5;4 1160" 1.31 1.42 1.15 2.02 
M=119.4 80 21.9 14.9; 1225 1.30 1.43 1.17 2.07 
100 23.9 15.3; 1290 1.29 1.44 1.19 2.16 
120 20.0 15.7 1350 1.28, 1.46 1,22 2.31 
140 28.2 16.0; 1415 1.28 1.48 1,25 2.43 
Ethyl chloride 40 28.7 12.9;° 1020° 1.34 1.40; 1.08 1.89 
M=64.5 60 32.4 13.5 1080 1.33 1.43 1.13 2.02 
80 36.2 14.1 1140 1.31; 1.45 i 2.14 
100 40.0 14.6; 1205 1.30; 1.46; 1.20 2.24 
120 44.2 15.2; 1265 1.29; 1.48 1.23 2.34 
140 48.5 15.8 1330 1.28; 1.49 12 2.44 
Methyl chloride 40 27.8 8.004 1140" 1.56 1.54 1.0 2.00 
M=50.5 60 30.9 8.35 1210 1.53; 1.54 1.02 2.04 
80 34.0 8.70 1285 1.51; 1.54 1.03 2.05 
Acetone 80 37.4 18.6! 900™ 1.30 1.07 1.45 
M=58.0; 100 41.7 19.3 950 ‘ 1.32 1.11 1.60 
120 46.2 20.1 1000 , 1.335 1.13 1.71 
140 50.9 20.9; 1050 ‘ 1.34; 1.15 1.79 
Methyl alcohol 80 47.3 9,538 1165™ A7 1.36; » 1.57 
M=32.0; 100 52.1 9.94 1230 AS 1.36; 1.59 
120 O42 10.34 1295 43 1.37 1.61 
140 62.5 10.75 1360 41; 1.37 1.63 
160 68.0 11.16 1425 40 1.37 1.64 
100 [56.3 ]* 6.14" 1220P 125 1.35 1.44 
120 [60.8 | 6.18 1295 72 1.36; 1.47 
140 [65.9 ] 6.22 1370 715 1.39 1.52 
100 [56.3] 6.14 12509 2h 1.32 1.38 
120 { 60.8 | 6.18 1325 mf: 1.33; 1.41 
nbert 140 [65.9] 6.22 1405 71s 1.36 1.45 
- The Acetaldehyde 40 30.1 11.53 910° 39 1.265 1.27 
M=44.0; 60 34.0 12.0 970 375 1.28; 1.35 
: 80 37.9 12.5 1030 355 1.29; 1.39 
with 100 42.0 13.05 1090 34 3, 1.41 
| the 120 46.3 13.55 1150 33 1. 1.46 
ures Acetonitrile 80 29.7 11.73 850° 38; 1.22; 1.10 
: b M=41.0; 100 32.7 12.1; 900 37 5, 1.11 
deni 120 35.8 12.55 950 355 1.12 
$s on 140 [39.8] 13.0 1005 345 1.19 
Figures available at one temperature only 
con- Thiophene 110 [36.5 ]® 20.1* 1075" 1.22 
sly M=84.0 
, 4 Ethyl acetate 137 50.4 [31.4]! 1040" 1.14 
or M=88.1 
y the Methyl acetate 137 51.0 [25.3]! 1120" 
fobs M=740; 
| ob- 
1e of * The figures in parentheses are less reliable than the other values. 
> Conductivity value reported previously (see reference 1). 
5. _° W. H. Jennings and M. E. Bixler, J. Phys. Chem. 38, 747 (1934). Experimental results corrected for gas imperfection (see Vines, reference 1). The values 
‘ of Eucken and Franck (reference e below), which are uniformly ~1 cal higher, were taken as giving the correct temperature variation. 
> TV. 4R. D. Vold, J. Am. Chem. Soc. 57, 1192 (1935). 
¢ A. Eucken and E. U. Franck, Z. Electrochem. 52, 195 (1948). 
ater, ‘Collins, Coleman, and De Vries, J. Am. Chem. Soc. 71, 2929 (1949). Experimental results corrected for gas imperfection using equation logio( —B) 
=1.371 +598.8/T, where B, the second virial coefficient, is in cc/mole (Bennett, unpublished). 
f are * J. S. Rowlinson, Nature 162, 820 (1948). 
vy are b McCullough, Pennington, and Waddington, J. Am. Chem. Soc, 74, 4439 (1952). 3 
) 'K. S. Pitzer and W. Weltner, J. Am. Chem. Soc. 71, 2842 (1949). See also C. F. Coleman and T. De Vries, J. Am. Chem. Soc. 71, 2839 (1949). 
t be- i. W. Thompson, Trans. Faraday Soc. 37, 344 (1941). ; 
Waddington, Knowlton, Scott, Oliver, Todd, Hubbard, Smith, and Huffman, J. Am. Chem. Soc. 71, 797 (1949). 
that 'K. Bennewitz and W. Rossner, Z. Physik. Chem. B39, 126 (1938), Experimental results corrected for gas imperfection by the Berthelot equation. 
™ See references g and h of Table III. 
stical ® See reference g of Table III. 
. ° See reference h of Table III. 
t this PH. Braune and R. Linke, Z. Physik. Chem. 148, 195 (1930). See also D. L. Timroth, J. Phys. U.S.S.R. 2, 419 (1940). 


4J. R. Partington, An Advanced Treatise on Physical Chemistry. I (Longmans Green and Company, New York, 1949), p. 859. See also H. Speyerer, Z. 
ndon) tech. Phys. 4, 430 (1923). 
/ * See reference j of Table III. 
*From the Tables of Rowlinson (reference 20) and Craven and Lambert (reference 6). 
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results from configurational effects involved in the re- 
distribution of translational energy in collisions between 
polar molecules, and that the decrease depends upon the 
dipole-moment, diameter, and moment of inertia of the 
molecules concerned. For the complex vapors considered 
here little reliance could be placed on calculations 
similar to those of Schafer; however, values of ftrans 
have been obtained from the present experimental 
results, assuming as a rough approximation that fint 
= 1.27 in all cases.'® The results clearly show the over-all 
decrease in ftrans below the value of 2.5 (see the figures 
in Table IV, column IX for acetone, methyl alcohol, 
water vapor, acetaldehyde, and acetonitrile). The sme 
effect, but less pronounced, may be observed in the 
results for weakly polar vapors (ether, chloro‘orm, ethy] 
chloride, and methv! chloride). 

Craven and Lambert® have shown that the decrease in 
ftrans Corresponds roughly to the interaction between 
polar molecules as expressed by Rowlinson’s “reduced 
dipole energy” ¢.2* Comparison of values of ¢ (column X) 
with those of ftrans Shows that the present results are in 
agreement with this conclusion.”! 

As might be expected, the characteristics of weakly 
polar and nonpolar compounds are not very different. 
This is seen from Table IV (column VIII) where values 
of fine for weakly polar compounds are given. These 
were calculated on the assumption that ftrans= 2.5, and 
may thus be compared with the corresponding results 
for nonpolar compounds in Table III. Since ftrans for 
polar vapors is undoubtedly <2.5, close agreement be- 
tween the two sets of results is not to be expected. 
Nevertheless, at the higher temperatures the values for 
weakly polar vapors are not much lower than those for 
nonpolar vapors (compare fint= 1.25 at 140°C for ethyl 
chloride and chloroform, with the average figure of 1.28 
at 140°C in Table III). 

It is clear that the results for both polar and nonpolar 
vapors can be interpreted qualitatively in this manner. 
However, the difficulties involved in any quantitative 
treatment would be serious and it is doubtful whether 
further extension along the present lines is warranted. 


19 This value was chosen since fint for nonpolar compounds is 
~1.27 at 120°C (see Table III). The assumption is justified only 
as a very rough approximation since Dp/n for polar and nonpolar 
compounds may be somewhat different. Furthermore, the varia- 
tion of fint with temperature should also be considered, for ftrans 
is sensitive to the value of fint, especially if Cvo is large (see 
reference 21). 

2” J. S. Rowlinson, Trans. Faraday Soc. 45, 974 (1949). 

21 Since the variation of fin with temperature has been neg- 
lected, the significance of this comparison is somewhat reduced. 
However, if it is assumed that fint increases from ~1.23 at 80° to 
-~1.28 at 140°C as for nonpolar vapors, the variation with tem- 
perature in the calculated values of ftrans is correspondingly 
decreased ; this emphasises the relationship between ftrans and f. 


R. G. VINES AND L. A. BENNETT 





The past success of the original Eucken formula [Eq. 
(3) ] can now be fully understood. This was applied 
extensively at 0°C, at which temperature fint< Dp/n, 
being ~1 for many gases in accordance with Eucken’s 
assumption. In view of the present results it seems 
unlikely that further work will lead to a simple formula 
relating thermal conductivities and viscosities, which 
will prove accurate over an appreciable temperature 
range. 
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APPENDIX: THE VARIATION OF CONDUCTIVITY 
WITH PRESSURE 


For vapors of low molecular weight the effects of 
incomplete molecular accommodation are serious at high 
temperatures and persist even at pressures approaching 
one atmosphere. Thus the (very small) 8 values in 
Table II for ethane, propane, and cyclopropane could be 
in error by +50 percent. Similar considerations apply 
for methyl] alcohol and water, but for these vapors the 8 
values are large and the errors introduced negligible. 
With water vapor the electrical insulation of the appa- 
ratus appeared to fail even at 150°C; although the effect 
was very small at low pressures it is clear that the 8 
values for water (and even the K® values which are 
obtained by extrapolation) may not be completely re- 
liable. Nevertheless, the values given for K° are probably 
better than most others available at the present time. 
There was some indication that for water vapor the 
increase in conductivity with pressure might be more 
than linear at higher pressures. The effect was small and 
could possibly have been the result of the electrical 
breakdown mentioned above, a conclusion suggested by 
the fact that other authors”-** have observed a linear 
increase. On the other hand, the effect has a parallel in 
the behavior of methyl! alcohol and other alcohols.'" 
Furthermore, the variation in thermal conductivity 
with pressure is related to the variation in specific heat 
with pressure, which in the case of water vapor is 
definitely nonlinear.* 

2S. W. Milverton, Proc. Roy. Soc. (London) A150, 287 (1935). 

23 Gazulla, Colomina, and Garcia, An. Soc. esp. Fis. Quim. B44, 
1055 (1948). 


*% McCullough, Pennington, and Waddington, J. Am. Chem. 
Soc. 74, 4439 (1952). 
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The electronic structure of the amylose-iodine complex is studied on a different basis from that of the 


previous Stein-Rundle theory. First, the electron transfer from amylose oxygen to the iodine molecule is 
discussed from the viewpoint of Mulliken’s intermolecular charge-transfer spectra. Then it is shown that the 
consideration of electronic interaction between neighboring iodine molecule ions and bond formation be- 
tween oxygen and iodine gives a reasonable interpretation of bond number and absorption spectra. Last, the 
quantitative discussion of absorption spectra is performed by the application of the free-electron model to 
the system (J,~~) which we consider to be the elemental unit in the polyiodine chain. The agreement between 


predicted and observed results is satisfactory if one considers the extreme simplification of the model. 





INTRODUCTION 


HE blue color of the starch-iodine complex is im- 
pressive and the nature of the complex has been 
studied numerous times since its discovery in 1812. 
Even at present, however, the problems of the starch- 
iodine complex are not completely solved. The most 
noticeable development in this field is the establishment 
of Hanes and Freudenberg’s idea which postulates the 
helical structure of starch (amylose chain) and linear 
arrangement of iodine molecules in the internal channel 
of the helix. The experimental confirmation of this idea 
has been established by Rundle and his co-workers. 
The most important problem to be solved is the theo- 
retical explanation of the nature of interaction in the 
complex. In order to explain the stability of the com- 
plex, Stein and Rundle postulated a cooperative effect 
which originated from dipolar interaction between 
induced dipoles in iodine molecules.! According to our 
quantitative analysis, however, Stein and Rundle’s 
theory includes some unavoidable internal contradic- 
tions. Moreover, it is difficult to explain the observed 
interatomic distance between iodine atoms and the 
large intensity of absorption spectra from the stand- 
point of this theory. 

Recently, Gilbert and Marriott carried out the new 
experiment of potentiometric titration in iodide solu- 
tion and proved the entrance of the iodide ion together 
with the iodine molecule into the complex.’ According 
to them, the predominant complex appears to be com- 
posed of groups of the type (372:2/-) or (Is—). From 
this result, they suggested that the eight atoms might 
presumably be forming a linear resonating molecule 
which owed its characteristic powers of light absorp- 
tion, and to some extent its stability, to the presence of 
two unlocalized electrons. 

On the other hand, Rundle ef al. discovered that the 
crystalline solid amylose could form the complex by 
absorbing the gaseous iodine molecules.’ In this case, 


—_—_—_ 


R. S. Stein and R. E. Rundle, J. Chem. Phys. 16, 195 (1948). 

mA 8) Gilbert and J. V. R. Marriott, Trans. Faraday Soc. 44, 
48), 

(198) E. Rundle and D. French, J. Am. Chem. Soc. 65, 558, 1707 
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there is no room to consider the entrance of iodide ion, 
and it appears to contradict Gilbert’s suggestion. 

In the following, we discuss the electron transfer 
from oxygen atoms in amylose to iodine molecules, and 
Gilbert’s suggestion is generalized to include the case 
of Rundle’s solid complex. Considering electronic inter- 
action between neighboring iodine molecule ions and 
the weak covalent bond formation between oxygen and 
iodine, the quantitative agreement between theoretical 
and experimental bond number is obtained. Moreover, 
by using the free-electron model, the satisfactory ex- 
planation of absorption spectra is given. 


ELECTRON TRANSFER FROM AMYLOSE OXYGEN 
TO IODINE MOLECULE 


When iodine is dissolved in ether or alcohol, a new 
strong absorption band appears in the near ultraviolet 
region. In relation to the study of the benzene-iodine 
complex, Mulliken postulated the complex formation 
between iodine and ether or alcohol, and explained this 
new band by the concept of intermolecular charge- 
transfer spectra.‘ 

In the general theory of intermolecular charge-trans- 
fer spectra, developed by Mulliken, it is necessary to 
consider that a small amount of electron is transferred 
from one component to the other in the ground state.® 
This situation is expressed by writing the wave function 
of the ground state V of any molecular complex A: B as 


Yv=apot i. (1) 


Here, Yo is a “no-bond” wave function with respect to 
covalent bonding, that is, 


vo=¥(A-B), (2) 


and y; is a “dative” wave function corresponding to a 
transfer of an electron from B to A accompanied by the 
establishment of a weak covalent bond, that is, 


vi=y¥(A-— Bt). (3) 


In the present problem, iodine molecule corresponds to 


4R. S. Mulliken, J. Am. Chem. Soc. 72, 600 (1950). 
5R, S, Mulliken, J. Am. Chem. Soc. 74, 811 (1952). 































































































































































































































































acceptor A, and ether or alcohol corresponds to donor B. 
Then, ¥; represents the structure in which an electron 
of the “lone pair” of the oxygen atom is transferred to 
iodine. In a loose complex such as alcohol-iodine or 
ether-iodine complex, the relation a*>>0? is expected in 
Eq. (1), and the contribution of the structure as y is 
rather small in the normal state. 

As is well known, Mulliken’s theory predicts the 
existence of an excited state which is expressed by the 
wave function 


Ve=ay,—b Yo (4) 


with a*~a, b*~b. Here, it is assumed that the coeffi- 
cients a, b, a*, b* are chosen to satisfy the condition 
of normalization and orthogonality. 

Using Eqs. (1) and (4), the dipole moment yew of 
transition N—E is given by 


r|vn)= a*be(Fp—Fa) 
+ (aa*—bb*)eS(Fa—Far), (5) 


where fz and #4 denote, respectively, the average posi- 
tion of the electron in the B and A component, 742 is 
situated midway between 7, and #4, and S is the over- 
lap integral defined as 


S= (Wo|y1). (6) 


In the case of a loose complex, S may be exceedingly 
small. 

Equation (5) enables us to estimate the order of 
magnitude of the transferred charge, if the experi- 
mental dipole moment is known. From the recent result 
by Ham, the observed oscillator strength f of charge- 
transfer spectra in ¢-butyl alcohol-iodine complex can 
be estimated as 0.36.° By using the well-known relation 


f=1.09X10"yQ en’ (7) 
and v= 42 370 cm“, one obtains 
MEN>= eQzn= 0.883¢e 


as the experimental dipole moment. 

In order to estimate the upper limit of transferred 
charge, we neglect the second term in the right-hand 
side of Eq. (5), that is, 


ben—~a*be(7F#p—Fa) 





MEN>= —e(Wr 


(8) 


Qrn™a*b(Fp—Fa). (8a) 


As obtained above, Qzvw=0.883, and we assume a*~1, 
#n—f,4=3.4A as reasonable values. Then it follows 


b~0.26 





b’~0.0676. 


This result indicates that the upper limit of transferred 
charge in ¢-butyl alcohol-iodine complex is 0.0676e in 


o 


6 J. R. Ham, J. Chem. Phys. 20, 1170 (1952). 
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the normal! state. Of course, this value is not conclusive, 
since the experimental and assumed values of various 
parameters are not certain, though they are reasonable 
enough. 

Now we return to the problems of the amylose- 
iodine complex. As it is easily inferred, if the iodine 
molecule enters the internal channel of the amylose 
helix, it may be surrounded by about six glucose resi- 
dues. This situation has been confirmed by Rundle and 
his co-workers by using x-ray analysis.’ At the present 
stage, however, the detailed form of the pyranose ring 
in the helical amylose is not determined. From the 
stereochemical point of view, we can consider the two 
chair forms and six boat forms. Freudenberg found that 
the two chair forms and only three boat forms could be 
used to construct the helical structure. From these five 
stereoisomers of helical amylose, Freudenberg picked 
out one structure which was constructed by one of the 
boat forms as shown in Fig. 1(a). In this model, the 
internal surface of amylose helix resembles a hydro- 
carbon in nature. According to Freudenberg, this situa- 
tion explains the special affinity of amylose to the 
iodine molecule.’ 

As we mentioned in the foregoing, however, the 
oxygen atom also has a special affinity for the iodine 
molecule. From this point of view, Freudenberg’s 
consideration is not conclusive. Moreover, the present 
knowledge about internal rotation predicts a large 


MH OH 























Fic. 1. Stereochemical structures of glucose residue. (a) Un- 
stable boat form, (b) most stable chair form. In the helical struc- 
ture of amylose, the under side of the figure corresponds to the 
inside of the helix. 


7 Freudenberg, Schaaf, Dumpert, and Ploetz, Naturwiss. 27, 
850 (1939). 
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instability of the boat form which includes the cis- 
configuration. In order to avoid this difficulty, we have 
to use the chair form of the pyranose ring which does not 
include the cis-configuration. According to the result of 
our examination, the most stable form of the glucose 
residue is the chair form which is shown in Fig. 1(b). 
In this structure, one of the hydroxyl groups projects 
into the channel of the helix. If the iodine molecule 
comes into this channel, the interatomic distance be- 
tween hydroxyl-oxygen and iodine is about 3.2A. If 
we rotate the pyranose ring around the axis which con- 
nects the 1- and 4-carbon atoms, the distance mentioned 
in the foregoing may be lengthened somewhat; how- 
ever, in compensating this loss, another bridge-oxygen 
atom in the pyranose ring comes nearer to iodine. In 
either case, we can expect the same situation as in 
alcohol-iodine or ether-iodine complex. Moreover, in 
the present case, iodine is surrounded by six or twelve 
oxygen atoms. Then, we can expect that a considerable 
amount of charge is transferred from the oxygen atoms 
of amylose to iodine. This situation probably corre- 
sponds to the concrete expression of residual affinity 
of bridge-oxygen, suggested by Barger.* Recently, 
Cramer also suggested in his study of ‘‘Einschlussver- 
bindungen” that the internal channel of Schardinger 
dextrin might be “alkalisch” in quite a wide meaning.® 

In order to estimate the upper limit of the transferred 
charge, we assume that every iodine molecule is sur- 
rounded by twelve oxygen atoms, and each oxygen 
atom donates electrons into the iodine molecule by the 
same amount as in the alcohol-iodine complex, that is, 
0.0676e. Then, the total charges which are transferred 
from amylose to iodine become 0.0676eX 12=0.81e per 
iodine molecule. We must always remember that this 
value is rather an upper limit. 

When the complex is formed in an iodide solution 
and iodide ions enter into the helix as is shown by Gil- 
bert and Marriott, the amount of electron transferred 
from oxygen into the iodine may decrease considerably. 


ELECTRONIC INTERACTION IN POLYIODINE CHAIN 


It is well known that polyvinyl alcohol can form a 
complex with iodine which is similar in appearance and 
behavior to the amylose-iodine complex. (Polyvinyl 
alcohol has many hydroxyl groups!) In 1947, West 
studied the well-oriented polyvinyl! alcohol-iodine com- 
plex together with some other polymer-iodine complexes 
by the x-ray method, and found the reflections char- 
acteristic of a one-dimensional lattice with period 
310A." According to West, this is the period of ex- 
tended straight chains of iodine atoms which are lying 
parallel to the orientation of polymer. The interatomic 
distance 3.10A is much shorter than the unbonded 





*G. Barger, Some Applications of Organic Chemistry to Biology 
~_— (McGraw-Hill Book Company, Inc., New York, 


°F. Cramer, Chem. Ber. 84, 851 (1951). 
“C.D. West, J. Chem. Phys. 15, 689 (1947). 
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separation of iodine atoms (4.3A) and somewhat greater 
than the single bond separation in an iodine molecule 
(2.67A). Considering these facts, West suggested that 
iodine atoms in the complexes mentioned in the fore- 
going might form bonds with each other at 180°, which 
are weaker than single covalent bonds but much 
stronger than van der Waals attractions, and called 
them linear polyatomic iodine or polyiodine for short. 

Recently, Cramer studied the crystal of an a-dextrin 
(cyclohexaamylose)-iodine complex by using x-ray 
reflections, and came to almost the same conclusion as 
did West. The period 3.06A which is found by Cramer 
agrees with West’s 3.10A within the experimental 
error. Cramer found the same period 3.06A also in 
2-6-diphenyl-pyrone-(4)-iodine complex. From these 
results, it may almost be sure that the iodine atoms are 
lying with a definite period 3.10A or 3.06A in the com- 
plexes mentioned in the foregoing and probably in 
amylose-iodine complex. 

Now we examine the nature of interaction in these 
complexes (especially in the linear polyiodine chain) by 
using the concept of bond number. The experimental 
bond number is given by Pauling’s empirical formula 


R(1)—R(n) =0.300 logn, (9) 


where 7 is the bond number, R(1) is the atomic radius 
in the case of a single bond, and R(m) is the radius in 
the case of the bond in question.” Using R(1)=2.67A/2 
= 1.335A and R(n)=3.10A/2=1.55A or R(m)=3.06A/2 
= 1.53A, we obtain »=0.192 or n=0.224. These results 
indicate that the experimental bond number is about 
0.2, and iodine-iodine single bonding has nearly dis- 
appeared. 

In Stein-Rundle’s model, each iodine molecule should 
retain its original character (bond number, etc.) ap- 
proximately, even in the internal channel of the amy- 
lose helix. Then, the equal spacing of the iodine atoms 
or the disappearing of single bond separation is rather 
surprising. Stein and Rundle pointed out, however, 
that if the complete resonance such as 


I—f k—J j—t 


Model (A) 
a Peat ' plage" gS 


is assumed, equal spacing is not difficult to understand. 
According to Pauling’s method, the bond number of 
any bond is defined as the number of shared electron 
pairs in it, and is expressed as a fraction corresponding 
to the existence of several bond diagrams when the 
concept of resonance is available. The foregoing defini- 
tion predicts n= 1.0/2=0.5 for Model (A) of complete 
resonance, and the discrepancy between predicted and 
observed values is serious. 

In order to exclude this difficulty, we construct the 
new model. According to the discussion in the last 


11 F, Cramer, Chem. Ber. 84, 855 (1951). 
” L. Pauling, J. Am. Chem. Soc. 69, 542 (1947). 
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section, we can expect the transfer of a considerable 
amount of the electron from the amylose oxygen to the 
iodine molecule. Then, as an idealized tentative model, 
we consider first the linear array of iodine molecule 
ions (J:~). The binding in the iodine molecule ion is due 
to a three-electron bond and, as is well known, its 
binding energy is approximately half of a single co- 
valent bond." Then, it is reasonable to assume that the 
effective bond number of the half-bond in (J--) is 0.5. 
Now we consider the complete resonance such as 


ered |; arsk | aod 
Model (B), 
ae ee eee a eet ee 


where J - - - J indicates (J2~). By this resonance effect, 
the bond number of any bond becomes »=0.5/2= 0.25. 
This value is much closer to the experimental one 
(~0.20) than is the value (0.50) in Model (A). We 
must notice, however, that the predicted value is still 
slightly larger than the experimental one and that the 
assumed charge (1.00e per iodine molecule) exceeds the 
calculated upper limit of the transferred charge (0.81e). 

In Model (B), the decrease of the charge on the iodine 
molecule causes the increase of the bond number. 
Then, in order to achieve the decrease of the charge and 
bond number simultaneously, we take into account the 
formation of weak covalent bonds between amylose 
oxygen atoms and iodine atoms. As the most promising 
one, we assume the model such as 





: fomek: (Saeed [---1 
ell ; [---P T---1 =e 
> a beach Henod ) fs 
ited © £. of “bead 
Oe A ee ; Feccd ext 
Model (C) 


where J indicates the weak covalent bond formation be- 
tween the amylose oxygen and the iodine atom and 
I ---J indicates (J:-) in which we are expecting a 
three-electron half-bond as before. In Model (C), the 
transferred charge is 0.80¢ per iodine molecule (not to 
exceed the calculated upper limit!) and the bond 
number becomes = (0.5+0.5)/5=0.20. (This agrees 
well with the experimental value!) As can be seen 
easily, the covalent bond between oxygen and iodine 
is very weak and resonating over all the oxygen atoms 
around the iodine chain. (Three-dimensional reso- 
nance!) Accordingly, there is no contradiction between 
this model and the experimental fact that the x-ray 
spacing of the halogen is unrelated to the fiber spacing 
of the polymer. 


31. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1940), see Chap. 8, Sec. 33a. 
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TABLE I. Data on the characteristic absorption band of the 
amylose-iodine complexes. (See reference 14.) 











M A(A) AE (ev) € 
500 6280 1.964 43 000 
450 6250 1.974 41 600 
310 6220 1.983 41 400 
250 6180 1.996 40 400 
175 6050 2.039 40 100 
85 5900 2.091 32 900 
44 5800 2.127 25 400 








M: Molecular size of amylose (number of glucose residues in 
amylose). 
dX: Wavelength at absorption maximum. 
AE =ch/xd: Energy difference between excited and normal states. 
e: Molecular extinction coefficient per iodine molecule. 


Oscillator strength per iodine molecule can be calculated by using the 
formula 
f=4.32X 10-* feydv ~4.32 X10-%eAv. 


If we use the largest value of € in Table I and Avy ~6000 cm™ which is ob- 
tained from the absorption curve of Swanson (reference 23), it follows that 


f~1.11. 
Oscillator strength as a whole complex may be approximated by 


fe~f XM/6. 


Of course, this good agreement is rather fortuitous, 
because various electrostatic interactions are neglected, 
and, moreover, the contribution of electron configura- 
tions such as - - - -- - - (5s)?(5p)*(6s) or ------- (5s)? 
(5p)°(6p) is also neglected. We can infer, however, that 
the two factors mentioned in the foregoing tend to 
cancel with each other as concerns bond num- 
ber, and the superiority of Model (C) will clearly be 
shown in the following discussion concerning absorption 
spectra. 

QUALITATIVE DISCUSSION ON ABSORPTION 
SPECTRA 

The absorption spectra of the amylose-iodine com- 
plexes have been studied experimentally by Rundle 
and his co-workers."* Their results are shown in Table I. 
They emphasize the shift of the absorption maximum 
towards red and the increase of the molecular extinc- 
tion coefficient per iodine molecule with the increase of 
the chain length of the amylose. We emphasize, how- 
ever, the following two points from the theoretical 
point of view. 

(a) The variation of energy difference AE between 
the normal and excited states as the function of chain 
length is exceedingly small. 

(b) The absolute value of absorption intensity per 
iodine molecule is very large, and comparable with 
those of organic dyes. Then, the total intensity for the 
whole complex—(intensity per iodine molecule) X (num- 
ber of iodine molecules in an amylose helix)—becomes 
exceedingly large. 

Stein and Rundle considered that the characteristic 
absorption band of the amylose-iodine complex orig 
inates from the forbidden transition of the iodine 
molecule.! According to Mulliken, however, the absorp- 
tion band of the iodine.molecule in the visible region 


4 Baldwin, Bear, and Rundle, J. Am. Chem. Soc. 66, 111 
(1944). 
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corresponds to the V—( type transition, more precisely, 
'y,*—*IIo+. This transition is forbidden by the or- 
thogonality of spin functions, and the observed intensity 
(e~1000, f~0.015) is explained as the effect of spin- 
orbit coupling.’® In such a transition as this, it is very 
difficult to expect the large intensification of transition 
probability even if the electrostatic perturbation is as 
large as was expected by Stein and Rundle. (A strong 
electrostatic field tends to break up the spin-orbit 
coupling.) Accordingly, we postulate that the character- 
istic absorption band of the complex corresponds to the 
N-V type allowed transition. 

First we consider Model (A). In this case, the elec- 
tonic state is similar to that of a conjugated double 
bond system (for example, symmetrical cyanine dyes) 
except that the resonating electrons are rather o eiec- 
trons than z electrons. From the usual molecular orbital 
point of view, the secular equation for this system is 
given as follows: 


W 6B | 

| 

6B W 8B | 

| BW B 

'=0, (10) 

8 OW B | 

8 OW 8 | 

awh | 





. *s | 


where 6 is the resonance integral and W=a—E in 
which @ represents the Coulomb integral. When the 
iodine chain includes » iodine molecules, this equation 
gives 2m energy levels. Then the observed characteristic 
absorption band should be attributed to the electronic 
transition from level 2 to level n+1. In the case of 
polymethine or polyene, AE (or Amax) of such a transi- 
tion as the foregoing varies more remarkably than in 
the case of an amylose iodine complex as the function 
of chain length. This situation may probably indicate 
the inappropriateness of the assumed model. 

Moreover, Kuhn and Kramers’ sum rule predicts 
that the oscillator strength of this transition must not 
exceed 2, since only two electrons can exist in the 
molecular orbital of level . (In this case, there is no 
degeneracy.) In fact, the experimental oscillator 
strength of the strongest band in polymethine or polyene 
seems to approach the upper limit (2~3) with an 
increase in chain length. On the other hand, the ob- 
served oscillator strength of the amylose-iodine com- 
plex as a whole molecule (total intensity) becomes 
larger with an increase in chain length, and there seems 
to be no upper limit. For example, when amylose is 
composed of about 500 glucose residues, the oscillator 


a 


'°R. S. Mulliken, Phys. Rev. 57, 500 (1940). 
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strength of the complex as a whole reaches about 90. 
This result seems decidedly to indicate the inappro- 
priateness of the assumed model. 

Next we consider Model (B). In this case also, one 
can expect an analogous secular equation. (Formally, 
there is no distinction.) Of course, the definition and 
numerical values of the Coulomb and resonance in- 
tegrals change with the replacement of the single bond in 
Model (A) by a three-electron half-bond in Model (B). 
In the following, we call them the formal Coulomb 
integral and the formal resonance integral, respectively. 
Moreover, according to the existence of 3m o electrons, 
one must consider the transition 32/2—3n/2+1 or 
(3n+1)/2—(3n+1)/2+1. Even if these differences are 
taken into account, the same difficulties as those in 
Model (A) are inferred. 

Now we consider Model (C). In this model, about 
$ of the total iodine atoms are forming weak covalent 
bonds with the oxygen atoms. That is, about 2 of the 
total iodine atoms are chemically saturated on account 
of covalent bond formation with oxygen atoms. Then, 
in order to expect the electronic interaction between 
these iodine atoms and the neighboring iodine systems, 
one must consider the contribution of the 6s or 6p elec- 
trons. More precisely, one must take into account the 
electron configuration ------- (5s)?(5p)5(6s) or 
------- (5s)?(5p)°(6p) in which one 5p electron is 
used for the covalent bond formation with oxygen atoms 
and an excess electron in the (6s) or (6p) orbital is 
available for the interaction with the neighboring iodine 
system.!® We must notice, however, that the (6s) or 
(6p) orbital in the iodide ion mentioned in the fore- 
going spread extensively over the space, and the 
formal resonance integral y between this orbital and 
the usual (5p0) orbital becomes much smaller than the 
formal resonance integral 6 in the case of model (B). 
Then, the secular equation for the iodine system be- 
comes as follows: 


NOY 


ee 
y W B 
BW 8B 
BW B =0, (11) 
BW y¥ 
ee 
y WB 
B : We + 








16 We neglect the contribution of the electron configurations 
such as------- (5s)?(5p)4(6s),------- (5s)?(5p)4(6p) (excited 
states) or------- (5s)?(5p)* (ionized state) since these states 
correspond to very high energy. 


















































































































































































































































372 HIDEO 
where V =a*— E and a* is the formal Coulomb integral 
because of the contribution of the excited orbitals 
mentioned in the foregoing. 
If we put 
y=0 

as an idealized limiting case, Eq. (11) is resolved into 
the classes of equations of the types as follows: 


V=0 
W; Bi, i+1 
Biz1 a W int Biss, i+2 
; > . =(), 12 
8 i+2, i+1 W i+2 Bi+2, 1+3 ( ) 
Biz, i+2 W ix3 


where the suffix 7 is arbitrary. In the roughest approxi- 
mation, the absorption spectra of the amylose-iodine 
complex can be discussed by Eq. (12). Strictly speaking, 
however, y is not zero, though it may be small enough, 
and Eq. (11) will explain the very small variation of the 
energy difference AE between the normal and excited 
states as the function of the chain length. [Equation 
(10) will predict the much larger variation of AE as 
the function of the chain length. ] We must remember 
that the suffix 7 in Eq. (12) is rather variable than 
constant, depending on the existence of a three-dimen- 
sional resonance; in other words, the covalent bond 
between the iodine atom and the amylose oxygen is 
moving from one position to the other. We can infer, 
however, that the speed of this movement is smaller 
than the speed of the electronic oscillation in the con- 
jugated part of the polyiodine chain. This situation 
will probably justify the establishment of Eqs. (11) 
and (12). 

According to the foregoing discussions, the whole 
system of the polyiodine chain can be approximated as 
an assemblage of rather small electronic systems which 
are expressed by Eq. (12). In this case, Kuhn and 
Kramers’ sum rule is applicable to the individual small 
electronic system, and the total oscillator strength can 
become larger by any amount, depending upon the 
increase in chain length. (No upper limit!) This con- 
clusion corresponds well with experimental results. 


QUANTITATIVE DISCUSSION OF ABSORPTION 
SPECTRA 


In the last section, we have shown that the electronic 
structure of the polyiodine chain can be approximated 
as an assemblage of elemental unit systems which are 
expressed by Eq. (12), that is, the systems (4). 
(In practice, there may be some degree of fluctuation, 
and it may contribute to the broadness of the absorp- 
tion band together with nonuniformity of the amylose 
chain length.) Then we can infer that the main features 
of the absorption spectra are involved in Eq. (12). 
According to the previous experience, however, a 
simple molecular orbital method is not adequate for the 
quantitative study of spectroscopic problems. At least, 
it is necessary that the product of the molecular orbitals 
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be antisymmetrized. Moreover, the evaluation of vari- 
ous integrals is rather complicated in the case of 5p 
orbitals. Accordingly, it is desirable to use a method 
which is independent of the actual form of each atomic 
orbital and which bears the quantitative consideration. 
The free-electron model which was developed by Bay- 
liss,“7 Kuhn,'® and others seems to be exceedingly 
suitable for this requirement. 

Kuhn applied this model to the z-electron system of 
symmetrical polymethines such as the symmetrical 
cyanine dyes. To calculate the spectroscopic quantities, 
he assumed the one-dimensional potential box in which 
the potential was constant along the conjugated chain 
of length L and rose to infinity at the ends. The Schré- 
dinger equation for the electron which is enclosed in 
this potential box can easily be solved, and the eigen- 
value of energy is given as 



















h?n? 


SmL? 








E,= (13) 






where 7 is the quantum number, / is Planck’s constant, 
and m is the mass of the electron. Then, the wavelength 
of the transition (n—>n+1) is given by 

8mc 


I? 
\=— ; 
h 2n+1 







(14) 









The oscillator strength f of this transition is given as 
follows: 






8 N2(N+2)2 
3a? (N+1)3’ 





(15) 






where NV is the number of electrons in the potential box. 

If one remembers the exceeding simplicity of the 
assumed model, the excellent agreement between calcu- 
lated and observed values is rather surprising. As for 
reasons which produce such agreement, we can prob- 
ably enumerate the following situations which occur in 
symmetrical polymethine dyes. (1) m electrons of these 
dyes have a relatively low ionization potential, and 
consequently have large mobility. (2) In these dyes, the 
two principal resonance formulas in bond diagram are 
symmetrical ; accordingly, all the bonds have equal bond 
numbers and the interatomic distances of these bonds 
are equal except for the differences in the radii of carbon 
and nitrogen. In the polyenes which are treated by 
Bayliss, this condition is not satisfied, and according 
to Kuhn, the model assumed in the foregoing of 2 
simple potential box is no longer permissible. 

Now we become aware that these conditions are 
satisfied also in the present problem except that the 
electrons are o type instead of r type. We must notice, 
however, that even if these conditions are satisfied, 
electrons in the system are not as free as they are 

























17N. S. Bayliss, J. Chem. Phys. 16, 287 (1948). 
18 H. Kuhn, J. Chem. Phys. 16, 840 (1948); 17, 1198 (1949). 
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assumed in Kuhn’s model, and the effect due to the 
molecular core or to the interaction between electrons 
effectively diminishes the length LZ." As is seen from 
Eq. (14), wavelength d is very sensitive to the value of 
L, and we must estimate the reasonable effective length 
L before the application of Eq. (14) to the (Is—) 
system. 

As a simple and intimate example, we consider the 
tri-iodide ion. According to Mooney, the (J;~) ion has 
a nearly linear configuration, and the two interatomic 
distances have slightly different values, that is 
d;=2.82A and d.=3.10A.” Then, LZ is expressed as 
follows: 


L=d,+d.+6. 


Considering the diminishing of effective length L, 
which was discussed in the foregoing, we assume a 
relatively small value for 6; i.e., 6=do/2=1.34A where 
d) is the interatomic distance in the iodine molecule. 
This assumption gives us L=7.26A. Strictly speaking, 
the condition d,;#d, conflicts with the condition (2), 
mentioned in the foregoing, however, the difference 
between d; and dz is relatively small, and as a rough 
approximation, we apply Eqs. (14) and (15). The 
calculated value is A= 3479A, f= 1.24, respectively, for 
n=2, N=4. According to the experimental result of 
Awtrey and Connick,” the (7;~) ion has two absorption 
bands in the near ultraviolet region: 


Ai = 3530A fi=0.475 
f=1.22. 
ho=2875A fo=0.743 


The calculated values correspond relatively well with 
\, and the total oscillator strength f. Recently, Fried- 
man pointed out that the separation of the two peaks 
(6450 cm~') was roughly the difference in energy 
(7600 cm!) of the two lowest electronic states of the 
iodine atoms.” From this point of view, the agreement 
between calculated \ and observed \, or between calcu- 
lated f and observed total oscillator strength f=fitfe 
is reasonable enough. 

Now, we calculate the wavelength of the system 
(I=) which we consider the elemental unit in the 
polyiodine chain of the complex. By using Cramer’s 
data d= 3.06A and the same 6 as before, we obtain 


L=3d+6=10.52A, 


and then, from Eq. (14), A=5214A for n=3. Accord- 
ing to Swanson’s experiment, which traces the absorp- 
tion maximum during the hydrolysis of the amylose in 
the presence of iodine-iodide, the extrapolated wave- 
length for the shortest iodine chain becomes about 





toss; Araki and T. Murai, Prog. Theoret. Phys. (Japan) 8, 639 
52). 


»R. C. L. Mooney, Z. Krist. 90, 143 (1935). 
aos D. Awtrey and R. E. Connick, J. Am. Chem. Soc. 73, 1842 
51). 


”H. L. Friedman, J. Chem. Phys. 21, 319 (1953). 
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5200A.¥ This result agrees very well with the value 
calculated in the foregoing. For larger systems such as 
(Ie), Us--), ----- the calculated wavelength be- 
comes very large. Consequently, as a first approxima- 
tion, the postulate of (J;-—) as an elemental unit in 
the polyiodine chain may be a reasonable one. 

Next, we consider the absorption intensity. In case 
of the system (7,-~), Eq. (15) predicts f= 1.81 for N=6. 
Remembering the construction of Model (C), one ob- 
tains fo=1.81X2/5=0.724 as the oscillator strength 
per iodine molecule. On the other hand, the experimental 
value per iodine molecule is about 1.1 as is seen from 
Table I, and is considerably larger than the calculated 
value. If this excess is significant, it may be explained 
by considering the correction due to Lorentz and 
Lorentz’ interaction between the neighboring elemental 
units in a polyiodine chain.” In the present model, the 
transition is allowed, with an electric vector which 
oscillates in the direction of the chain axis. This agrees 
with the experimental result of the double refraction 
of flow.”® 

From the foregoing discussions, it is expected that 
the absorption intensity per iodine molecule may be 
approximately constant regardless of the length of the 
polyiodine chain. According to the experimental result 
of Baldwin, Bear, and Rundle, however, the molecular 
extinction coefficient per iodine molecule is very sensi- 
tive to the change in the amylose chain length, es- 
pecially in a relatively short chain.’ We consider that 
this fact originates from the statistical situation in 
solution. In the foregoing experiment, the molecular 
extinction coefficients « are determined for the total 
iodine molecules which are dissolved in water. (Experi- 
mental condition is 0.0001.V with respect to iodine and 
0.01 percent with respect to starch.) Therefore, we can 
infer that some portion of the iodine molecules is free 
from complex formation. If we express the number of 
iodine molecules of this portion by & and that of total 
iodine molecules by ', the apparent molecular extinc- 
tion coefficients « which correspond to the observed 
value may be given as follows: 


e=e,:(N—R)/N, (16) 


where, €, is the true molecular-extinction coefficient. 
In this equation, the contribution of the weak absorp- 
tion band of free iodine is neglected. — 

Now we consider the equilibrium between the free 
iodine and the complex. One of the simplest type of 
equilibrium is given by the following tentative model. 
We assume that each helix contains ” molecules of J» 
(or corresponding 2/~) when it is completely filled. 
In the case of a solution, however, we can infer that 
a/2 of I (or 2J-) as a statistical mean, are escaping 


23M. A. Swanson, J. Biol. Chem. 172, 825 (1948). (See Fig. 6 of 
this paper.) 
24N. Q. Chako, J. Chem. Phys. 2, 644 (1934). 
( 25 > E. Rundle and R. R. Baldwin, J. Am. Chem. Soc. 65, 554 
1943). 
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Fic. 2. Molecular extinction coefficient of the complex as the 
function of the amylose chain length. The full line is the theoretical 
curve and the small circles represent the experimental values. 


into the solution from both ends of the helix, respec- 
tively. Then we can expect the relation 


k=aN/n 


as long as the chain length of the amylose is uniform 
and all the amylose molecules are completely coiled 






into helices from one end to the other.”® Introducing 
Eq. (17) into Eq. (16), it follows that 


e= €,:(1—a/n). (18) 


The numerical result of this equation for a=3 and 
€-= 44 000 is shown in Fig. 2 together with observed 
values (see Table I). The agreement between the ex- 
perimental and theoretical values is very good. The 
foregoing consideration may also give a reasonable 
explanation for the iodine activity as the function of 
chain length in the case of a potentiometric titration. 
A detailed study of this problem will be reported later. 

The author wishes to express his sincere thanks to 
Professor S. Akabori for his encouragement and in- 
terest in the course of this study and also to Mr. B. 
Hagihara and Mr. E. Huwa for their valuable dis- 
cussions. 


26 The latter condition may be true when the temperature is low 
enough or when the amylose helices are forming microcrystals in 
which both ends of the helices are contacting directly with the 
solution. If we assume the microcrystal formation of the com- 
pletely filled amylose helices, the special stability of these com- 
pletely filled helices may be explained without considering the 
cooperative effect which was discussed by Stein and Rundle. 
(See reference 1.) 
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Thermodynamic data for the solutions chloroform+ benzene, acetone+chloroform, ethanol+chloroform, 
ethanol+acetone, and ethanol+ether are discussed in the light of a model for associated solutions which 
has been described previously. The theory in its original form, previously found satisfactory for solutions of 
alcohols in nonpolar solvents, proves satisfactory for the first two of these systems. To interpret the data 
for the remaining more complicated systems it is necessary to generalize the model to allow for interaction 
free energies which depend on temperature (presumably because of changes in vibration frequencies). The 
necessary generalization of the theory is described, and a consistent set of interactions for the ethanol 
systems is derived. The generalized theory should apply, with the limitations inherent in lattice theories, to 


most nonaqueous associated solutions. 





I. INTRODUCTION 


OLUTIONS of nonelectrolytes may be classified 

generally as (i) “nonpolar” solutions, characterized 
by spherically symmetrical! interactions between mole- 
cules; (ii) “polar” solutions, characterized by orienta- 
tion-dependent interactions which are not highly 
localized in the molecules, and which are often weak 
compared with kT; the dipole-dipole interaction is 
typical; (iii) “associated” solutions, characterized by 
strong, highly localized intereactions, of which the 
hydrogen bond is typical. 

The theory of nonpolar solutions is highly developed,! 
and some progress has been made with the theory of 
polar solutions by treating the orientation-dependent 
interaction as a perturbation.” For associated solutions, 
with which we are concerned here, a simple model has 
been described and used previously.*~* A similar ap- 
proach has been used by Tompa.’ In this paper we 
interpret experimental data for five systems in terms of 
our model. Our purpose is to seek the limits of appli- 
cability of the model, and to determine how the model 
may usefully be modified. 

In the model as originally described* a set of “‘con- 
tact points” on a given molecule were assumed to be in 
contact with similar points on neighboring molecules. 
Actually these points must move, or vibrate, about 
actual contact, and if there are changes in the extent of 
movement possible, or in the vibration frequencies, 
then there must be entropy changes in addition to those 
described by the original theory. One can take account 
of these facts phenomenologically by regarding the 
interactions U of reference 3 as free energies rather than 
as pure energies, thus permitting them to vary with 
temperature, but not with composition. This suggestion 


'E. A. Guggenheim, Discussions Faraday Soc. 24, 15 (1953). 
*J. A. Pople, Discussions Faraday Soc. 15, 35 (1953). 
*J. A. Barker, J. Chem. Phys. 20, 1526 (1952). 
a Brown, and Smith, Discussions Faraday Soc. 15, 142 
asd Barker and W. Fock, Discussions Faraday Soc. 15, 188 
*J. A. Barker, J. Chem. Phys. 21, 1391 (1953). 
H. Tompa, J. Chem. Phys. 21, 250 (1953). 


was first made by Guggenheim.* The formation of a 
given kind of intermolecular contact then involves a 
heat change H and entropy change S, given by 


H=U-—T0U/0dT (1) 


S= —0U/dT. (2) 


For a hydrogen bond, for example, one would expect 
the entropy S to be negative, since the freedom of 
movement is reduced on forming the bond. 

If this generalization is permitted, the formulas pre- 
viously derived for H,“ and TS," must be modified, 
although that for G,” is unchanged. One finds* 


GF=)° Xaps” (3) 
A 


ua®=RT(D Q,4 In(Xp4/x4X 4") 
+ (42—1)r4 In(S rexp/ra))] (4) 
B 


H,™ =2 Z. > 3 (X,AX* = tak Zoe 4H 44 


A >» 
+2 ) Ys X #9 Xen“ ** (S) 
A#¥B p>v 


TS,-=H,“-G,, (6) 


where H,,4” is defined as in Eq. (1), and all 
other symbols are defined as before.* The quantities 
n=exp(—U/kT), formerly regarded as pure Boltzmann 
factors, are now to be regarded as partition functions 
for bending and stretching of intermolecular contacts. 

We have introduced this generalization of the theory 
primarily because it is required by the experimental 


8 FE. A. Guggenheim, Trans. Faraday Soc. 44, 1007 (1948). 

* Equation (5) is derived by differentiating (3) and (4) and the 
equations (see reference 3) defining X,,4; one uses the fact, which 
is readily established, that if variables X; are determined by 


equations 
Xi ~ nikX t= Qi, 


where 7iz=ei, and nix and Q; depend on a parameter é, then 
= Q:8 InX;/d&= 4 2 00;/d&— z XX .Onix/€. 
‘ i i>k 
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facts. While the experimental data for chloroform 
+benzene and acetone+chloroform can be interpreted 
satisfactorily in terms of interactions U which do not 
depend on temperature, the data for the more com- 
plicated systems we have studied cannot be so inter- 
preted, and we have therefore used the generalized 
theory for these three systems. 


Il. THE SYSTEM CHLOROFORM +BENZENE 
(a) Experimental Data 


The values of G,”, H,“, and TS,” at 25°C given by 
Kireev and Sitnikov® were used. 


(b) Theory 


As basic geometric model we assume that both 
chloroform and benzene molecules occupy 4 sites on a 
diamond lattice (z=4). This is a reasonable picture of 
chloroform, and we use the same picture for benzene 
since the molar volumes are roughly equal. Of the 10 
contact points of chloroform we assume 1 to be hydro- 
gen-like (H) and 9 to be chlorine-like (Cl). For benzene 
we assume that the electron-rich center of the ring is 
associated with 2 contact points (one on each side of the 
ring) which we label E. The remaining 8 contact points, 
assumed equivalent, are labeled B. We set all interac- 
tions between like molecules equal to zero, thereby 
neglecting any co-operative orientation in either pure 
component. The interaction energy between unlike 
molecules is assumed to have a small value U2 (corre- 
sponding to the van der Waals interaction) except for 
contacts between chloroform hydrogen and the center 
of the benzene ring (H—E contacts) which are assumed 


MOLE FRACTION CHLOROFORM 





a 02 0-4 06 06 
T — T T 
WS 
\ ~ 
. 
‘\ ~ 
\ = 
~. a 
im a \ st? J 
\ = == j 
-50 \ eed y 4 
a . 
‘\ 
. F 4 
h. 7 

















Fic. 1. Chloroform+benzene, 25°C. Solid lines experimental 
values, dotted lines theoretical. 


1. G,”. 2. H.™. 3. TS. 
Theoretical values calculated with U,;=H,=—880 cal/mole, 
U2=H2= 14 cal/mole. 


®V. A. Kireev and I. P. Sitnikov, J. Gen. Chem. U.S.S.R. 16, 
979 (1946). 
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to have a relatively strong attractive interaction, called 
for convenience U;+U,2. In summarized form all this 
may be written: 


Lattice: 
Benzene (B): 


Chloroform (C): 


Interactions: 


SMITH 







g=4 
oo . 






rp=4, Qr=2, QOs=8. 

E is center of benzene ring, B is outer part of ring. 
ro=4, Qci=9, Qu=1. 

Cl is chlorine, H is hydrogen. 












B—B, B—E, E—E, Ci—Cl, Cl-H, H—H zero 
B—Cl, B—H, E-—Cl U2 
H-E U;+U 2. 







We will not describe the calculation of G,”, H,”, 
TS,” for given values of U; and U2, which involves 
straightforward application of the equations given pre- 
viously’ (or, in appropriate cases, of the modified 
equations given in the introduction). We will mention, 
however, a method of dealing with the small van der 
Waals interaction U2, which has been used throughout 
this paper. It is found in practice that the effect of U, 
on 7S,” is negligible, and that the contribution of U, 
to G,¥ and H,™ is given with sufficient accuracy by 


AG,¥ = AH™ =2(X pXcit+X eXcitX wXun 
+mXeXu)U2, (7) 


where Xz, Xci, etc., are calculated with U2=0 [and 
therefore with n»=exp(—U2/kT)=1]. Thus one may 
carry through the whole calculation with m.=1, and 
afterwards add the contributions given by (7). 

We determined first the value of U; which gave the 
correct value of 7S,” for the equimolar mixture, and 
then the value of U2. which gave the correct values of 
G,” and H,” for the equimolar mixture. The results 
were 


























U,=—880 cal/mole, U2=14 cal/mole. 






Theoretical values calculated with these interactions 
are compared with experimental data in Fig. 1. 










(c) Remarks 





The dissymmetry in the theoretical curves is in the 
same sense as that in the experimental curves, though 
not quite so marked. The agreement is generally s:tis- 
factory. 

If we assume that th van der Waals interaction for 
the system benzene+carbon tetrachloride is the same 
as for benzene-+chloroform, then our value U.=14 
cal/mole gives G,¥=36 cal/mole for an equimolar 
mixture of benzene and carbon tetrachloride at 25°C. 
Scatchard’s measurements” gave G:¥=20 cal/mole. 
Thus our value of U2 is at least of the right order of 
magnitude. 


~ 10 Scatchard, Wood, and Mochel, J. Am. Chem. Soc. 62, 712 
(1940). 
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STATISTICAL THERMODYNAMICS OF ASSOCIATED SOLUTIONS 


III. THE SYSTEM ACETONE+CHLOROFORM 
(a) Experimental Data 


Values of G.” were calculated from the data of 
Zawidsky" at 35.2°C and of Rosanoff and Easely” at 
68°C (actually the latter data were measured at con- 
stant pressure, but the temperature variation is small, 
and the average temperature 68°C is close enough for 
our purpose). Corrections for vapor nonideality were 
applied using virial coefficients for the components 
measured by Lambert e/ a/.; to estimate the mixture 
virial coefficient B12 it was assumed that 6;2=261. 
—B11—B22 had the same value at the same temperature 
as that for the similar system chloroform+ether, for 
which measurements have been made by Fox and 
Lambert. It was assumed that the temperature and 
concentration dependence of G,” could be expressed by 
the equation 


Gr ® =x xe a+b(x1)— x2) | 
with 
a= do+a,T+ a2 InT 
b= bo+6,7+}2 InT 


and the constants were determined to be consistent 
with the two sets of data mentioned above, as well as 
with Hirobe’s'® values of H,” at 25°C. Finally, values 
of G.”, H:“, TS,” at 25°C were calculated from the 
equation. 


(b) Theory 


The model for this system is identical with that for 
chloroform+benzene. Here the contact points labeled 
E represent hydrogen-bonding sites on the oxygen 
atom. With identical methods we found 


U,;=—1930 cal/mole, U2=72 cal/mole. 


Experimental and theoretical values of G,”, H,”, and 
TS,” are compared in Fig. 2. 


(c) Remarks 


The dissymmetry of the experimental curves is re- 
produced satisfactorily by the theoretical curves. The 
“hydrogen bond” interaction U, is stronger than the 
corresponding interaction with benzene, as one might 
have expected. 

We have neglected the dipole interaction, and result- 
ing state of co-operative orientation, in pure acetone. 
The dipole interaction may explain the unusually large 
value of the van der Waals interaction U». 


"J. Zawidsky, Z. physik. Chem. 35, 129 (1900). 
(1900); A. Rosanoff and C. W. Easeley, J. Am. Chem. Soc. 31, 979 

“Lambert, Roberts, Rowlinson, and Wilkinson, Proc. Roy. 
Soc. (London) A196, 113 (1949). 

“J. H. P. Fox and J. D. Lambert, Proc. Roy. Soc. (London) 
A210, 557 (1952). 

‘*H. Hirobe, Tokyo Imp. Univ. J. Fac. Sci. 1, 155 (1926). 
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Fic. 2. Acetone+chloroform, 25°C. Solid lines experimenta! 
values, dotted lines theoretical. 


1. G,. 2. 44.™. 3. 47S;*. 


Theoretical values calculated with U;=H,;=—1930 cal/mole, 
U2=H2=72 cal/mole. 


IV. THE SYSTEM ETHANOL+CHLOROFORM 
(a) Experimental Data 


The values of G,¥ at 55°C, 45°C, and 35°C given by 
Scatchard and Raymond!'* were extrapolated to give 
values at 25°C, which were used in conjunction with 
Hirobe’s'® values for H,” at 25°C. We have preferred 
to use Hirobe’s calorimetric heats of mixing rather than 
those derived from the G,” measurements by Scatchard 
and Raymond. 


(b) Theory 


Lattice: z2=4. 


Ethanol (A): ra=3, Qu=1, Qo=2, Q1=5. 
H is hydroxyl hydrogen, O is oxygen, I is hydro- 


carbon. 


Chloroform (C): 
labelled h. 


as before, but chloroform hydrogen 


Interactions: 


N~t O~L, B=, 0-0, I-L, Gc, 
Cl—h, h—h 
H-O 
h—O 
H-Cl, O—Cl, I-Cl, H—h, I-h 


st > Scatchard and C. L. Raymond, J. Am. Chem. Soc. 60, 1278 
1938). 
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Since U;, U2, U3 were to vary with temperature it was 
desirable to determine them from G,¥ alone. The follow- 
ing procedure was tried. The quantity 5Sys?|za-o 
—4yc®|zcu0, as calculated from the theory, is inde- 
pendent of U;. For a given value of U;, we therefore 
determined U2 to give the experimental value of this 
quantity, and then U; to give the experimental values 
of wa”|r4-0 and uc*|zc-0. We then attempted to de- 
termine U, to give the experimental value of G,” for 
the equimolar mixture. If this procedure was followed 
completely, the resulting value of U; was unreasonably 
large, so a compromise procedure assuming U; to be 
effectively zero was used (actually after UV; and U2 were 
determined a small, nonzero value of U3 was determined 
by least squares to give the best fit of the G,” values; 
the additional labor required to determine U; and U2 
to make U3 accurately zero would have been pointless). 
The values of U;, U2, and U; found in this way were 


U,= — 2730 cal/mole, 2= — 1230 cal/mole, 
U:=3 cal/mole. 


Values of G,”, H,“, and 7S,” calculated with these 
values of U;, U2, and U3, assuming them to be inde- 
pendent of temperature, are compared with experimental 
data in Fig. 3. The fact that the experimental and 
theoretical 7S," values agree for the equimolar mixture 
is a coincidence which means that the values of UV; and 
U2 are very close to values that would have been de- 
termined by our previous methods of fitting to G.”, 
H,™, and TS,”. In fact the agreement between theory 








t 
ee ee, =. 
“ ~ 
~ 
~ 
~ 
100} ~ 7 
. 
ss 
. 
* 
\ 
‘\ 
N 
—— Pig 
ors 
~ 
\ 
Q ~\Y \ 
‘ ‘“ 
i. NX 
. MOLE FRACTION ETHANOL S 
of + ~ t t t 
vi XN 
N o2 “SL 04 06 08 
\ en 4 
\ ~ \2 AS 
‘ ~ / 
3] : - 
. \ 5 i F 
2 \ a - r 
v \ 
\ / 
\ / 
100l— \ y od 
\ / 
\ / 
~~ / 
%, r 
‘ 7 
he Ps 
~ 
~ a 
-200}-- ol 











Fic. 3. Ethanol+chloroform, 25°C. Temperature-independent 
interactions. Solid lines experimental values, dotted lines theo- 


retical. 
1. G,*. 2. Hz™. 3. TS.. 
Theoretical] values calculated with 


U;=H = —2730 cal/mole, U2=H2=—2620 cal/mole, 
U;=H;=3 cal/mole. 
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and experiment in Fig. 3 is as good as one can find with 
temperature-independent interactions. 

If U,; and U2 may vary with temperature, then H, 
and H»2 become disposable constants. We have de- 
termined them by least squares to give the best fit of the 
experimental H,” values. The results were 


U,;=—2730 cal/mole, H,=—6740 cal/mole, 
S,;= — 13.5 cal/deg mole. 


U2=—1230 cal/mole, H2=—2620 cal/mole, 
S2= —4.7 cal/deg mole. 


U;=H;3=3 cal/mole. 





=- ~~. 












5 8 CAL/ MOLE 





ee ae 


Fic. 4. Ethanol+chloroform, 25°C. Temperature-dependent 
nteractions. Solid lines experimental values, dotted lines theo- 
retical. Theoretical values calculated with 


U,= —2730 cal/mole, H:=—6740 cal/mole, 
Si = —13.5 cal/deg mole. 
U,=—1230 cal/mole, H2=—2620 cal/mole, 
S2= —4.7 cal/deg mole. 
U;=H3=3 cal/mole, S$3=0. 





Values of G,”, H,“, and TS,” calculated with these 
interactions are compared with experimental data in 
Fig. 4. 

(c) Remarks 


The agreement between theory and experiment with 
temperature-independent interactions is most unsatis- 
factory. The agreement with temperature-dependent 
interactions, while not perfect, is a great deal better. 

The hydrogen bond heat of formation H;= —6740 
cal/mole is comparable with other estimates; it seems 
more reasonable than the lower values one finds if U: 
is not permitted to vary with temperature. There is 
no direct method for comparing our value of S; with 
entropy changes on hydrogen bond formation derived 
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otherwise, e.g., from vapor compressibility measure- 
ments. We hope to devise an indirect method for mak- 
ing such a comparison. 

A discussion of this system, in which the geometrical 
model was varied in an unsuccessful attempt to find a 
better fit of the experimental data with temperature- 
independent interactions, has been given previously.’ 


V. THE SYSTEM ETHANOL+ACETONE 
(a) Experimental Data 


Liquid-vapor equilibrium measurements for this 
system have been made by Gordon and Hines." In 
view of the remarks made below in connection with 
ethanol+ether, only the total pressure measurements 
of these authors were used, and the assumption 6:.=0 
was made. Values of G,” at 32°C and 40°C were calcu- 
lated and extrapolated to give values of G,¥ at 25°C. 
Values of H,” at 25°C measured by Hirobe"® were used. 


(b) Theory 


The models for ethanol and acetone molecules 
have already been described. The interactions consid- 
ered are the ethanol hydrogen bond (H—O), of strength 
U,; interaction of hydroxyl hydrogen and acetone 
oxygen (H—E£), of strength U2; and the van der Waals 
interaction, of strength U3. 

If we assume that U;, U2, and U; are independent of 
temperature, then no set of values can give positive 
TS,” values as large as those found experimentally.t 
We therefore sought to determine U;, U2, and U; from 
the G,” values alone. For a given value of U;, U2, and 
U; were determined to give the experimental “end- 
values” of the excess chemical potentials (see Sec. IV). 
With these values of U2 and U3, the value of G,” for the 
equimolar mixture was substantially independent of 
U;, so that the experimental data do not determine a 
value of U;. We have adopted arbitrarily the value 
found for ethanol+chloroform, viz. U;=—2730 cal/ 
mole. The corresponding values of U2 and U3; were 
U2= —2450 cal/mole, U3=27 cal/mole. 

Since the number of H—E contacts formed is very 
nearly equal to the number of H—O contacts broken, 
the experimental H,” data do not determine H, and 
H», but only H;—H». We have therefore adopted the 
same value for H; as was found for ethanol+chloroform, 
giving H,= —6740 cal/mole, H2= —5720 cal/mole. 

Theoretical values of G,”, H,”, TS,¥ calculated with 
these interactions are compared with experimental data 
in Fig. 5. 





ssa R. Gordon and W. G. Hines, Can. J. Research 24B, 254 

t With some modification of the geometrical model, 7S, can 
be made to take large positive values. This happens, for example, 
if the strong interaction U2 occurs with all contact points of the 
acetone molecule, rather than with just two of them. For the 


oo system this is unreasonable and it is not considered 
urther. 
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Fic. 5. Ethanol+acetone, 25°C. Solid lines experimental values, 
dotted lines theoretical. 


1. G,*. 2. H.™. 
Theoretical values calculated with 
U,= —2730 cal/mole, H1=—6740 cal/mole, 
S,= —13.5 cal/deg mole. 
U2= —2450 cal/mole, H2=—5720 cal/mole, 
S2=—11.0 cal/deg mole. 
U;=H3=27 cal/mole. 


3. TS.*. 


(c) Remarks 


The experimental data are fitted reasonably with 
temperature-dependent interactions; they cannot be 
fitted with temperature-independent _ interactions 
(TS," for alcohol mole fractions greater than about 
0.4 would have the wrong sign). 

Here again we have neglected the dipole interaction 
in pure acetone; this would tend to produce positive 
values of TS”. 


VI. THE SYSTEM ETHANOL+ETHER 
(a) Experimental Data 


Liquid-vapor equilibrium measurements for this 
system have been made by Gordon and Hornibrook."* 
On calculating total pressures from vapor compositions 
by integration, using virial coefficients for ethanol de- 
rived from heats of vaporization‘ and for ether measured 
by Lambert e¢ al.,"* it was found that the total pressures 
and vapor compositions were consistent only if 612= 2812 
—Bi11:—B22 had the value +5.2 liter. This is a most 
improbable value, since it requires B12 to be positive. 
One would expect 12 to be at least as negative as the 
virial coefficient for ether, which would mean that 54. 
could not be more positive than +1.5 liter, and might 
well be negative. In the absence of measured values we 
have therefore assumed 6,;.=0. Since the method used 
by Gordon and Hornibrook suggests that their total 
pressures are more accurate than their vapor com- 
positions, we have calculated values of G,” at 25°C 


18 A. R. Gordon and W. S. Hornibrook, Can. J. Res. 24B, 263 
(1946). 
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from total pressures alone, following the method of 
Barker."® These were used in conjunction with the 
values of H,™” at 25°C given by Hirobe.. 


(b) Theory 


The model for this system differs from that for 
ethanol+acetone only in that the ether molecule 
occupies one more lattice site than the acetone molecule, 
and so has two more contact points. With exactly the 
same procedures as for ethanol+-acetone, we determined 
the interaction values 


U,=—2730 cal/mole, H,=—6740 cal/mole, 
Si=—13.5 cal/deg mole. 


U2=—1880 cal/mole, H2=—6350 cal/mole, 
2= — 15.0 cal/deg mole. 


U;=H;=0. 


Comparison of theoretical and experimental values of 
G,*, H, and TS,* is given in Fig. 6. 
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Fic. 6. Ethanol+-ether, 25°C. Solid lines experimental values, 
dotted lines theoretical. 


1. G,*. 2. H.™. 
Theoretica] values calculated with 


U,= —2730 cal/mole, H;=—6740 cal/mole, 
Si=—13.5 cal/deg mole. 


3. TS.*. 


U2= —1880 cal/mole, H2=—6350 cal/mole, 
S2= —15.0 cal/deg mole. 
U;=H;3=0. 


9 J. A. Barker, Australian J. Chem. 6, 207 (1953). 
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(c) Remarks 


With temperature-dependent interactions, the theory 
reproduces the experimental data reasonably well. 
Here again the theory with temperature-independent 
interactions cannot give sufficiently positive values of 
TS,", although the failure is much less serious than 
with ethanol+-acetone. 

The ethanol-ether “hydrogen bond” appears to 
be slightly weaker than the ethanol-ethanol bond 
(—H2<—H,) but at least as highly localized 
(—S2>—5S)}). 

VII. GENERAL DISCUSSION 


We have generalized a previous theory* to permit of 
temperature-dependent interaction free energies. For 
the systems chloroform+benzene and acetone+chloro- 
form we have used, in the absence of other criteria, the 
simplest representation—viz., that with temperature- 
independent interactions. For the three ethanol systems 
this was impossible, and temperature-dependent inter- 
actions were used. The interactions determined for the 
three ethanol systems are consistent in the sense that 
the same values of the free energy, heat, and entropy of 
formation of the ethanol hydrogen bond were used 
throughout. The values were U=—2730 cal/mole, 
H=-—6740 cal/mole, and S=—13.5 cal/deg mole, 
respectively. The free energy and entropy values have 
meaning only with reference to our model (because of 
“standard state’’ difficulties), but the heat value H 
should be comparable with values derived otherwise 
(see for example Davies).”° 

The qualitative aspects of the relation between 
molecular interactions and thermodynamic functions 
have been discussed previously.* We make here a general 
remark on the tendency for the G,” curve to be more 
symmetrical than either H,“ or TS,” curves. This is 
explained simply by the fact that positive values of 
H™ are generally due to breaking of bonds present in 
one pure component, and so are associated with gain 
of orientational freedom and a tendency to positive 
TS", while negative values of H,™ are associated with 
formation of bonds between unlike molecules, loss of 
orientational freedom, and negative values of TS,’. 
Thus the dissymmetries in 7,“ and TS,” tend to cancel. 

The systems studied here, together with these studied 
previously, form a representative selection of non- 
aqueous associated solutions (association in one pure 
component; association in solution but not in either 
component; and a combination of these effects). It 
seems reasonable to conclude that the theory in its 
generalized form should apply to most nonaqueous 
associated solutions. It is appropriate to mention here 
that extensive calculations have shown that the theory 
does not give satisfactory results when applied to 
aqueous solutions of nonelectrolytes. 


*” H. Davies, Chem. Soc. Ann. Repts. 43, 5 (1946). 
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Relation between Bond Length and Stretching Frequency for the Carbonyl Group 


M. MarcosueEs, F. Fittwark, V. A. FAssEL, AND R. E. RUNDLE 
Department of Chemistry and Institute for Atomic Research, Iowa State College, Ames, Iowa 


(Received September 21, 1953) 


A plot is shown of bond length vs stretching frequency of the carbonyl group in a series of compounds 
containing this group. For bond lengths ranging from 1.13 to 1.31A, the average distance of the points from 


a smooth curve is 0.013A. 





HE success of Rundle and Parasol! and Lord and 
Merrifield? in correlating frequencies of infrared 
absorption bands with interatomic distances in hydro- 
gen bonded systems has prompted us to make a test of 
this type of correlation with some other grouping. The 
carbonyl group was chosen because it occurs frequently 
enough for the results to be of some practical im- 
portance, considerable data is available on bond 
lengths, the carbonyl] stretching vibration gives rise to 
a strong infrared band that is usually easily distin- 
guished from other bands in the spectrum, and the 
group often enters into the formation of hydrogen bonds 
so it is possible to test the effect of such inter- and intra- 
molecular forces on the correlation. A similar correlation 
of bond distance with stretching force constant has 
been shown by Walsh,’ but the lack of knowledge of 
stretching force constants for the more complex com- 
pounds reduces the utility of Walsh’s correlation. 

Badger’s rule* predicts a linear relation between the 
stretching force constant and (r,—d)-*, which is the 
basis for Walsh’s correlation. In order to correlate bond 
lengths with stretching frequencies it is necessary to 
assume that the vibration involves only motion of the 
carbon and oxygen atoms relative to each other, with no 
other motion of the molecule. This will be a good 
assumption for most molecules, but will be extremely 
poor for carbon dioxide because of the splitting of the 
carbony] stretching vibration into symmetric and asym- 
metric stretching vibrations, and may also be poor for 
the carboxylate ion. 

Figure 1 shows how well these assumptions are 
justified in practice. The average distance of the points 
from the smooth curve is 0.013A, with the largest 
errors, of 0.0525A, being for DlL-alanine and the 
carboxylate group of glycylglycine. This comparatively 
large deviation might be ascribed to the effect of 
hydrogen bonding, but this is not consistent with the 
fact that the points for L-threonine, hydroxy-L-proline, 
and salicylic acid all lie quite close to the curve and the 
point for urea is somewhat above the curve. The com- 


wane E. Rundle and M. Parasol, J. Chem. Phys. 20, 1487 
52). 


fen C. Lord and R. E. Merrifield, J. Chem. Phys. 21, 166 
53). 

*A. D. Walsh, Trans. Faraday Soc. 43, 60, 158 (1947). 

‘R. M. Badger, J. Chem. Phys. 2, 128 (1934); 3, 710 (1935). 
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plexity of the spectra of amino acids in the 1500 to 
1700 cm region makes it difficult to assign a particular 
frequency to the carbonyl stretching vibration (we have 
plotted two possible frequencies for hydroxy-L-proline), 


Fic. 1. Relation be- 
tween bond length and 
stretching frequency for 
the carbonyl group. 
Vertical lines represent 


- 


BOND LENGTH (ANGSTROMS) 
8 














estimated error in bond- oe 
length determination. t of 
| 1 1 
. 00 1600 1800 2000 2200 
FREQUENCY (cm™") 
Stretching 
Point Compound Bond length frequency 

A Calcite 1.31+0.01A (a) 1430 cm~ 
B Glycylglycine 1.23+0.02 (b) 1650 

1.21+0.02 (b) 1570 
c DL-alanine 1.21+0.02 (c) 1580 
D Hydroxy-L-proline 1.26+0.03 (d) 1580 or 1640 
E Sodium formate 1.27+0.04 (e) 1600 
F Glycine 1.26+0.02 (f) 1605 
G L-Threonine 1.25+0.02 (g) 1620 
H Salicylic acid 1.24+0.01 (h) 1655 
I jrea 1.26+0.01 (i) 1665 
J Acetaldehyde 1.22+0.01 (j) 1720 (s) 
K Glyoxal 1.20+0.01 (k) 1730 (t) 
L Formaldehyde 1.21+0.01 (1) 1744 (u) 
M Phosgene 1.18+0.03 (m) 1827 (v) 
N Ketene 1.150 (n) 1935 (w) 
O Nickel carbonyl 1.15+0.03 (0) 2045 
P Carbony! sulfide 1.16+0.01 (p) 2079 (x) 
QO Carbon monoxide 1.128 (q) 2143 (y) 
R Borine carbonyl 1.13+0.01 (r) 2164 (z) 


®N. Elliott, J. Am. Chem. Soc. 59, 1380 (1937). 

b E, W. Hughes and W. J. Moore, J. Am. Chem. Soc. 71, 2618 (1949). 

¢ J. Donohue, J. Am. Chem. Soc. 72, 949 (1950). 

4 J. Donohue and K. N. Trueblood, Acta Cryst. 5, 419 (1952). 

e W. H. Zachariasen, J. Am. Chem. Soc. 62, 1011 (1940). 

G. Albrecht and R. B. Corey, J. Am. Chem. Soc. 61, 1087 (1939). 

® Schoemaker, Donohue, Schomaker, and Corey, J. Am. Chem. Soc. 72, 
2328 (1950). 

bh W. Cochran, Acta Cryst. 6, 260 (1953). 

iP, Vaughan and J. Donohue, Acta Cryst. 5, 530 (1952). 

i Stevenson, Burnham, and Schomaker, J. Am. Chem. Soc. 61, 2922 
(1939). 

k J. E. LuValle and V. Schomaker, J. Am. Chem. Soc. 61, 3520 (1939). 

1Stevenson, LuValle, and Schomaker, J. Am. Chem. Soc. 61, 2508 
(1939). 

m P, W. Allen and L. E. Sutton, Acta Cryst. 3, 46 (1950). 

2» Bak, Knudson, Madsen, and Rastrup-Anderson, Phys. Rev. 79, 190 
(1950). 

© Ladell, Post, and Fankuchen, Acta Cryst. 5, 795 (1952). 

P Townes, Holden, and Merritt, Phys. Rev. 74, 1113 (1948). 
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but the two large discrepancies cannot be caused by this 
difficulty. Neither of the two compounds has an ab- 
sorption band near 1720 cm™, the frequency that would 
correspond to the bond length of 1.21A. 

In collecting the data for Fig. 1, care was taken that 
the frequencies used should be those of the compound 


FILLWALK, 





FASSEL, AND RUNDLE 

in the same physical form as for the measurement of 
bond lengths. The one exception is for nickel carbony], 
where the distance is from a crystal structure and the 
frequency is that of the liquid. It is felt that the inter- 
molecular forces in this case are too weak to affect the 
results appreciably. 
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Critical Phenomena in the Cyclohexane-Aniline System* 


Dovucias ATACK AND O. K. RICE 
University of North Carolina, Chapel Hill, North Carolina 


(Received October 8, 1953) 


Measurements have been made on the transition temperatures between one-phase and two-phase condi- 
tions in the cyclohexane-aniline system and on the densities of the coexisting phases, using an improved 
temperature control. The region of extreme cloudiness or wet fog, where the meniscus, if present, cannot 
be seen, and where density measurements are difficult because the density float cannot be seen, was investi- 
gated by means of a technique suggested by Zimm. In this procedure the temperature was raised, without 
stirring, to clear the wet fog without removing any density gradients which might have formed. The previous 
results of Rowden and Rice and Atack and Rice have been substantiated, and it is concluded with stronger 
evidence that there is an appreciable range of critical concentrations over which the transition temperature 


is constant. 


URING the past few years data have been accumu- 
lated in this laboratory on critical phenomena in 
the cyclohexane-aniline system. These studies have 
included measurements on the coexistence curve, vapor 
pressure,' density of coexisting phases, and interfacial 
tension between coexisting phases.? As one result of 
these studies it has been concluded that the coexistence 
curve has a finite horizontal top; in other words there 
is a range of compositions all of which can be called 
critical compositions. 

When a solution in the critical range, whose tempera- 
ture is higher than the critical temperature, is slowly 
cooled there appears quite suddenly a dense cloudiness 
or ‘‘wet fog,” and this was found to persist over a range 
of 0.010° to 0.015°C. The temperature at which this 
wet fog appeared on cooling has been considered to be 
the critical temperature, 7’, in the belief that there were 
actually two phases present in very finely divided form, 
and the values of T, for solutions of different composi- 
tion were compared by placing these tubes in the bath 
simultaneously and observing the appearance of the wet 
fog.! In this way it was concluded that T, was constant 
over a range of compositions. Actual appearance of the 
meniscus could not be observed on account of the 
wet fog. 

On the other hand, measurements? which were made 


* Work supported by the U. S. Office of Naval Research. 

1R, W. Rowden and O. K. Rice, J. Chem. Phys. 19, 1423 
(1951); Changements de Phases (Compt rend. 2¢* Réunion 
Annuelle, Société de Chimie Physique, Paris, 1952), p. 78. 
(1s in Atack and O. K. Rice, Discussions Faraday Soc. 15, 210 

953). 


on the densities, p; (cyclohexane-rich phase) and 
p2 (aniline-rich phase), of the coexisting phases in a 
mixture in the critical range of compositions, showed 
that ps—p; was proportional roughly to (T.—T)!, up 
to the lower limit of the wet fog, i.e., up to the point 
where 7,— 7~0.010°. This in itself might be taken as 
indicating that there was no flat part of the coexistence 
curve. However, since these density measurements 
were made with a quartz float suspended by a quartz 
helix, direct measurements could not be made when the 
wet fog was present because the bob and helix could not 
be seen. Observations made with the bob in the upper 
liquid layer and the helix in the vapor indicated a rather 
sharp drop in the density when T.—T was equal to 
about 0.005°, the temperature at which the wet fog 
appeared on cooling being taken as T,. This, we believed, 
might indicate that the true value of 7, lay 0.005° 
below the point previously supposed, in which case the 
coexistence curve would have a flat top, being trun- 
cated 0.005° below the original estimate of T.. 

It was suggested to us by Dr. B. H. Zimm that it 
might be possible to measure the density in the “‘no- 
man’s-land” of the wet fog by raising the temperature 
very slightly without stirring. If any density differences 
had developed in the tube, these should persist, but the 
fog could be expected to clear. We found this technique 
extremely helpful, both in measuring the density, and 
in observing the formation of the meniscus, and it has 
been used in the present work, which is directed toward 
measuring the phenomena which occur in the wet-fog 
region. 
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EXPERIMENTAL 
Materials 


The materials used were the same samples of aniline 
and cyclohexane used in our most recently described 
work.” The critical temperature was reported as 
29.587°C, which was slightly lower than the critical 
temperature of 29.61°, as found by Rowden and Rice! 
and corrected slightly as to scale. The difference un- 
doubtedly arose from small amounts of impurity in one 
sample or the other. In all respects, however, they be- 
haved very similarly, and we believe that these impuri- 
ties will not affect the conclusions to be drawn from the 
results. The comparison of temperatures should be 
quite accurate, as the same set of Beckmann thermom- 
eters was used. 

A recalibration of the resistance thermometer now 
gives 29.422°C as our corrected value of the critical 
temperature, and that of Rowden and Rice will corre- 
spondingly be reduced to 29.45°C. 

For the density measurements the same mixture 
(hereafter called the ‘density sample”) was used which 
had been used for the earlier density determinations. 
This had stood for several months in the tube with the 
quartz helix and bob, closed by a Teflon seal. It had 
exactly the same critical temperature as it had pre- 
viously, and the same critical temperature as the other 
critical mixtures, by direct comparison. This was grati- 
fying evidence of the tightness of the Teflon seal. 


Coexistence Curve 


Ten mixtures (including the density sample) of vary- 
ing composition through the critical concentration 
range were prepared. They were exhaustively dried 
over fused calcium oxide, as before, all transfer of ma- 
terial after the mixtures were made up being done in 
vacuum. The transition temperatures were measured 
after each drying until that for each sample individually 
was constant. The tubes containing the final samples, 
with the exception of the density sample, were mounted 
on a circular frame and well inserted into a 15-gallon 
thermostat. By rotating the top of the frame each tube 
could be brought into the position previously occupied 
by any other tube. The thermostat could be controlled 
to +0.001°C. 

The procedure was to increase the bath temperature, 
stirring the contents of each tube until such time as the 
meniscus had disappeared in each tube and no heavy 
opalescence was present. Subsequently the bath was 
cooled at the rate of 0.005°C per hour until heavy 
opalescence began to appear in some of the tubes. The 
bath was held at this temperature for half an hour at 
least and then heated again until the opalescence dis- 
appeared. The lowest temperature was measured on a 
platinum resistance thermometer. No separation of the 
sample into two phases could be observed at the higher 
temperature and the color of the solution was homo- 
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CRITICAL PHENOMENA 


TABLE I. Coexistence curve. 








Temp. 





Mole fract. reappearance Temp. onset Temp. first 
aniline of meniscus wet fog opalescence 
0.3902 29.377 
0.3965 29.394 
0.406, 29.414 29.423 
0.4205 29.420 29.422 29.426 
0.429, 29.422 29.426 29.436 
0.4376 29.422 29.425 29.433 
0.445, 29.422 29.425 
0.4485 29.422 29.425 29.430 
0.457, 29.422 29.425 29.430 
0.465. 29.422 29.425 29.428 








*® Density sample. 


geneous throughout. Again the temperature of the bath 
was lowered, this time to 0.001°C below the previous 
low temperature and the sample allowed to stand for 
half an hour at that temperature, before heating to 
clear the opalescence. This stepwise procedure was re- 
peated, lowering the temperature each time 0.001°C 
below the previous low temperature and allowing at 
least half an hour standing time at this temperature, 
until on heating to clear the opalescence a meniscus 
persisted. In this manner it was possible reproducibly 
to measure the temperature of meniscus reappearance 
to 0.001°C. Moreover it was easy to compare the be- 
havior of solutions of different composition precisely. 
The position of the tubes was changed and the entire 
procedure repeated; exactly the same results were ob- 
tained, as might have been expected as the bath water 
was extremely well circulated. The density sample was 
also compared with some of the other critical samples, 
and was found to have its transition at the same tem- 
perature. 

As the samples were only stirred once, at the begin- 
ning of the procedure described, they stood for some 
hours at a temperature just above the critical tempera- 
ture, where, at final equilibrium, there would be some 
gradation of density in the gravitational field. How- 
ever, diffusion in the liquid state is so slow and the 
driving force of gravity so small that the actual separa- 
tion would be entirely negligible as long as the lowest 
temperature reached is above the critical. 

The results of these measurements are given in 
Table I. We may remark that the meniscus appeared 
within the tube in the case of all the critical samples 
(mole fraction of aniline 0.4296 to 0.4656), as was to be 
expected, appearing near the bottom for those rich in 
cyclohexane and near the top for those rich in aniline. 
It seemed to come in at the bottom for those samples 
less than 0.4296-mole fraction aniline. 

Through an inadvertance we failed to make up solu- 
tions stronger than 0.4656 in aniline, but we feel quite 
sure that this solution is at about the limit of the critical 
range, since the meniscus first appeared very close to 
the top of the tube. 

The critical range as determined by Rowden and 
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Rice extended from about 0.418- to 0.462-mole fraction 
aniline, and thus appeared to be at a slightly lower 
concentration of aniline than we have found here. 

Density measurements were made in exactly the 
same way as previously described,” and in the same tube 
previously used. In measuring the upper phase, the bob 
and quartz spiral were completely immersed in the 
phase, and were rendered visible when the dense fog 
formed by the technique described above. In measuring 
the lower phase the bob was in the phase measured, 
while the spiral was in the upper phase. The method of 
calculating the density from these measurements has 
been fully described. 

Density measurements were made at temperatures 
closer to the critical than was previously possible by 
cooling to the required temperature, holding the solu- 
tion at that temperature for half an hour, and then 
heating the solution until the opalescence cleared suffi- 
ciently so that the reference points of the quartz spiral 
were clearly defined in the cathetometer. The density 
thus measured was assumed to correspond to the lowest 
temperature reached, since settling out would occur 
much more rapidly than remixing. When measurements 
were made very close to the critical temperature (at 
29.422°), it was necessary to raise the temperature 
almost 0.2°C in order to get the solution sufficiently 
clear to make the density measurements, and the sharp 
meniscus disappeared giving place to a dark brown line. 
The density values at this point may thus be in error 
rather more than the other values, but are, nevertheless, 
quite significant. 

The data are given in Table II and plotted in Fig. 1. 

It will be noted that the densities just above the 
critical temperature show a slight downward trend as 
the temperature is lowered. This is probably within the 
experimental error. Since the meniscus in the density 
sample disappeared near the middle of the tube, or 
perhaps a little below, the density of the homogeneous 
phase should be near or a little below the mean of the 
densities of the coexisting phases just below the critical 
temperature, and we believe that the new value at 
29.424° must therefore be better than the one at 29.427° 
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determined in the earlier work. It will also be seen 
from Table I that the meniscus appeared about 0.003° 
below the temperature of appearance of the wet fog, 
and from Table II we see that the sudden break in 
density occurred at the same temperature. In our earlier 
paper we stated that the sudden break in density oc- 
curred about 0.005° below the appearance of the dense 
fog, which probably agrees with the present result 
within error of observation of the earlier work. 


Opalescence 


The temperatures of the first visible appearance of 
opalescence on cooling and of the first appearance of 
the wet fog have been recorded in Table I. These ob- 
servations, especially of the appearance of opalescence, 
naturally involve certain subjective judgments, since 
the opalescence actually appears gradually on cooling. 
The comparison between solutions of different compo- 
sition will, however, be of some significance. 

In addition, some observations of the opalescence in 
the density sample may be of some interest. The ob- 
servations at 29.423°C were repeated several times in 
the following manner. The temperature of the bath was 
raised to about 29.6°C, and the contents of the tube 
thoroughly stirred. On lowering the bath temperature 
slowly, opalescence appeared simultaneously through- 
out the whole solution. The temperature was then 
lowered to 29.423°C very slowly and an extremely 
dense wet fog was present at this temperature. On 
raising the temperature to about 29.6°C the solution 
became clear with no visible inhomogeneity. This pro- 
cedure was repeated several times without further 
stirring. On each successive occasion the volume of the 
solution through which opalescence first appeared be- 
came smaller, until on further repetition this volume 
appeared to be constant (about one-third the total 
volume of liquid). However, on lowering the tempera- 
ture of the bath below that at which opalescence first 
appeared, the opalescence, in every case, spread through- 
out the contents of the tube and became uniform. 
When the wet fog was eventually formed it extended 
immediately throughout the entire content of the tube. 
The solution was allowed to stand in every case for 
about half an hour at 29.423°C but on raising the tem- 
perature a homogeneous solution was always obtained. 


TABLE II. Densities of coexisting phases of 
cyclohexane-aniline system. 











Temperature Cyclohexane-rich phase Aniline-rich phase 
29.426 0.8633 0.86334 
29.424 0.8632" 0.863% 
29.423 0.863* 0.863* 
29.422 0.8577 
29.420 0.8550 0.869; 
29.416 0.8545 0.870; 








® Single homogeneous phase, measured near top of tube. 
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DISCUSSION 


This further study confirms in all essential details 
the conclusions drawn by Rowden and Rice regarding 
the existence of a range of critical concentrations. The 
slight difference in critical temperature and the slight 
shift of the flat portion of the coexistence curve to 
higher aniline concentrations, which we have found, 
do not affect the flatness of the coexistence curve, and 
the indications are that the impurity contents in both 
sets of samples, though slightly different, are extremely 
minute. Though the fluctuations of the thermostat 
were about +0.001°, we believe that by careful simul- 
taneous observations any one of the critical tempera- 
tures, judged by the appearance of the meniscus, of 
the six critical mixtures did not differ from any other 
by more than 0.001°. Special attention has been paid 
to this point in view of the recent criticism of Zimm.* 

Although it now appears that the conversion occurs 
at a temperature about 0.003° lower than that of the 
appearance of the wet fog, the difference between the 
two reference points is, in every case but one, the same. 
It is a bit puzzling why, even after exhaustive purifica- 
tion, this slight difference should occur in one sample. 
If this should be interpreted as indicating that the 
coexistence curve does indeed have one highest point, 
it then would appear that the curve is not at all sym- 
metrical and certainly does not have the classical form. 
However, it seems likely that the definite appearance of 
a meniscus provides a more accurate means of observa- 
tion than a distinction between mists of various densities. 

The density measurements are entirely consistent 
with the findings on the coexistence curve. In Fig. 2 we 
have plotted the density of the homogeneous solution, 
mole fraction aniline 0.4451, the density of pure aniline,‘ 
and the density of pure cyclohexane,‘ at a temperature 
just above the critical temperature, and have used 
them to estimate a density-composition curve. We 
have thus found the compositions corresponding to 
the highest density of the cyclohexane-rich phase 
below the critical temperature as given in Table II, 
and the lowest density of the aniline-rich phase (esti- 
mated from Table II, see Fig. 1). The range of critical 
concentrations thus estimated (which may be in error 
by 25 percent, or so) corresponds well with that ob- 
tained by direct measurement. This agreement would 
seem to support our belief that the appearance of a 
meniscus is a better criterion for the transition than the 
appearance of the wet fog, though the observation 
that the opalescence reappeared at first in only part of 


*B. H. Zimm, J. Chem. Phys. 20, 538 (1952). 


See Critical Tables (McGraw-Hill Book Company, 
nc.). 
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the tube after the temperature had been lowered to 
29.423° and then raised without stirring might indicate 
that there was some settling at this temperature, which 
is 0.001° above that which we now report as the critical 
temperature. Such settling might possibly arise because 
the contents of the tube occasionally were cooled past 
the critical point on account of fluctuations of the bath 
temperature. 

That we made an effort to close the gap in the densi- 
ties between 0.863 and 0.8577 is indicated by the series 
of closely spaced temperature in Table II. The fact 
that we were unable to do so is of course consistent, 
as the calculation just made indicates, with the idea 
that the coexistence curve has a flat top. However, the 
fluctuations in temperature and the inherent difficulties 
in the density measurements may introduce some un- 
certainty in this respect, and we cannot finally say 
that it would be impossible to get an intermediate value, 
though we believe this to be the case. 

We believe that we have now shown definitely that 
the coexistence curve is flat over a range from about 
0.43- to 0.465-mole percent aniline to about 0.001°C. 
Thus there appears to be a considerable region of con- 
centrations which can be called a critical region, over 
which the transition occurs at a constant temperature. 
We believe that the suggestion made by Zimm* that 
the coexistence curve is a cubic curve cannot be 
maintained. 
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Magnetic Susceptibilities of Np+®, Np+®, and Npt** 


Dieter M. GRUEN AND CLyDE A. HUTCHISON, Jr. 
Institute for Nuclear Studies, Department of Chemistry and Argonne National Laboratory, University of Chicago, Chicago, Illinois 
(Received August 26, 1953) 


The magnetic susceptibilities of NaNpO2(CH:COO)2, NpO.C,0;H- HO, and KNpF; have been measured 
from 14°K to 320°K. The magnetic susceptibilities of the ions Np**, Np*®, and Np** have been compared 
with those calculated for ions in electronic states of f-electron configurations in the presence of electric fields 
of specific forms and with various amounts of spin-orbit coupling. 





INTRODUCTION 


HE only published data on the magnetic suscepti- 
bilities of compounds of Np are those of Howland 
and Calvin! and of Hutchison and Elliott.? These data 
were, however, obtained using solutions of compounds 
of Np in H.O at room temperature only. It is of course 
desirable in connection with the interpretation of in- 
formation on the magnetic susceptibilities in the light 
of possible electronic structures of the magnetic ions to 
have data over a wide temperature range on crystalline 
compounds, preferably of known structure. For these 
reasons we have measured the magnetic susceptibilities 
of NaNpO2(CH;COO);, NpO2.C,0,H-2H.0, and KNpF; 
in crystalline form from 14.0 to 320°K. As has been 
pointed out previously* such information is of impor- 
tance in determining the role played by f electrons in 
the ground states of the heavy metal ions. We have 
interpreted the data for these three compounds in which 
Np has the valences +6, +5, and +4, respectively, in 
terms of electronic states involving 1, 2, and 3 f elec- 
trons and of crystalline fields of specific forms. 


EXPERIMENTAL PROCEDURES 
Preparation of Compounds 
a. Np(VI): NaNpO2(CH;COO); 


The starting material for the preparation of the com- 
pounds of neptunium was a solution of Np”? (V) in 
1M HCl. 7 cm of such a solution containing 3.6 mg of 
Np”? per cm? was available from the Argonne National 
Laboratory for these experiments. The Np in this solu- 
tion was precipitated with NH;, redissolved in HC]O, and 
oxidized with Cl, and KBrO;. The NaNpO2(CH;COO); 
was precipitated by addition of 5 cm? of an 8M solution 
of NaOOCH3. The precipitate was centrifuged from the 
supernatant solution and, after the surface was washed 
with water, it was dried in vacuum and transferred to 
the spherical capsule employed in the magnetic meas- 
urements. 


* This work received support from the U. S. Office of Naval 
Research. 
oy Howland, Jr., and M. Calvin, J. Chem. Phys. 18, 239 
1950). 
2C. A. Hutchison, Jr., and N. S. Elliott, Abstracts of Papers, 
113th Meeting, American Chemical Society, April 1948. Abstract 
No. 86, p. 52-O. Published in full as AEC Document-1896. 
3 a) A. Hutchison, Jr., and N. Elliott, J. Chem. Phys. 16, 920 
1948). 
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A hexone extraction of Np in solution in HNO; was 
performed. Then the Np was extracted from the hexone 
into distilled H2O. The Np was precipitated as hydrox- 
ide with NH; and then redissolved in 0.5M H.SOx,. This 
solution was electrolyzed at a Hg cathode with an area 
of 3 cm? at 0.5 amp for 4 hr. The solution was then 
withdrawn from the cell and the hydroxide was precipi- 
tated with NH; and washed with H,O. The hydroxide 
was dissolved in 0.05M HCl. Cle gas was bubbled 
through the solution at 80°C for 0.5 hr and 0.1 g 
NH.OH-HCI was added. The hydroxide (V) was pre- 
cipitated with NH3, washed with H.0, and redissolved 
in 0.05M HCl. The hydroxide was again precipitated 
with NH; and washed with H,O. It was then placed in 
contact with 5 cm? /-butyl alcoholf containing 5-mole 
percent distilled H,O and 0.1-g oxalic acid. The sus- 
pension was stirred with a platinum rod for several min. 
The suspension was centrifuged and washed with 
anhydrous ethyl ether. The precipitate was dried in air 
and then transferred to the spherical capsule employed 
in the magnetic measurements. 


c. Np(IV):KNpF; 


The Np in a solution in HNO; was precipitated as the 
hydroxide using NH3. The precipitate was washed with 
H,O and redissolved in H:SO,y. The solution was 
electrolyzed at a Hg cathode with an area of 3 cm? at 0.5 
amp for 2.5 hr. Then the solution was withdrawn from 
the cell and the hydroxide was precipitated with NH, 
washed with H.O and redissolved in constant boiling 
HCl. This solution was rapidly mixed with a 10 percent 
aqueous solution of KF. The resulting precipitate was 
washed with H,O and dried in vacuum. This material 
was transferred to the spherical capsule used in the 
magnetic measurements. 


Analysis of Compounds 


a. NaNpO, (CH;COO) 3 


* The compound was analyzed both before and after 
the magnetic measurements. NH,OH-HCl was em- 
ployed to reduce to Np(V) which was precipitated 


t This procedure was suggested by L. I. Katzin of the Argonne 
National Laboratory. 
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with NH3. The precipitates were heated in NO» for 
0.5 hr at 325°C. The resulting Np;Os was weighed 
and found in the sample taken before the measure- 
ments to be equivalent to 75.33 percent of the sample 
in the form NaNpO:(CH;COO); and, in the sample 
taken after the measurements, to be equivalent to 
75.27 percent. The Np was assumed to be all in the 
form NaNpO2(CH;COO);. The remainder of the sample 
was assumed to be NaCH;COO-3H.0. a counts on the 
supernatant solutions from the analysis showed that 
~0.01-mg Np remained in them. Spectrographic analy- 
ses showed the NaNpO2(CH;COO); to be of high purity 
and free of other possible paramagnetic elements. Pulse 
analysis of the emitted a’s showed that the sample con- 
tained <0.01 percent Pu. X-ray analyses showed no 
compound other than NaNpO2(CH;COO);. This x-ray 
analysis would not be expected to show up the 
NaCH;COO-3H,0. 


b. NpO2C.0,H-2H:0 


A solution of the compound in 1M HCIO, was sub- 
jected to a counting and spectrophotometric analysis. 
The data of Sjoblom and Hindman‘ for the extinction 
coefficient at 982u were used after correcting them to the 
value 777-10® g min“ ° for the rate of emission of a’s. 
The spectrophotometric data showed that 2 percent of 
the Np was in the form Np*. 

A solution of the compound in H»2SO, was titrated 
with 0.01  KMnO, and the percent of oxalate was 
calculated after deducting a stoichiometrically pro- 
portionate amount for the oxidation of the Np. 

Two samples of the compound were burned in a 
microcombustion apparatus and the C determined as 
CO, and the H and H;0 as H.O. The analytical results 
may be summarized as follows: 


Theoretical for 
NpO2C20,4 . 2H:0 


: a count 60.80%, 60.50% 
Np 60.15% 
spectrophotometry 60.11% 
C0, titration 22.82% 22.33% 
as COs 3.75%, 3.37% 6.09% 
H,0 as H,O 11.29%, 11.51% 13.70% 
(including H) 
c. KNpF; 


Three samples of the compound were dissolved in 
HNO; after the completion of the magnetic measure- 
ments and the hydroxide was precipitated with NHs3. 
The precipitates were heated at 500°C for 1.5 hr which 
converted them to NpO». The NpO» was weighed and 
the Np in the supernatant liquids was determined by 
@ counting. The Np was assumed to be all in the form 
KNpF;. The calculated amounts of KNpF; in the 
sample were found to be 91.53 percent, 92.66 percent, 





«19s1) Sjoblom and J. C. Hindman, J. Am. Chem. Soc. 73, 1744 

‘L. B. Magnusson and T. J. LaChapelle, National Nuclear 
Energy Series (McGraw-Hill Book Company, Inc., New York, 
1939) Vol. 14B, Paper 1.7. 
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and 92.66 percent. The remainder of the sample was 
assumed to be KF-2H,0. X-ray analysis showed the 
presence of no compound other than KNpF,. This x-ray 
analysis would not be expected to show the presence of 


the KF-2H,0. 


d. Fe(NH4)2(SO,4)2- 6H.O 


The Fe(NH4)2(SO4)2-6H2O was analyzed for total Fe 
and Fet+ by volumetric procedures and the results 
were 99.85+0.07 percent of the theoretical amount and 
99.75+0.09 percent of the theoretical amount, re- 
spectively. 

é. Mn(NH,)2(SO,4)2°6H2O 


The Mn(NHg)2(SO.)2-6H2O was analyzed for Mn 
gravimetrically and found to contain 97.56+0.05 per- 
cent of the theoretical amount. 


Magnetic Measurements 


The Faraday method was employed for the measure- 
ments of the magnetic susceptibilities. Since the amount 
of Np available was small, this method was suitable for 
the determinations. The samples were packed into a 
quartz sphere 0.4 cm in outside diameter and 0.05 cm in 
wall thickness with a neck 0.3 cm in length. The sphere 
was suspended by a chain from the arm of a beam 
microbalance. The cryostat and magnet were similar to 
those described by Hutchison and Elliott.? The sphere 
was located by means of a cathetometer in a precisely 
reproducible position 1.8+-0.2 cm above the top edge of 
the vertical plane surfaces of truncated cone pole pieces. 
Weighings were made with magnet current on and off 
and these magnetic forces were compared with those 
exerted with the same current through the magnet 
when the same sphere was filled with a standard sub- 
stance, Fe(NH,)2(SO4)2-6H2O. The molar suscepti- 
bility of the compound was assumed to be given by the 
expression, 

Fy, W ve 
MXNp= Mny-— ete * 9300X Fe- 
300! Fe Wwnp 








The molar susceptibility of the Np ion was assumed to 
be given by 


MXNp ion MXNp— Myyp(unp ionMNp— : Xim i). 
i 


In these expressions: 


MXNp is the molar susceptibility of the Np com- 
pound ; 
9300XFe is the gram susceptibility of the standard sub- 


stance, Fe(NH,)2(SO4)2-6H2O at 300°K cal- 
culated from the measurements of Jackson ;® 

x: is the diamagnetic gram susceptibility of the 
ith nonparamagnetic constituent in the com- 
pound; 


6 L. C. Jackson, Trans. Roy. Soc. (London) A224, 1 (1924). 


is the diamagnetic susceptibility of the Np ion 


KNp ion 
calculated by the method of Angus;’ 
My, is the molecular weight of the Np compounds; 


Fy, is the magnetic force on the Np compound in 

the sphere (force on container plus sample, 

minus force on container and minus force on 

impurity) ; 

is the magnetic force on the Fe(NH,)2(SO,)2 

-6H,O in the sphere at 300°K at the same 

magnetic current at which Fy, was measured 

calculated from our data near 300°K and the 

temperature coefficient of susceptibility as 

given by Jackson ;$ 

is the weight of Fe(NH4)2(SO4)26H2O in the 

sphere ; 

is the weight of Np compound in the sphere as 

determined by analyses; 

is the theoretical weight fraction of Np in the 

pure Np compound; 

m; is the theoretical weight fraction of the ith 
nonparamagnetic constituent in the pure Np 
compound. 


300k” Fe 


W Fe 
Wnp 


MNp 


The x; were either taken from the tabulations of 
Angus’ or calculated by the method of Angus.’ The cor- 
rections for the impurities were made by deducting from 
the measured magnetic forces at given magnet currents 
not only the previously determined forces on the con- 
tainer but also the forces on the impurity. The latter 
were read from an experimental curve for force on a 
sample of NaCH;COO-3H,0 versus magnet current in 
the case of NaNp(CH;COO); and from a similar curve 
for KF in the case of KNpF's. The curves determined at 
room temperature were assumed valid at all tempera- 
tures. It was assumed that there was no impurity in the 
sample of NpO.C.0,H-2H;0. 

The measurements were made in the vicinity of the 
following temperatures: 320°K obtained by circulating 
water in the Dewar jacket; room temperature; 274°K 
obtained by circulating water; 240°K obtained with 
NH; at atmospheric pressure ; 195°K obtained with NH; 
at its triple point pressure; 185°K obtained with liquid 
C.H, at atmospheric pressure; down to 131°K obtained 
with C2He at reduced pressures; 77°K obtained with 
liquid N» at atmospheric pressure; 62°K obtained with 
Ne at its triple point pressure; 20°K obtained with 
liquid H2 at atmospheric pressure; 14°K obtained with 
H; at its triple point pressure. 

The temperatures higher than the H. temperatures 
were determined by means of copper-constantan thermo- 
couples. The temperature was read from a curve of 
calibrations of couples made from the same spool of wire 
one of these having been calibrated by the National 
Bureau of Standards. Three couples were employed and 
were located at about 10-cm vertical intervals in the 
central gas space, the center one being about 1 cm below 
the sample container. The temperatures determined 


7W. R. Angus, Proc. Roy. Soc. (London) A136, 569 (1932). 
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from the three couples agreed at the boiling point of N» 
within 0.1° with each other and with the temperature 
determined from the vapor-pressure measurements. The 
temperature of liquid hydrogen at atmospheric pressure 
was determined by measuring the atmospheric pressure 
and using the known data on vapor pressure versus 
temperature.® The triple point temperature was taken 
to be that given in the literature. No measurable differ- 
ence in temperature between two couples, one imbedded 
in a sample of salt in a glass tube in the weighing space 
and one located in the usual position of the center one 
mentioned above was observable down to the bp of Ho. 
Field strengths ranging from 2500 to 10 000 gauss were 
used in the experiments. 

The force on the standard substance, Fe(NH4)2(SOx4)2 
-6H,O, was determined as a function of voltage across a 
resistor in series with the windings of the magnet. The 
magnet core was always saturated first and then the 
current was lowered until the desired force was obtained. 
This procedure gave reproducible values of force at 
given voltage. The forces were reproducible for a given 
filling of the container to within 0.2 percent and for 
different fillings to within +1 percent. 

The total magnetic force (weight with current on 
minus weight with current off) on sample plus container 
plus impurity, if any, varied over the temperature and 
current range employed for NaNpO2(CH;COO); from 
—0.3 to +10 mg; for NpO.C.0,H-2H;0 from +0.7 to 
+40 mg; for KNpF; from +2 to +34 mg. The con- 
tainer corrections varied from 0.4 to 1.0 mg for the 
currents employed. They were determined at room 
temperature, boiling point of liquid Nz and at liquid H; 
boiling point. Curves were drawn through the room 
temperature and liquid Hy, boiling points and a linear 
interpolation was made for intermediate temperatures. 
The container correction did not vary more than about 
10 percent between room temperature and the boiling 
point of liquid Hz and the container correction was 
constant over a 12-month period. 

The corrections for NaCH;COO-3H.,0 in the sample 
of NaNp(CH;COO); were in the range 0.2 to 0.3 mg for 
the magnet currents employed. The corrections for 
KF -2H.0 in the KNpF; in the range of magnet currents 
employed were in the range 0.05 to 0.1 mg. 


EXPERIMENTAL RESULTS 
Standardization 


The ratio of the force per g on Mn(NH,)2(SOx4)2-6H0 
to the force per g on Fe(NH,)2(SO4)2-6H2O was com- 
puted at 6 widely differing magnetic field strengths from 
readings of the respective curves of forces at 300°K versus 
voltages across the resistor in series with the magnet 
windings. The average was 1.1413+0.0074. The value 


8 Scott, Brickwedde, Urey, and Wahl, J. Chem. Phys. 2, 454 
(1934). : 

9F. C. Brickwedde, J. Research Natl. Bur. Standards 22, 370 
(1939). 
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given by Jackson’s data®” in conjunction with his 
measured temperature coefficients was 1.1406. 


Np Compounds 


A total of 279 measurements was made on the three 
compounds at the various temperatures and field 
strengths. No variation in susceptibility with field 
strength was observed in the range of 2500 to 10000 
gauss. The results were tabulated for reference! but the 
detailed tables containing magnet current readings, 
thermocouple readings, temperatures, measured forces, 
container and impurity corrections, forces per g, read- 
ings from the curve for the standard, molar suscepti- 
bilities of the salt, molar susceptibilities of the Np ion, 
and reciprocals of the molar susceptibilities of the Np 
ion are too extensive to reproduce here. 

The results are summarized in this paper in the form 
of three graphs, Figs. 1, 2, and 3 in which yx", the 
reciprocal of the molar susceptibility, is plotted against 
T for NaNpO2(CH;COO);, NpOsC.0,H-2H,O and 
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KNpF;, respectively. The graphs were obtained as 
follows: (a) the tabulated values of .x~! were plotted as 
ordinate versus T as abscissa; (b) points in the various 
temperature groups were corrected to the same tempera- 
ture, averaged and the least-square straight lines were 
drawn through all the averages above 185°K for the 
data on NaNpO2(CH;COO); and KNpF; and through 
all the averages for the data on NpO2C,0,H- 2H;0; the 
equations for the straight lines were 


MX 'Np**= 86.3+ 1.6767, (A) 
ux np*= 0.041+0.7967, (B) 
MX 'np*=66.6+0.731T. (C) 


The averages are given by the centers of the short 
horizontal lines in the figures. (c) Smooth curves were 
drawn visually through the remaining points; (d) two 
other lines were drawn on each figure using the “spin 
only” equation, 
NB4S (S-+1) 
gedaan gmail 

3kT 
*L. C. Jackson, Proc. Roy. Soc. (London) A104, 671 (1923). 


" For copy of these tables order from American Documentation 
Institute, Washington, D. C. 
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and the “free ion” equation, 
NG g?J (J+1) 
MX = 
3kT 


in which S and J are taken for the Hund ground state in 
Russell-Saunders coupling; (e) for each graph a value of 


7.997 \ 3 
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in which o is the slope of x~ versus T, was calculated and 
a value of 


00x? 
A=—-— 300, 
Co 


in which jo0x~! is the susceptibility at 300°K, was 

calculated. The values found for the u’s and A’s were, 
NaNpO2(CH;COO);, w=2.19, A=51.5°K; 
NpO.C.0,H:2H.O, w=3.17, A=0.0°K; 
KNpF;, p=3.31, A=91.1°K. 


The measured susceptibilities can be represented to 
within +3 percent by the equations: 
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Equation (1) was derived by selecting the coefficient 
of the term in 1/T and the constant term so as to fit the 
smooth curve through the data at 20°K and at 200°K. 
Equation (2) was obtained by fitting at 300°K. Equa- 
tion (3a) was obtained by adjusting the coefficient of the 
1/T term and the constant term so as to fit at 300°K and 
132°K and (3b) by fitting at 132°K and 14°K. 


Discussion 


We have compared the measured magnetic suscepti- 
bilities of the three salts of Np with magnetic sus- 
ceptibilities calculated for 14 models of the situation, the 
models differing with respect to (a) ground electronic 
state of the ion, (b) symmetry of the electric field about 
the ion in the crystal, and (c) relative magnitudes of the 
perturbations caused by the spin-orbit interactions and 
by the crystalline field. These calculations were made by 
conventional methods using the crystalline field theory 
to the second order of perturbation theory.” 

The unperturbed state was taken in each case to be 
the Hund ground state in Russell-Saunders coupling 
when all the electrons not in closed shells are f electrons. 
For f' (Np(VI) in NaNpO2(CH;COO);), the Hund 
ground state is 7F; for f? (Np(V) in NpO.C,0,H- 2H,0), 
it is 9H; for f* (Np(IV) in KNpFs), it is 4I. The per- 
turbations considered were those caused by spin-orbit 
coupling and by cubic or axial electrostatic fields in the 
crystal in addition to the magnetic perturbations. 

The perturbation Hamiltonians employed were 


cubic field,?¥ Vi= >> D(xA+yA+z,); 
axial field, Ve=>> A(x?+y2—2:,?); 


spin-orbit,!> V;=6L-S; 
magnetic field,!® V;=@H- (L—2S). 
In the case of strong spin-orbit coupling the last becomes 
Vis=g8H-J. 


The omission of the higher-order terms in the ex- 
pansions of the crystalline fields does not of course affect 
the numbers and multiplicities of the levels obtained but 
does remove any freedom in the assignment of the 
relative spacings of levels.'* The problem is thereby 
reduced to a one-parameter case. 

The well-known matrix elements of these perturba- 
tions in the various systems of quantization were used. 
Calculations were made for cases S in which the spin- 
orbit coupling was small compared with the crystalline 


2 J. H. Van Vleck, Electric and Magnelic Susceptibilities (Oxford 
University Press, London, 1932). 

18, W. G. Penney and R. Schlapp, Phys. Rev. 42, 662 (1932) ; 41, 
194 (1932). 

‘4 H. A. Kramers, Proc. Acad. Sci. (Amsterdam) 36, 17 (1933). 

18 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935). 
16 G. J. Kynch, Trans. Faraday Soc. 33, 1402 (1937). 
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field splitting; Z in which the spin-orbit coupling was 
large compared with crystalline field splitting; and M 
for intermediate cases in which the two were about the 
same size. 

For the case S the matrix of the electric field per- 
turbation on the ground state is, in the axial case, 
diagonal in the unperturbed system; for the cubic case 
the electric field perturbation was diagonalized. The 
spin-orbit plus magnetic perturbation was then trans- 
formed to the representation which diagonalized the 
electric perturbation and second-order perturbation 
theory was applied to the calculations of the energy 
levels. In this case S the spin-orbit perturbation was 
regarded as vanishingly small except in the one case 
noted. The susceptibility was calculated for only the 
lowest electric levels. 

For the case L only the lowest multiplet component 
of the approximate Russell-Saunders term was con- 
sidered. The electric perturbation was then written in 
diagonal form and the magnetic perturbation after 
transformation to the same representation was treated 
by second-order perturbation theory. 

For the case M the sum of the electric field and spin- 
orbit perturbations was diagonalized and the energy) 
levels were obtained for various values of the ratio of the 
spin-orbit coupling parameter to the electric field 
splitting parameter. A value of this ratio was then 
selected for which the splittings produced by the spin- 
orbit interactions and the crystalline fields were about 
equal. The spin-orbit plus electric perturbations were 
diagonalized for this value of the ratio and the magnetic 
perturbation was then transformed to the same repre- 
sentation and second-order perturbation theory was 
applied for calculation of the energy levels in the 
magnetic field. 

After computing the energy levels, the molar suscepti- 
bility was calculated using the usual expression,” 


Mx= Vn 0 C(W nim®?/RT)—2W n jm ] 


njm 


Xexp(—Wnjm/RT)}/ X exp(—Wnjm?/RT). 


nym 


In this expression W°, W™, and W™ are the coefficients 
in the expansion 


W ajm _ W ajn’+ W njmP H+ W njm™H?. 


In our experiments on powders we have observed the 
mean susceptibility. For purposes of comparison we 
calculated the mean susceptibility which is of course in 
the cubic case equal to the susceptibility in any direction 
and in the axial case is equal to (1/3) (x,,+2x,). 

In addition to the symbols S, Z, and M which denote 
the relative magnitudes of the spin-orbit and electric 
perturbations we have also employed the symbols F, H, 
and J to denote the corresponding Hund ground states 
and the symbols C and A to denote the cubic and axial 
symmetries. 
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MAGNETIC SUSCEPTIBILITIES OF Npt*, Npt*, AND Npt 
TABLE I. 
Ahc 
Model xa/B2N py —- ukT/a x simplified 
a 
State 
Field 
Spin- 
orbit 
FCS u+0.40 18 1 (0.375/T)+ (1.878/A) 
FCL 2? (0.0145u—0.0309) e+ (0.0752u+-0.0309)e~“]+ [e+ 2e-"] 144 48 (0.192/T) — (0.853/A) 
(0.533/T) — (0.427/A) 
FCM [ (0.234u-+-0.182) e?!-8¥+- (2.680u—0.025)e!-5«-+ (2.2014 37.8 1 (0.088/T)+ (1.795/A) 
+0.958) e7?-8!u+ (4.029u+ 1.112) e—2-°“-+ (1.768% (0.664/T)+ (22.29/A) 
aie 2.260) e716-5u] + [e2t-3u4 Jell.ou4 o-3.8lu4 2o-12.0u4 ¢-16.5u] 
FAS (1/3) (3u+8) a+ 27 1 (0.375/T)+ (18.78/A) 
(1/3) (16u— 1.333)e-5"+ (4u+ 1.333) e!-«] + [en 1-5" el 5") a— b/a (0.500/7)+ (0.157hc/b)* 
FAL (g2/3)((4.75u+ 2.67) e4+ (2.25u—1.83)e"+ (6.25u—0.833)e—5" ] 9 1 (0.437/7T)+ (1.535/A) 
+ [eter emu] (0.574/T) + (0.479/A) 
FAM (1/3) [(2.940+ 1.14) e!®-5«+ (2.94u-+-0.38) e!-54-+- (9.37u-+ 1.64) e5 36.0 1 (0.368/T)+ (3.569/A) 
+ (1.65u-+ 1.70)+ (8.16%—3.85)e-5"+ (4.59u+0.14) e724 (2.002/T) + (3.632/A) 
+ (16u— 1.16)e—19-5¢] + [el6-5u4 ¢l0-5u4 e6ut 1-e7}-5u4 eu ¢-19.5u] 
HCS 6.58u-+0.063 a+ 1320 1 (2.464/T)+- (21.7/A) 
8.22u—0.022 a— 1 (3078/T)+ (7.6/A) 
HCL 2¢*[ (53/5760) e"+- (1/30)e"— (61/2688) e—7**— (5/252)e 1296 48 (1.001/7)+ (1.33/A) 
$-u(25¢!"4 77) /192]+ [3el"4 2e2u4 3-74 “Mu + (8.59/A) 
HAS (1/3) (8u+-20) 75 1 (1.000/7)+- (130.4/A) 
HAL (g?/3)[13.33e%+- (2u—9.33)e!7"+ (8u—2.13)e8 48 1 + (35.61/A) 
+ (18u—1.10)e-7+ (32u—0.762) 68") + [e+ 2eliu+ 2e-7u4 2e-28u ] (1.281/7)+ (1.018/A) 
ICS Su+K 2880 1 (1.877/T)+ (K’/A) 
ICL 2¢°[ (5.018u-+0.1483) e!9-«+- (5.076u+0.2396) e914 40.5 1 (0.994/T)+- (0.830/A) 
+ (1.680u—0.3879) e954] + [2e!9-59u4 2e-9-llut ¢-20.96u') (0.667 /T)+- (4.339/A) 
IAS (1/3) (152+ 28) 108 1 (1.877/T) + (263/A) 
TAL (g2/3)[(12.75u+ 24) e+ (2.25u— 13.5) e+ (6.25 — 5.16) e* 10 1 (0.844/T)+ (11.04/A) 


+ (12.25u—3.08)e2"+ (20.25u— 2.25) e—8" ] 
dt [etu+ e844 ev+ e-2u ¢-6u] 


(1.340/T) + (1.035/A) 











_ 8 This crystalline field result is, as pointed by by Elliot (reference 17), identical with that of his molecular treatment. In this case the spin-orbit coupling 
is not vanishingly small, and the temperature independent term arising from the electric field splitting is neglected in comparison with that resulting 


from the spin-orbit interaction. 


The calculated mean susceptibilities are shown in 
Table I. In this table a is an electric field splitting 
parameter and is a suitable multiple of the electric field 
parameters appearing in the matrix elements for the 
electric splittings. It is to be expressed as an energy 
using the unit erg in these equations which give mx in 
the units mole! cm’, It is the only parameter which 
appears in the expressions for the susceptibilities except 
in the one case noted inasmuch as the electric perturba- 
tions contained only one parameter and in the cases in 
which the spin-orbit and electric perturbations were of 
approximately the same size, the spin-orbit parameter 
was taken to be a specific number times the crystalline 
field parameter. K and K’ are constants. 

» Upon comparison of the calculated susceptibilities 
with the experimental ones it became apparent that no 
agreement could be obtained unless the electric field 


splittings were of the order of 3-10* to 104 cm~!. Hence 
the susceptibility expressions simplify to the forms 
given in the last column of Table I. These forms then 
agree with the others to within 1 percent up to 350°K. In 
cases where there are two simplified expressions the first 
is for positive a and the second for negative a. In cases 
where, there is only a single expression it is for positive a 
and the other case was not considered. 

The parameter A in these simplified equations is equal 
to the separation of the highest and lowest levels in the 
electric field in the absence of the magnetic field. This 
separation is to be expressed as a wave number using the 
unit cm in these equations which give mx in the units 
mole cm*. A is always considered to be a positive 
number. 

The comparison of the models with the experimental 
data may now be made by examining the agreement of 


the simplified expressions of Table I for the theoretical 
susceptibilities with the experimental Eqs. (1), (2), 
and (3). 

Np*® 


It is clear that, in order to obtain agreement at the 
lowest experimental temperatures between the experi- 
mental Eq. (1) and the simplified theoretical equations, 
it will be necessary that the coefficients of the 1/T terms 
in both be essentially equal. In the theoretical equations 
this coefficient is determined entirely by the model and 
there is no adjustable parameter. At the highest experi- 
mental temperatures the terms in A in the theoretical 
equations make a relatively large contribution and here 
the value of A may be chosen so as to give a fit. The 
agreement is therefore determined chiefly by the relative 
sizes of the coefficients of the 1/7' terms. 

Examination of the several theoretical equations re- 
veals that the equation derived for the model FAL 
with a positive fits the data extremely well. The coeffi- 
cient of the 1/7 term is 0.437 as compared with the 
experimental value, 0.425. Thus the theory is in dis- 
agreement with the experiment at the lowest tempera- 
tures by only 3 percent. In order to secure agreement 
at 300°K the value of A, the separation between the 
highest and lowest of the states into which the °F; 
level is split by the crystalline field, must be 7.7-10° 
cm. This choice results in a maximum difference 
between the mx’s of the theoretical and experimental 
equations of 3 percent. 

The model FAS with a negative is seen to give dis- 
agreement of only 13 percent at the lowest tempera- 
tures. This case has been discussed by Elliott!” using 
our data and employing a molecular model. He has 
stated that consideration of higher-order approxima- 
tions has permitted considerably better agreement with 
our experimental data than is indicated by the simplified 
equation for x in our table. In order to equate the 
temperature-independent term with that experimen- 
tally observed, b/c must equal 6.6-10? cm. (Elliott 
has particularly emphasized the fact that the inter- 
actions of the 5f electrons with their surroundings may 
be quite large and that even a spin-only paramagnetism 
may be interpreted as arising from Sf electrons.) 

Some of the other F models do not result in too bad 
disagreements. The models FAS with @ positive and 
FCS are seen to give identical agreement with the 
experiment. The choice of A for agreement at 300°K 
must be different, of course, in the two cases, the choices 
4.6-10' cm and 4.6-10® cm™, respectively, giving 
maximum disagreements of 12 percent at the lowest 
temperatures. 

The model FAM with A chosen equal to 8.3-10* cm™ 


t We wish to thank Professor M. H. L. Pryce for pointing out 
that this model FAL has the wrong sign for a on the basis of the 
charge distribution to be expected for a molecule NpO,.**. 

I7R., J. Elliott, Phys. Rev. 89, 659 (1953). 
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gives only slightly worse disagreement, namely, 13 
percent at the lowest temperatures. 

All the other models which were examined will be 
seen to give no agreement in any temperature range. 

The structure of the compound NaNpO2(C2H;02); is 
known.'®:'8 On the basis of x-ray and spectroscopic data 
it is known that the Np is surrounded by eight O atoms 
two of them closer than the others forming a linear 
NpO;** group. The electric field is thus known to be 
predominantly of axial symmetry. It therefore seems 
that the assumption of an f electron in the ground state 
of this ion adequately explains the magnetic properties 
in a way consistent with all the facts of the situation. 

Moreover it is also seen that, in agreement with previ- 
ous observations*® on U, the A’s are much larger than in 
the case of the rare earth elements. This is in agreement 
with a model of the electronic structures of these heavy 
elements in which the f electrons are much less deeply 
embedded than in the rare earths and in which, there- 
fore, the perturbations by the crystalline fields are much 
more serious. 

It is interesting to note that while all the axial models 
give some agreement with the experiments the FAL 
gives lower mx’s and the FAM and FAS with a positive 
give higher. It might therefore be supposed that some 
intermediate value of the spin-orbit coupling might be 
found to be quite satisfactory. The particular FAM 
model chosen assumed the spin-orbit coupling to be } of 
the electric field splitting, i.e., 2.1-10*? cm. One might 
therefore suppose that the spin-orbit coupling was con- 
siderably larger than this but not necessarily large com- 
pared with the crystalline field splitting as in the model 
FAL. This larger value would be in agreement with the 
observed multiplet separation of 2400 cm” in Ce* 
which also has one f electron. In the heavy elements the 
spin-orbit coupling would be expected to be somewhat 
larger than this. 


Npt 


In this case the experimental results follow a straight 
line through the origin over the entire temperature 
range. It will be seen that the only model which gives 
any reasonable agreement is HAL and that this model 
gives excellent agreement. The theoretical and experi- 
mental terms in 1/T are in agreement to 2 percent 
which is within the error of the experimental equation. 
Any value of A therefore gives agreement with the 
measurements in this case. 

It is to be noted that it is assumed in this model HAL 
that a degenerate state is lowest in contrast to the 
analogous case in the rare earths where Penney and 
Schapp’* showed that a model with a nondegenerate 
state lowest was required. 


18 J. Fankuchen, Z. Krist. 91, 473 (1936). 

19 G. H. Dieke and A. B. F. Duncan, Spectroscopic Properties of 
Uranium Compounds (McGraw-Hill Book Company, Inc., New 
York, 1949). 

*®R. J. Lang, Phys. Rev. 49, 552 (1936). 
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The model HAM was not investigated but it would be 
interesting to see whether an intermediate spin-orbit 
coupling might not give very good agreement in this 
case also. 

The assumption of the axial field is in agreement with 
the spectroscopic work of Sjoblom and Hindman‘ on 
Npt® in solution. They interpret the structure of the 
visible band as arising from the vibrations of the NpOst 
molecule. The crystal structure of NpO2C.0,H-2H,O 
has not been determined but it is to be expected that 
such molecules might also occur in these crystals. 

It is also to be noted that there is a very great 
similarity between the magnetic behavior which we 
have observed for NpO.C.0O,H-2H,O and that of 
NaPuO2(C:H;02)3 as observed by Dawson.*! The Pu in 
the latter compound also has two electrons not in closed 
shells. This strongly suggests that the situation is the 
same in both these cases as far as electric field symmetry 
and distribution of electronic states is concerned and is 
in agreement with the suggestion that the Npt exists as 
NpO;* in the compound investigated. 

The spectra of NpO2*+ and PuO,** 2 have also been 
found to be similar in agreement with what would be 
expected on the basis of the foregoing remarks. 

The assumption of f electrons is also seen in the case 
of Np*® in the compound which we investigated to give 
a consistent interpretation of the magnetic data. 


*t J. K. Dawson, J. Chem. Soc. 1952, 2705. 
2D. M. Gruen, J. Chem. Phys. 20, 1818 (1952). 


MAGNETIC SUSCEPTIBILITIES OF Npft®, 





Npts, 





AND Np** 


Np* 4 


The experimental data in this case do not obey a 
single relation of the form x= (a/7)+6 over the entire 
temperature range. JCL fits the data quite well at high 
temperatures when a is negative but disagrees greatly at 
the low temperatures. This compound is relatively more 
magnetically concentrated than the others and it is 
probably the case that exchange interactions play a very 
important role in the determination of the magnetic 
properties. The space group of the structure of this 
compound is known” and the locations of the Npt* ions 
are known but the configurations of the F~ are unknown. 
It is quite possible that the field at the Np*4 might have 
cubic symmetry. 
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When the lighter-fragment ions of hydrocarbons and hydrocarbon derivatives are recorded with low-ion 
accelerating voltages, one observes satellite peaks on the high-mass side of the main peaks that come from 
ions with a fairly homogeneous high kinetic energy. Observations of the satellite peaks of CH;* ions in mass 
spectra of 13 hydrocarbons and CH;CFs, are reported. The kinetic energies range from 1.5 to 3.4 ev and the 
relative intensities have a wide range of values but are less than the main peak except in benzene. The 
appearance potential of the satellite peak is roughly 30 volts in most cases while the main peak is observed 
above 20 volts. These high-energy ions are ascribed to doubly charged molecule ions that dissociate into two 
singly charged fragments. The kinetic energy of the pair of fragment ions is in most cases nearly equal to the 
Coulomb energy of two ions at a distance equal to the greatest distance between valence electrons in the 


molecule. 





INTRODUCTION 


T has long been known that fragment ions from 
diatomic and polyatomic molecules often have ex- 
cess kinetic energy.! The energy distribution of atomic 
-ions from diatomic molecules has been. the object of 
detailed study’ and instances of atomic ions with a wide 
range of kinetic energies are satisfactorily explained in 
terms of the Frank-Condon diagrams of the normal 
state and the various ionized states. 

Hustrulid, Kusch, and Tate* in a study of the mass 
spectrum of benzene found satellite peaks on the high 
mass side of the peaks of masses 26, 27, 12, 13, 14, and 15 
but in the case of the mass-15 peak the “satellite” was 
larger than the main peak. Measurements with different 
magnetic fields and ion-accelerating voltages showed 
that these satellite peaks were ions of high kinetic 
energy. It was suggested that they came from the 
dissociation of doubly charged molecules into two singly 
charged fragments. The appearance potential of the 
satellite peaks was much higher than the main peaks, 
consistent with this explanation. 

Hipple, Fox, and Condon‘ in a paper on metastable 
ions found that CH;+ of n-butane appeared as an 
incompletely resolved double peak. Their mass spec- 
trometer could be operated with the collector at a 
positive potential relative to the analyser and, with a 
potential sufficient to stop all ions of zero initial velocity, 
the satellite peak alone was recorded showing that it 
came from ions with high initial velocity. Berry® has 
measured the velocity distribution of CH;* ions of 
n-butane and of various other ions by deflecting the ion 
beam parallel to the magnetic field by an electric field. 
His results on CH;* confirmed the result of Hipple et al. 
that there are two groups of ions, one with a roughly 
thermal distribution and one with high kinetic energy. 

The authors first observed high kinetic energy 
satellite peaks in the mass spectrum of trimethyl-n- 


!W. Bleakney, Phys. Rev. 35, 1180 (1930). 

2H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 

3 Hustrulid, Kusch, and Tate, Phys. Rev. 54, 1037 (1938). 
‘ Hipple, Fox, and Condon, Phys. Rev. 69, 347 (1946). 
5C. E. Berry, Phys. Rev. 78, 597 (1950). 
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butyl lead. Ion peaks C4H,7*, C4Hs*, and C4Hg* all had 
small satellite peaks and these were found to be ions of 
high kinetic energy. The satellite peaks had a high- 
appearance potential consistent with the theory of 
Hustrulid ef al.* viz., that they come from doubly 
charged molecules breaking into two singly charged 
fragments. This theory suggests that similar satellite 
peaks might be found in the mass spectra of many 
polyatomic molecules. They have escaped detection 
except in the instances noted above because under 
standard operating conditions of conventional mass 
spectrometers the ion accelerating voltage is too high to 
permit the resolution of ions with excess energy of 2 
or 3 ev. 


EXPERIMENTAL PROCEDURE 


A model 21-103 Consolidated mass spectrometer was 
used in this research. This instrument has a “‘metastable 
suppressor”’ slit between the exit slit of the analyser and 
the ion collector which can be set at an adjustable 
positive potential to stop any ions which have lost 
kinetic energy while traversing the analyzer tube. This 
energy filter also has a focusing action and increases the 
resolving power of the instrument. The spectrum is 
recorded by varying the ion-accelerating voltage with a 
constant magnetic field and the normal range of voltage 
sweep is from 4000 to 500 volts. As the ion-accelerating 
voltage varies inversely as the mass of the ions, the 
resolving power in volts is given by the ion-accelerating 
voltage divided by the mass resolving power. This 
instrument had a mass resolving power of about 300 
with the minimum setting of the suppressor voltage. If 
the ion accelerating voltage is reduced to 500 volts or 
less by reducing the magnetic field the satellite peaks 
described by Hustrulid e al.? become conspicuous in 
mass spectra of many compounds. 

The satellite peaks are not completely resolved from 
the thermal energy peaks with 500 volts ion accelerating 
voltage and, for most of the compounds, measurements 
were repeated with an ion-accelerating voltage of 145 
volts at mass 15. This gives very small ion currents and 
the sensitivity was increased by using 3 or 4 times the 
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MASS SPECTRA MOLECULES: 





normal gas pressure and maximum electron current. 
Under these conditions the “mass resolving power’’ is 
reduced but the voltage resolution is improved. 

The voltage difference between the thermal energy 
peak and the satellite peak was measured by setting the 
ion-acceleratlIng voltage manually on each peak and 
measuring the voltage with the potentiometer supplied 
with the instrument to calibrate the mass scale. It was 
also obtained by measuring on the spectrum record the 
intervals between the thermal energy mass 15 peak, the 
satellite peak and the msas 16 peak. Spectra were 
recorded with the minimum setting of the suppressor 
voltage and also with the suppressor voltage increased 
until the thermal energy peak was nearly equal to the 
satellite peak. 

When ions of high initial energy are formed, the field 
in the ionization chamber exerts very little focusing 
action and only those ions are recorded which start out 
in a direction within the small solid angle determined by 
the slit system. Consequently, the measured kinetic 
energy distribution of these ions is nearly equal to the 
initial energy distribution, but the recorded intensity 
ratio of the satellite peak to the main peak is very much 
less than the true abundance ratio of high-energy ions to 
thermal energy ions. Ions contributing to the thermal 
energy peak are collected much more efficiently. 


RESULTS AND DISCUSSION 


Figure 1 illustrates the mass spectrum of isobutane in 
the mass range 14 to 16 as recorded with minimum 
suppressor voltage, and on-the right the mass 15 range is 
repeated with the suppressor voltage increased to make 
the intensity of the peaks nearly equal. The ion- 
accelerating voltage ranges from 155 volts at mass 14 to 
135 volts at mass 16. The mass 15 peak on the left is 
recorded at one tenth of the full sensitivity. 

The satellite peak on the right of the mass 15 peak is 
a prominent feature in these spectra. It is at an interval 
of 2.5 volts from the main peak. This peak is only 
slightly wider than the main peak and it is evident that 
it comes from ions of fairly homogeneous initial energy. 
There are also small satellite peaks associated with the 
peaks at mass 14 and mass 16. 

Table I summarizes measurements of the CH;t 
satellite peaks in fourteen hydrocarbons and CH;3CF;. 
Column two gives the intensity of the satellite peak 
relative to the thermal energy peak as measured with 
145 volts ion-accelerating voltage, 70 volts ionizing 
voltage, and minimum suppressor voltage except that 
for benzene and CH;CF; the measurements were made 
with 500 volts ion accelerating voltage. This ratio de- 
pends markedly on the ion-accelerating voltage and on 
the ion-drawout voltage and the relative intensity is in- 
creased several fold at 500 volts ion-accelerating voltage. 

The third column gives the voltage interval between 
the thermal energy peak and the satellite peak and 
most of the values are means of several measurements 
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— Fic. 1. Mass spectrum of peaks in the isobutane spectrum 
recorded with an ion-accelerating voltage of 144 volts at mass 15. 
This covers the range from mass 14 to mass 16 and mass 15 re- 
peated with a high setting of the “metastable suppressor voltage.” 


including direct voltage measurements and measure- 
ments from the recorded spectrum. They are probably 
accurate to +0.2 volts when the resolution and intensity 
are favorable. The peaks are not well resolved in nonane 
and for benzene and CH;CF; the intensity is too low for 
good precision. 

When the molecule ion dissociates, the two fragments 
have equal momenta and the kinetic energies are in- 
versely proportional to the masses. On this basis the 
total kinetic energy of both fragments has been com- 
puted and is listed in the fourth column. 

The appearance potential of the satellite peak is 
higher than that of the main peak. In all compounds it 
was verified that with an applied potential of 20 volts 
the main peak appeared without the satellite. In some 
cases, peaks were recorded at intervals of 2 or 5 volts 
and the data afforded a basis for a rough estimate of the 
appearance potential of the satellite peak. Values are 
included in the last column of Table II. These are 
uncorrected for electric fields in the ionization chamber 
except that for benzene a corrected value published by 
Hustrulid et al.3 is given. The uncorrected values may be 
low by as much as 5 volts. For the hydrocarbons the 
appearance potential is roughly 28 volts in all cases. 

The satellite peak is slightly wider than the thermal 
energy peak and this difference was measured on spectra 
recorded with the suppressor adjusted to give equal peak 
heights. In most cases the width of the satellite peak at 
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TABLE I. CH;* ions of high kinetic energy in mass spectra of 
hydrocarbons and CH;CF;. 








Relatives? K Eof Totalb Max. charge Coulomb 





Compound intensity satellite KE _ separation, R energy 
Ethane 0.03 2.3 ev 4.6 ev 2.57A 5.6 ev 
Propane 0.076 2.2 3.3 3.86 3.7 
n-butane 0.137 2.2 3.0 5.0 2.9 
Isobutane 0.11 2.6 oo 3.9 3.7 
1-butene 0.11 2.2 3.0 4.8 3.0 
1-butyne 0.08 se 3.0 4.7 3.06 
n-pentane 0.11 2.0 2.5 6.36 2.26 
Neopentane 0.17 2.4 3.0 3.8 3.8 
n-hexane 0.09 1.8 22 7.6 1.9 
n-heptane 0.07 1.7 2.0 8.9 1.6 
n-nonane 0.05 1.4 1.6 11.7 1.2 
2,2,3,3-me;-butane 0.27 1.9 2.2 5.0 2.9 
Cyclohexane 0.14 2.0 2.4 3.7 3.9 
Benzene® 5.9 1.8 a2 4.3 3.3 
CH;-CF;° 0.01 3.4 4.1 2.5 5.7 








8 Intensity of high-energy peak relative to thermal energy peak. Measure- 
ments were made with 145 volts ion-accelerating voltage except as noted. 

b Kinetic energy of both fragments of the molecule computed from 
column 3 on the basis of conservation of momentum. 

© Measurements were made with 500 volts ion-accelerating voltage and 
intensity values are not comparable with other data. 


half the maximum height is about 0.5 ev greater than 
that of the thermal energy peak. Extreme values range 
from 0.3 to 0.8 ev. The greater width of the satellite peak 
may be in part instrumental as the ion optics are more 
favorable for ions of zero initial energy. 

In research on mass spectra of fluorocarbons® the 
CF;* ions of many fluorocarbons were recorded on the 
low mass range with about 660 volts ion-accelerating 
potential and there was no evidence of satellite peaks. It 
is concluded that fluorocarbons differ from hydrocarbons 
in this respect. 

The paper by Hustrulid e¢ al.2 does not give the 
kinetic energies of the satellite peaks of benzene but 
Fig. 8 of their paper and the known radius of curvature 
of their instrument afford a basis for computing the 
kinetic energies of the satellite peaks of C:H2*+ and 
C:H;* as about 1.5 ev. The total kinetic energy is about 
2.2 volts and is consistent with the value derived from 
the CH;* satellite in Table I. 

The velocity distribution of CH;* ions from n-butane 
as computed by Berry’ is quite different from that found 
in this research for he finds a broad maximum at 1.6 ev 
instead of a sharp peak at 2.2 ev. This difference is 
ascribed to the fact that Berry’s method measures the 
average component of velocity of ions moving in nearly 
random directions while this method records selectively 
the ions moving toward the slit. 

The suggestion of Hustrulid ef a/. that these ions of 
high kinetic energy come from dissociation of doubly 
charged ions is an attractive one for it explains why the 
ions have a sharply defined kinetic energy rather than a 
wide range of energies. The minimum ionization po- 
tential for removing two electrons from a molecule will 


6 Mohler, Dibeler, and Reese, J. Res. Natl. Bur. Standards 49, 
343 (1952). 





MOHLER, DIBELER, AND REESE 


involve removing two valence electrons that are as far 
removed from each other as possible. The Coulomb 
repulsion of these two charges then can dissociate the 
molecule and most of this Coulomb energy will appear 
as kinetic energy of the fragment ions. 

Table II, column 6, lists the Coulomb energy of two 
charges at the distance of the two most widely separated 
C—H bonding electrons (the distance between C—H 
and C—F bonds in CH;CF;3). The distance R in 
angstrom units is based on accepted values’ for the 
distances between atoms and the angles between bonds 
in these molecules. The Coulomb energy in ev is 
14.4/R. The values of the computed Coulomb energies 
are in many cases in good agreement with the observed 
kinetic energy but in other cases the differences are 
much greater than can be ascribed to experimental 
error. 

Values either greater or less than the computed value 
can easily be understood. There is no obvious reason to 
exclude double ionization involving bonds closer than R 
of Table II. If we take R as the greatest distance be- 
tween carbon atoms the computed energy is always too 
high. Bond strengths are undoubtedly weakened in the 
doubly ionized molecule ions but breaking bonds or 
rearrangements of atoms will involve some potential 
energy change and this will reduce the kinetic energy of 
the fragment ions. 

It is interesting that high-energy CH;* ions are 
observed in benzene and cyclohexane for in these 
molecules formation of CH;* involves a rearrangement 
of H atoms in the ionization process. The disruption of 
the doubly charged molecule to give this ion is a process 
which involves several steps and it is not surprising that 
the observed kinetic energy is much less than the 
minimum Coulomb energy of a doubly charged ring. 
Probably the sequence of events is that the rings break 
with a rearrangement of H atoms and then the linear 


TABLE II. Computed and observed appearance potentials for pairs 
of ions with the observed kinetic energy. 











Computed Observed 
Compound potential Reference potential 
Ethane 29.3 ev a 28+5 ev 
Propane 25.3 a eee 
n-butane 24.3 a 28+5 
Isobutane 24.9 a 27+5 
1-butene 24.7 b see 
n-pentane 24.0 a cee 
Neopentane 25.0 a 2745 
n-hexane 23.2 a ee 
Cyclohexane 23.9 c 
n-heptane 22.3 a vee 
Benzene 29.0 d 28+3 








® M. B. Koffel and R. A. Lad, J. Chem. Phys. 16, 420 (1948). 
> V. H. Dibeler, J. Res. Natl. Bur. Standards 38, 329 (1947). 

¢ Kambara and Tyozo, Phys. Soc. Japan 1, 2, 25 and 57 (1947). 
4 See reference 3. 

e Dibeler, Reese, and Mohler, J. Chem. Phys. 20, 761 (1952). 


7P. W. Allen and L. E. Sutton, Acta Cryst. 3, 46 (1950). 














far 
nb 
he 


ar 


lue 
| to 
iR 
be- 
too 
the 

or 
tial 
y of 








MASS SPECTRA MOLECULES: IONS OF HIGH KINETIC ENERGY 397 


ions dissociate. It may be significant that the observed 
kinetic energies for cyclohexane and benzene are not 
appreciably different from that observed for m-hexane. 

It is possible to compute the minimum appearance 
potential for two ions with the observed kinetic energy 
for most of these molecules. The appearance potential 
for the fragment ion with a methyl radical removed, 
A(R*), is accurately known in most cases. The ioniza- 
tion potential of the CH; radical is 10.0 volts* and the 
minimum potential to give a pair of ions with the 
observed kinetic energy (KE) is: A(R*t)+10+KE. 
Table II lists the computed potentials and the observed 
potentials. The observed appearance potentials are in 
all cases consistent with the computed minimum ap- 
pearance potentials within the wide range of uncertainty 
of the observed values. 


CONCLUSION 


It seems to be quite generally true that the lighter- 
fragment ions of hydrocarbons and hydrocarbon de- 
rivatives include ions of roughly thermal velocity and 
ions with a nearly homogeneous high kinetic energy. 
Measurements have been largely limited to CH;* ions 
for intensity reasons. The magnitude of the kinetic 
energy of these high-velocity ions as well as their ap- 


8 J. A. Hipple and D. P. Stevenson, Phys. Rev. 63, 121 (1943). 








pearance potentials shows quite conclusively that they 
come from the dissociation of doubly charged molecules 
into two fragment ions. The kinetic energy is in many 
cases nearly equal to the Coulomb energy of two 
charges at a distance equal to the maximum separation 
of valence electrons in the molecule but this simple 
theory does not predict accurately all the observed 
values. 

An earlier paper® gives a survey of doubly charged 
ions in mass spectra of hydrocarbons and it was shown 
that in paraffin hydrocarbons the doubly charged ion 
peaks are commonly only a few tenths of a percent of 
the maximum peak and the most abundant ions are ions 
with most of the H atoms removed. It was suggested 
that disruption of doubly charged ions to give two singly 
charged ions was a more probable process and this re- 
search confirms the prediction. In unsaturated hydro- 
carbons and aromatics doubly charged ions become 
much more abundant but even in these cases dissocia- 
tion into singly charged ion pairs is conspicuous. 

The phenomena deserve more detailed study both 
theoretically and experimentally, for the kinetic energy 
of these ions affords a new type of, information on the 
ionization and dissociation process in polyatomic 
molecules. 


® Mohler, Bloom, Wells, Lengel, and Wise, J. Res. Natl. Bur. 
Standards 42, 369 (1949). 
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The procedures developed in a previous paper of the same main title are applied to the specific case of 
irreversible processes in fluids. The gross variables are chosen to be a finite number of the plane-wave expan- 
sion coefficients of the local particle, momentum and energy densities. As an example, the gross variables 


describing the local particle density are 


- 
2 expik-xi, 


i=) 


where p; and x; are the momentum and position of the ith molecule and WN the total number. k runs over a 
finite number of values which are all small compared to the reciprocal mean distance between molecules. 
The phenomenonological equations are derived and expressions are given for the viscosity, diffusion, and 
heat conductivity in terms the autocorrelation coefficients of certain phase functions. These expressions are 
supposed to be valid for both liquids and gases. They are shown to coincide with the Chapman-Enskog 


expressions for dilute gases. 





N a previous paper of the same main title’ the author 
has given a general statistical mechanical interpreta- 
tion of the equations governing large scale time-de- 
pendent phenomena. The purpose of the present paper 
is to derive on this basis the phenomenonological equa- 
tions for time-dependent phenomena in fluids, and to 
give explicit expressions for the coefficients of irre- 
versible processes which appear in them. 

The principles on which these equations are based, 
Stokes’ expression for the stress tensor of viscous forces, 
Fourier’s law of heat conductivity, Fick’s law of diffu- 
sion have, of course, been known for a hundred years or 
more and their validity (and limitations) have been 
established from experience. Their interpretation from 
the molecular point of view, on the other hand, is not 
so well known except in certain special cases. For per- 
fect or near perfect gases the Maxwell-Boltzmann kinetic 
theory gives a satisfactory explanation of these prin- 
ciples.? The theory of Born, and Green’ gives an explana- 
tion for liquids based on the socalled superposition 
principle. Irving and Kirkwood have given a statistical 
mechanical derivation of the equations of fluid motion 
which is intended to be supplemented by Kirkwood’s 
statistical mechanical theory of transport processes.‘ 
In the present paper we will give a derivation of the 
phenomenological equations of fluids based on assump- 
tions which we suppose to be valid for perfect and near- 
perfect gases as well as for dense gases and liquids. As 
in recent work on the thermodynamics of irreversible 
processes we will find that the irreversible part of the 
rate of change of a state variable is naturally expressed 


* Supported by U. S. Office of Naval Research contract. 

1M. S. Green, J. Chem. Phys. 20, 1281 (1952). 

2S, Chapman and T. G. Cowling, The Mathematical Theory of 
N. aaa Gases (Cambridge University Press, Cambridge, 
1939). 

3M. Born and H. S. Green, A General Kinetic Theory of Liquids 
(Cambridge University Press, Cambridge, 1949). 

‘J. H. Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817 
(1950). See also J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 
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in terms of the gradients of corresponding thermo- 
dynamic “forces.”® As in Kirkwood’s work‘ we will 
find that the viscosity, heat conduction, and diffusion 
coefficients are determined from the autocorrelation 
functions of certain random processes. 

In Sec. A, we define a set of phase functions whose 
values determine the macroscopic state of the system, 
and in Sec. B, we derive exact expressions for their 
rates of change as well as convenient approximate ex- 
pressions for these rates. Sections C and D are con- 
cerned with a fluid containing only one kind of molecule. 
In Sec. C, we derive as a first approximation the 
equations of motion of an inviscid fluid together with 
the corresponding equation of energy balance while in 
Sec. D, we demonstrate the existence of shear and 
volume viscosity terms in the equations of motion as 
well as heat conduction and viscous work terms in the 
energy balance equation. Also in Sec. D, we derive 
explicit expressions for the corresponding coefficients of 
the irreversible phenomena. In Sec. E, we discuss 
briefly and on the model of the discussion in Sec. D, 
time-dependent phenomena in a fluid containing two 
species of molecules. In Sec. F, we apply the formulas 
for the viscosity and heat conduction coefficients de- 
rived in Sec. D to the special case of a perfect gas, 
and show that the result is the same as that given by 
the Chapman-Enskog method. 


A. THE COMPLETE SET OF GROSS VARIABLES 


In paper I,! we defined a complete set of gross vari- 
ables to be a set of functions of the phase of a dynamical 
system which is such that their present values com- 
pletely determine their expected future values. This 
complete determination is supposed to hold for all 
future times separated from the present by more than 
a certain macroscopically inobservable interval. In the 


5S. de Groot The Thermodynamics of Irreversible Processes 
(North Holland Publishing Company, Amsterdam, 1951). 
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notation of I, the gross variables are a;(X)i=1---r, 
where X is the phase of the system. With each of the 
gross variables is associated another phase function 
2;(X) which at any phase X is the rate of change of the 
corresponding gross variable whenever the phase of the 
system is X. Pointed brackets around any phase func- 
tion are used to indicate the average value of this 
phase function in the region of phase space where the 
gross variables have certain fixed values and in general 
represents a function of these values. In the case that 
the deviations of the actual future values of the gross 
variables from their expected future values can be 
neglected the following differential equations for the 
expectation values were given: 


da, r 0 r 0€;; 
—— (v:)+ = tc logw+ pm oe (1) 
dt i=l Oa; =! Qa; 


where w(a,---a,)Aa;---Aa, is the volume of the part 
of phase space where the values of the gross variables 
lie between a; and Aa,---a, and Aa, and 


ort J [(o:(X)0;(X.))—(oe(X)X0y(X.)) de. (2) 


X, is the phase into which the phase X goes after time 
o under the motion of the system. 

In paper I, it was argued that the integrand in 
Eq. (2) behaves in the following way: for times less 
than a certain microscopically inobservable interval 6, 
the integrand is large. For times greater than this 
interval, however, it drops down to a quite small value 
which varies slowly with o. If this is so the integral (2) 
does not depend very sensitively on 7, so long as 
T>#. 

In order to apply these ideas to irreversible phe- 
nomena in fluids, we must choose an appropriate set of 
gross variables. Let us do this first for a fluid consisting 
of one kind of molecule. We know from the phenom- 
enonological equations that knowledge of the local 
density of particles, momentum and energy at all 
places in the fluid determine the future values of these 
quantities at all later times. An appropriate set of 
gross variable will then bea set of phase functions which 
represent these local densities everywhere in the fluid. 

A first choice that comes to mind for, say, the gross 
variables which are to represent the density of par- 
ticles is 


P®)=E 5(x,—x), (3) 


where x is the position vector of a point in the fluid, x; 
the position vector of the ith molecule, 6 the three- 
dimensional Dirac delta “function,” and N the total 
number of molecules. There are, however two difficul- 
tes with this first obvious choice. The first is that 
Eqs. (3) define a continuous infinity of phase functions; 
one, indeed, for each x. The second is that they give a 
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much finer description of the local density than that to 
which the phenomenonological equations refer. 

In order to avoid these two difficulties and also to 
sidestep the problem of what happens at rigid boun- 
daries, it will be convenient to assume that our fluid is 
contained in a three-dimensional toroidal space, that is 
to say in a cube of side a in which corresponding points 
on opposite faces are considered identical. Then a shift 
in the coordinate vector of each molecule of the fluid 
by a translation (la, ma, na), 1, m, n integers, does 
not change the phase. Let us consider the Fourier 
expansion coefficients of p’(x) in the toroidal space. 
These are the phase functions 


N 
Px=D expik -x,, (4) 
i=1 
where k is one of the vectors (2n//a, 2rm/a, 2rn/a), 
l, m, n integers. This discretely infinite set of functions 
(4) contains as much information as p’ (x). We can, how- 
ever reduce the fineness of the description and at the 
same time obtain a finite set of functions by eliminating 
those Fourier coefficients for which |/|, |m|, |n| is 
greater than M where M is some large integer. This will 
have the effect of ignoring variations in the local density 
which take place over distances smaller than a/M. If 
we choose M so that a/M is beyond the limit of macro- 
scopic measurability, but still large enough so that a 
cube of volume a*/M® contains on the average a large 
number of molecules, the set of gross variables will con- 
tain all information required, but no more than is re- 
quired, for a complete macroscopic description of the 
local density. The local density itself will be 


p(x) =a > px exp—ik- x [2|, |m|,|n| <M 
k 





N 
=a* > > expik- (x;—x) (5) 
i=1 k 
N 
” i gy (x;— x), 
i=1 
where 
sin2rx/a(M+4) sin2ry/a(M+3) 
9(%,9,2) = 
a sinrx/a a sinry/a 


sin2rz/a(M+3) 





a sinrz/a 


In the same way we can define a set of phase functions 
which give a complete macroscopic description of the 
local momentum density 


N 
px= >. piexpik-x; |/|,|m|, |n| <M. (6) 


i=1 


The local momentum density itself is 


pQx)=2 pie(x;—x). (7) 
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The gross variables which describe the local energy 
density are constructed on the same plan. 


N 
E,= ,3 E; expik *Xi, 
i=1 


where £; is the energy of the ith molecule. For E; we 
take, somewhat arbitrarily, the kinetic energy of the 
ith molecule plus half of its interaction energy with all 
other molecules of the system. 


N N 
Ex=D (p?/2m+4 YL V(xi—x;)) expik-xi, 
i=1 7Ai 
[2], |m|, |n|<M, (8) 


where V (%;—x;) is the interaction energy between the 
ith and jth molecule and m the mass of a molecule. 
The local energy density itself is then 


N N 
E(x)=2. (pi/2m+4 ~ V(xi-—x;)9(xi—x)). (9) 


The generalization of these formulas to systems 
which have more than one kind of molecule is straight- 
forward, and we will simply state them explicitly for 
the case of two kinds, A and B. 


NA 
pax= > expik-x;, {1|, |m|, |n|<M (10A) 
i=1 


eT oe») 


(11A) 
i=1 
NB 
pBx= 2X expik- y; (10B) 
NB 
pa(x)= 2, ¢(y;—Xx), (11B) 


where x; is the coordinate vector of the ith molecule of 
type A and y; that of the jth molecule of type B, and 
Na, Nz the total number of molecules of type A and B, 
respectively. 


NA NB 
Px= > piexpik-x;+ > q;expik-y;, (12) 
i=] 


NA NB 
p(x)=2 pie(xi—x) +L ai¢(yj—x), (13) 


where p; is the momentum of the 7th molecule of type A, 
and q; that of the jth molecule of type B. 


NA NB 
Ex=D (p?/2ma+3 DL U(xi—xx) 
i=l kAi 
NB NA 
+3 > V (xi—y)) exptk-x:+ >) (q7/2mes 
1 jul 


N NB 
#4E Voy—m44 ED Vey-yd)expik-y; (14 
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and similarly for E(x). m4 is the mass of a molecule 
of type A and mz, that of one of type B. U, V, W are 
the interaction energies between two molecules of type 
A, one of type A and one of type B, and two of type B, 
respectively. 


B. THE RATES OF CHANGE 


The gross variables defined in the previous section 
were suggested by the phenomenonological theory of 
fluids. When we turn to the calculation of the corre- 
sponding rate of change functions, we will find that 
there is a more fundamental reason for choosing them. 
The phase functions given in Sec. A have an espe- 
cially small rate of change. We will calculate these 
rates for systems having only one kind of molecule and 
then simply state the results for systems containing 
two types of molecules. 

The dynamical equations of motion of the system are 


(dx;/dt) = p;/m, 


(15) 
N N 
(dp;/dt) = >> —V¥xV (xi—x)) =D Fi;. 
ti i#i 
We have then 
N 
(dp;/dt)=ik->° (dx;/dt); expik-x; 
i=l 
(16) 


N 
=ik->> p;/m expik-x;. 
i=1 


Similarly 


(dp;/dt) = > (ik- (dx;/dt)p;+ (dp;/dt)) expik-x; 


N NN 
=ik-> p.p;/m expik-x;+ > } F;; expik- xi. 
ii 


i=1 Y 


Noting that F;,= —F;;, we can rewrite this in the form 
N 
(dp;/dt)=ik->° pipi/m expik-x; 
i=1 
N N 
+4> > F;;(expik-x;—expik-x,;). (17) 
Ai 
For Ey, we have 
N N 
(dE,,/dt)=ik->- x;(p2/2m+3 >> V(xi—x;)) 
i=1 iF% 


N 
Xexpik-x: +> {pi/m(dp;/dt) 
inl 


+3 > [ (dx;/dt)V2:V (xi—x;) 
ii 
+ (dx;/dt) ¥x;V (x:—x;) }} expik: xi: 
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By the dynamical equations, and noting that 


V2i:V (x;—x,;)= —V¥2,;V (x;—x,;)= —F;,=F;;, 
we obtain 
(dE;/dt) =ik- (2 p:/m(p2/2m+4 > V (x;—x;)) 
1Fi 


N N 
Xexpik-x;}+ 3 >> >> (pitp,)/2m-F;; 


ixj 
X (expik-x;—expik-x,;). (18) 


We note two features of Eqs. (16), (17), and (18). 
The first is that all the rates are zero when k=0. This 
means of course that po, po, and Eo are all integrals 
of motion. They are in fact the total number of particles, 
the total momentum and the total energy, respectively. 
The second is that the rates of change are small when k 
is small. We can make this statement more explicit if 
we expand the last group of terms in Eqs. (17) and (18) 
in a power series. This expansion will be justified by the 
fact that each summand in the double sum contributes 
significantly only when the two molecules are within 
the range of molecular forces. Since |k| is small com- 
pared to the reciprocal of this range the two exponen- 
tials have practically the same value. We write their 
difference as 


expik-x;(1—exp—k- (x;—x;,) 
= (ik- (x:—x,;)+0(k’)) expzk-x; 
and obtain for Eq. (17) 


(dp/dt),=1k- = [ppi/m+ 3 > (x;— 


i#t 


X;) F;;] 
Xexpik-x;, (19) 


where the terms we have neglected are of the order 
'k|? and higher. In the same way we obtain for Eq. (18) 


(dE y/dt) = th-S [ps/m(p2/2m+-4 & V(ee—2) 


i=1 At 


N 
+3 > (xi—x;,)Fi;- (pitp,)/2m] 


Ai 


Xexpik-x; (20) 


to terms of the first order in k. 

If we examine the order of magnitude of these rates 
we see that each one can be expressed in the form 
\k|vA, where » is a representative molecular velocity 
and A a quantity of the same order of magnitude as the 
gtoss variable in question. Thus the time for a gross 
variable to change by an appreciable fraction of itself 
(|k|v)—, On the other hand the microscopic time scale 
is rv! where r is a measure of the molecular size. Since 
we have assumed that |k|~" is large compared to r, the 
timescale for change of the gross variables is long com- 
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one-component fluid, that is to say the Navier-Stokes 
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pared to the microscopic time scale, longer, in fact, in 
proportion to the number of molecules contained in a 
macroscopically observable interval. 

For the case of two kinds of molecules we have 


NA 
(dpax/dt)=ik- >> p,;/ma expik-x,, 


i=1 


(21A) 
and 


(dp ex/dt) =ik- r q;/me expik- y;. 


j=1 


(21B) 
To the first order in |k| 


(dp, /dt) =ik- (r (pipi/mat+} > (x;— xx) Fix 


ki 


NB 
+4 > (x:—y) Gi) expik-x; 
l=1 


NB NA 
+2 (q,4,;/mat+ 4 (x.—y,)Gi; 
j=1 k=I 
NB . 
+3 yt (y;—y.) Hj) expik- y,, (22) 
Aj 


where F;, is the force between two molecules of type A, 
G,, that between one of type A and one of type B and 
H,;; that between two of type B. 


NA 


(dE,,/dt) =ik- { 2X [p:/ma(p2/2ma 


NA 


+3 U(xi—xx)+3 = V (xi—y,)) 


ki 


NA 
+4 >> (xi—xx) Fix: (pi/mat+pi/ma) 


kt 


NB 
+} 2X (x;— yr) Gir: (pi/ma+qu/ms) | 
=] 


NB 
Xexpik-x;+ >) (q;/ma(q7/2mz 
; jal 


NB 


NA 
+3 V(x.—ys)+3 DL Wyi-y;)) 
k=1 ij 


NA 


+4 D0 (xi—y,s)Gu;- (q5/ma--pi/ma) 
k=1 


+} 3 (yi—yy) Hj: (G5/me+qi/me) |] 
Xexpik-y;} (23) 
to the first order in |k|. 
C. THE FIRST APPROXIMATION 


We will be concerned in this section and the next with 
the derivation of the phenomenonological equations of a 
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equations together with the equation of energy balance. 
In the present section we will consider the approxima- 
tion which takes into account only the first term on the 
right in Eq. (1). In this approximation, the rate of 
change of the expectation value of a gross variable is 
simply the average of the corresponding rate over all 
phases for which the gross variables have the particular 
fixed values which define the gross state in which the 
system happens to be. 

Because of the form of the rate functions we need to 
know only the distribution function of single particles 
and of pairs in order to calculate these averages. We 
will show in an appendix that to a sufficient approxima- 
tion these are simply the equilibrium distributions 
corresponding to the local particle, momentum, and 
energy densities. 


Nfi(p:xi)=p (x;) (2rmxT (x;))~? 


Xexp— (pi— mv(x;)?/2mxT(x;) (24A) 


fo(Di,Xi5 PsXs) = fr (Pixs) fi (D5X;)g(Xi—X;),  (24B) 
where 7'(x) is the equilibrium temperature correspond- 
ing to the local internal energy® and particle densi- 
ties at x, v(x) is the local average velocity at x, equal 
to p(x)/mp(x), and g(x;—x;) is the equilibrium spacial 
distribution of pairs corresponding to the local con- 
ditions at some point representative of both x; and x;. 
g(x;—x;,) isnormalized so that lim|x;—x;|— ©g(x;—x,)=1. 
For the mean of the rate of change of px we have 


N 
((dpy/dt))=ik->> | p:/mfi(pi,x:) expik-x;dp,dx; 
i=l 
=ik- f p(x)v(w expik-xdx. (25) 


((dp/dt))=ik- { | pipi/mfs(pixidp.dx; 


i=1 


N N 
+30 | (xi—x,) Fi; fo(pi- - -x,) 
xj 


Xexpik-x,dx;- - -dp; 
= ik: f (mp (x)v(x)v(x) +p (x)xT (x) 


+4p(x)? f RF(R)g(R)dR) expik-xdx. (26) 


In the second integral we have made use of the fact that 
p(x) varies very slowly over the range of molecular 
forces and of the fact that F,; is a function of R only. 
I is the unit dyadic. Since F(R) is in the direction of R 
and g(R) is a function of the magnitude of R only, the 
third term in the integrand of Eq. (26) will be a multiple 
of the unit dyadic. The coefficient of the unit dyadic in 

6 By the internal energy of a system we mean its energy as it 


would be determined by an observer moving along with its center 
of mass. 
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Eq. (26) is simply the virial expression*:’ for the equi- 
librium pressure p(x) corresponding to the local state 
of the fluid. We can write Eq. (26) finally as 


((apx/dt))=sk- f (ome (x)v(x)v(x)+ p(x)I) expzk-xdx. 
For Ey, we obtain 


((dE/dt)) = f v(x) ($mp(x)v(x)?+ (5/2)0(x)xT (x) 


+4p(x)? f V(R)g(R)dR 


+49(x)* [ RF(R)g(R)dR) expik-xdx. (27) 
Now 
impv'+ BoxT +46" f VgdR 
is very approximately equal to the average value of 
E(x) [Eq. (9) ] which, since E(x) is a function of the 
gross variables, is of course equal to the constant value 


which E(x) has throughout the ensemble in which we 
are averaging. On the other hand 


pxT'+4p* | R-FedR 
is the local pressure so that we can write Eq. (27) as 
((dk/at)x)= ak: f v(x) (EX) +P) expik-xdx. (28) 


Formulas (25), (26), and (28) give a first approxima- 
tion to the rates of change of the expectation value of the 
corresponding gross variables. We will be better able to 
see what they mean if we use them to calculate the ex- 
pectation value of the local densities themselves. We 


have 
((dp(x)/dt)= a >) exp—ik-x((dpx/dt)) 
[2], |m|, |n| <M 


=q > ik: [ o(x’v(x’) expik - (x’—x)dx 
= [o(x)v(x’)-vere(x’—x)dx’ 


= — f ve0(x v(x) o(x’—x)ds’ 


= — Vxp(x)v(x) 


very approximately. 
By similar calculations applied to the other local 
densities we have as the first approximation to the 


7H. Goldstein Classical Mechanics (Addison-Wesley Press, 
Cambridge, Massachusetts, 1950). 
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phenomenonological equations of a one component 
fluid? 


dp/dt= —V-pv (29A) 
dp/dt= — ¥ - (mpvv+ pl) (29B) 
dE/dt=—V- (E+ p)v. (29C) 


In Eqs. (29) p, p, and £ are to be taken as the expecta- 
tion values of the phase functions (5), (7), and (9). 
Equations (29) are of course the familiar equations of 
motion of an inviscid fluid together with the equation 
of energy balance. The first approximation thus de- 
scribes much of the behavior of fluids with the impor- 
tant exception of irreversible effects. This is a general 
feature of the first approximation. 


D. IRREVERSIBLE EFFECTS IN A 
ONE-COMPONENT FLUID 


We have seen that the first term in Eq. (1) does not 
give an account of the irreversible effects. In this sec- 
tion we will consider the second and third terms which 
contain these effects. Before we do this, however, it is 
necessary to remark that although the original theory 
was formulated for real gross variables we may use 
Eq. (1) without change for complex gross variables. 
This is due to the fact that the 5(2M+1)*—1 gross 
variables defined in Eqs. (4), (6), and (8) are linear 
combinations with constant coefficients of their 
5(2M+1)’—1 distinct real and imaginary parts. If 
we use these real and imaginary parts to define both the 
region in which the averages are taken and w, its phase 
volume density, a simple calcultation shows that 
Eq. (1) has the same form for the complex gross vari- 
ables as for their real and imaginary parts. 

Let us first consider the function logw and its deriva- 
tives. We will show in the appendix that 


logw= 1 f s(e(x), p(x) )dx, (30) 


where s is the equilibrium entropy density considered 
as a function of 


e(x) = E(x) —p(x)*/2mp(x), 


the local density of intrinsic energy and p(x) the local 
density of particles. Logw is implicitly a function of the 
gross variables since e(x) and p(x) are. We have 


7 p(x)? ds\ dp(x) 
ist SG _2mp(x) =, 


E(Dxy, Pues) 


= —Rake’ foe: 





dx 
Opx 





~ 1 
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— logw=- 
Opx mp (x) de Opx 


) 1 fds de(x) 
—logw=- f — dx. 
OF, de Of, 


) p(x) ds nd? 
-f “dx 





Now we know from phenomenonological thermo- 

dynamics that ds/de=T-, ds/0p=—p/T, where yw is 

the chemical potential, while from Eqs. (5), (7), and (9), 
Op(x) OE(x) 1 dp(x) I 


=—exp—ik-x, ———=— exp—ik-x. 
Op. Ok, @ Op. @& 





Substituting these values in the preceding equations 
and noting that p(x)/mp(x)=v(x) we obtain 





d 1 ¢—H(x)+2mv (x)? 
— ware) exp—ik-xdx, (31A) 
Opx xa® T (x) 

7) —v(x) 
— — — | —— exp—ik-xdx, (31B) 
Op kad T(x) 

0 1 1 
—- logw= — f- — exp—ik-xdx. (31C) 
OE, xa*J T(x) 


Each of these derivatives of logw is seen to be the 
Fourier expansion coefficient of a certain local property 
of the fluid. These local properties are the ‘forces’ 
corresponding to p(x), p(x) and E(x) in the sense of the 
thermodynamics of irreversible processes.® 

Let us turn now to the quantities in Eq. (1). It will 
be convenient in what follows sometimes to drop the 
Gibbsian dyadic and vector notation which we have 
been using until now and use instead an index notation 
in which Greek subscripts a, 8, y, 6, etc., take on the 
three values x, y, 2 and in which the convention of 
summing over two repeated subscripts is to be observed. 
Latin subscripts 7, 7, k, /, etc., will continue to refer to 
the different molecules. We propose to show that each & 
has the form 


oli f Tas((x), E(x), p(x)) expi(k-+k’)-xdx, (32) 


where 74g is an element of a Cartesian tensor of the 
second, third, or fourth rank, and k, k’ are the wave 
vectors of the two gross variables with which the par- 
ticular in question is concerned. We will take as an 
example a & which refers to the y component of p, and 
the 6 component of px’. We have 


> (biden > (%1a— Xka)F iky) 


x (pis pis'/m+} > (x58 — xi’) F jis’) expi(k-x;+k’ -x;'))—((pia’ Piy/m+3 2 (Xia—Xka)F iy) expik+x;,)) 


lj 





(pis pis /m+4 > (x ja’ —ip')F js’) expik’-x,))}, (33) 


iA 
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where we have used a dash (’) to indicate the value of a 
phase function at time o considered as a function of the 
phase at time zero. It will be convenient to consider 
separately the summands in Eq. (33) with i= 7 and 
those with i#7. We note first of all that during the 
interval O0<o<r a molecule will probably not have 
diffused much from its original position so that we may 
put x,/=x,, x;/=x,;. We may then write a term of the 
first kind as 


yo f (xi) (A sarA spas 
—(A jay)xXA igs’)x;) expi(k+k’) -x,dx; 


+N“ fo (x;)(A iay)xi(A ge’) x; expi(k+k’) -x,dx; 
- v- f p(x,)(A iar): expik-xdx 


x fovea igs Xi expik’ . sds: 


where 


N 
A jay= PiaPiy/Mt+3 yy (Xia—Xka)F ixs (34) 
and ( )x; means conditional average with all the gross 
variables and the position vector of the ith molecule 
fixed. We assert that the significant contribution to & 
comes from the first term. For small o the conditional 
mean of the product is not in general equal to the prod- 
uct of the conditional means, but for ¢ long enough for a 
molecule to have made many collisions or vibrations in 
the space allowed it by its neighbors A,’ can be expected 
to be uncorrelated with its value at zero and the condi- 
tional mean of this product can be expected to be equal 
to the product of the conditional means. (A,;’)x; on the 
other hand is to a first approximation constant so that 
the second and third terms merely contribute terms 
proportional to r. 
We may write a term of the second kind as 


N-2 J f p(x,)0(x;)Le(xi—X;)(A sayA jos’ Daex; 


—(A jay)xi{A jps')x;_] expi(k-x;+k’-x;)dxidx;, (35) 
where ( )x,x; means conditional average with all the 
gross variables and x; and x; fixed. Now for molecule i 
far from molecule j we may expect A,’ to be statistically 
independent of A; whether a is large or small compared 
to the molecular time scale. The expression in square 
brackets in Eq. (34) will be zero unless x; is close to x;. 
We may therefore replace x; by x; in Eq. (34) except 
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in the square bracket and obtain 
{ 
vf oxo flex iayA jp8 )eixi 
—(A jay)xiXA 5s’) dex; expi(k+k’)-x;dx;. (36) 


Since there are NV terms of the first kind and approxi- 
mately N? of the second, Eq. (33) becomes 


E(DeyPus)=—kakp f T gpya expi(k+k’)-xidx; (35) 


with 
1, shadapbe) f a 
0 
—(Aiax)xdA cps')xs) +0 (3) f ys { dx; 
0 


X Lg (xi— (A iwyA ps’) xix; 
—(A jay)xXA j5')x;]. 


Now at o=0 none of the molecules which make a sig- 
nificant contribution to A; are far away from molecule /, 
and because the time for a molecule to diffuse a macro- 
scopic distance is long compared to 7, this is true 
throughout the region of integration. In other words 
during the interval 0<o<7r none of the molecules whose 
behavior determines the value of T“ are outside a 
region where the local density of particles, momentum, 
and energy are substantially constant and equal to 
p(x;), p(x,;) and E(x;). We may suppose therefore that 
T™ is independent of the values of p, p, E outside a 
small region surrounding x;, and replace the averages in 
Eq. (35A) by an average in which the total number 
of particles momentum and energy are fixed to be 
p(x;)a’, p(x,)a3, and E(x,)a*, respectively. T is thus 
a function of the local state at x;. 

We can get a neater and more manageable form for 
T™ if we consider the autocorrelation matrix of the 
tensor phase function 


(35A) 


N N 
A ay=L Aiay=2, PiaPiy/m 
i=1 i= 


N WN 
+43 ¥ (xia—Xja)Fijy. (374) 
iAx7 


A is the coefficient of ik in the rate function px for k=0. 
By the methods which were used to derive Eq. (354A), 
and remembering that any conditional average ( )x; of 
( )x;,x;+R is independent of x; if we fix only the total 
number of particles, energy, and momentum, we see that 


T™ a py3(N/a*, po/a’, E./a’) 


= f daa ((A ayA gs')N.Po.Eo 
0 


—(Aay)N.Po.E KA gs )N,PoEo); (37B) 
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where the subscripts V, po, Eo mean that the averages 
are to be taken in an ensemble where the total number 
of particles, momentum and energy are fixed. The inte- 
grand in Eq. (37B), unlike the similar expressions in the 
definition (2) of £, is an element of a true autocorrela- 
tion matrix of a stationary random process because 
N, po, Eo are integrals of motion. 

The expression (37B) for T apparently depends on 
the quantities 7 and a*. In reality, however, T“) must 
be independent of both for constant densities of par- 
ticles, momentum and energy. The most natural way 
of eliminating the apparent dependence on 7 would be 
to extend the region of integration to infinity. We have 
no assurance, however, that this integral would con- 
verge for a finite number of degrees of freedom. If, on 
the other hand we take the limit of the integrand in 
(37B) as ao with N/a’, po/a’, E,/a’ fixed we obtain 
a quantity which is independent of a and depends only 
on the densities of particles, momentum, and energy and 
g. There is reason to believe that this limit is integrable 
between 0 and « with respect to o.° We therefore write 
(37B) in the form 


T «6y3(p,P,E) 
-{ do lim a-*((A ayA gs’)—(AayAps’)), (37C) 
0 an 


where it is understood that the averages ( ) are taken 
with NV, po, Eo fixed and that the limit a is taken 
with NV, po=a*p, EFo= aE. 

We are now in a position to give expressions similar 
to Eqs. (37) for the other ¢’s. We have 


t(Ex,Ew) = —Rake" J T® .9((x), p(x), E(x)) 


Xexpi(k+k’)-xdx, (38A) 
where 
T° .3(p,p,E) 
m f da lim a-*((B.Bs’)—(BeBp)) (38B) 
and , 
N N 
Ba=Q Pia/m(p?/2m+4 DL V(xi—x;)) 
i=1 ii 
N WN 
+3 2X2 (%1a— Xja) F;;- (pitp,;)/2m. (38C) 


For an & which has to do with p, and an Ey we have 


Ebay Ev) = — kak! f T® ,5,(0(x), p(x), E(x)) 
Xexpi(k-+k’)-xdx, (39A) 


® We use the notation of partial differentiation by a vector as 
an abbreviation. 

* This conjecture is based on the behavior of similar quantities 
which appear in Peierls’ theory of heat conductivity of crystals 
(Ann. Physik 3, 1055 (1929) ] and on the fact that in the quantum 
theory of scattering and of radiation, time-proportional transition 
probabilities are obtained only in the limit in which the size of 
the system goes to infinity. 
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where 


T* apy (p,p,Z) 


=| do lim a*((Agy,Bs’)—(AayB,’)). (39B) 


oe ee f T .4(0(x), p(x), E(x)) 


Xexpi(k+hk’)-xdx, (40A) 


where 


~ 


T®, = | do lim a-*((BeA gs')—(Ba XA pa’)). (40B) 
0 


an 


Equations (37)-(40) give expressions for all the ¢’s 
which can be formed from the p,’s and the £;,’s. It is 
easily seen that the remaining £’s which all have to do 
with at least one py, are zero. This is due to the fact that 
the coefficient of 7k in the expression (16) for (dp/dt). 
is po/m for k=0. Since po, unlike A and B, is an integral 
of motion any autocorrelation matrix element between 
po and po, A or B is zero. 

We have in hand now all the means which we need 
to calculate the second and third terms in Eq. (1). 
We see immediately that these terms are zero for the 
rates of change of the expectation value of all the px’s 
since the corresponding &’s are zero. Let us look first at 
the contributions to the rate of pxs from £(pxy, pus). For 
the second term this is 


la E— bate f T 2 945(X) expi(k+K’)-xds] 
k 


x| f--@ryree) exp—ih-x'¢r'| 
=iky' f f —T a py5(X)0y(x’)/T (x’) 
re] 
X expik’ -x—(x—x’)dxdx’. 
OXe 


Performing the integration on x’ this becomes 


0 
ity’ [| - 7.02) (0)/e7 expik’ -xdx. 
Xa 


The contribution from the second term is 


dT a py8 
Ebaby’ f—™ expi(k+k’) -xdx 
m 


Pry 


> — kak (— Op, (x) 
= —_ a B 
& Op, Opry 


which, by Eq. (5), 
OT™ a pys 
=q* Ebaby [—™ expik’ - xdx. 
k 


7 





expi(k-+-k’) -xdx 








Since the integral is independent of k this expression is 
proportional to }>x ka=0. 

This conclusion is quite general. The contribution 
from the second term of Eq. (1) is zero. The other con- 
tributions from the first term may be calculated in the 
same way. We obtain thus the total contribution of 
these terms to the rate of the expectation value of pxs 


Vy 0 1 
ite f (Team 24 1, »——) 
OX, «KT Ox, KT 


Xexpik-xdx. (41A) 
For E, we obtain 
0 61 
its { (74-47, =) 
Ox, «KI Ox, KT 
Xexpik-axdx. (41B) 


The corresponding contributions toth e rates of p(x) 
and E(x) are 





0 0 1 
——{ T™ py a Bs—— =) (42A) 
0x8 Of, « OXq KT 


01 
>). (42B) 
Ox KT 


Expressions (42A) and (42B) have the same general 
form as the irreversible terms in the Navier-Stokes and 
energy balance equations of fluid motion. We will be 
able, by means of certain symmetry principles to specify 
T®, T®, 7®, T“ more completely, and at the same 
time reduce expressions (42A) and (42B) to a more 
familiar form. We will first use the principle that the 
dynamical Eqs. (15) are invariant under a Gallilean 
transformation to determine the explicit dependence 
of these tensors on p, or what is the same thing on v, 
the local velocity. To do this we consider our system 
from a set coordinate axes moving with a velocity 
v=po/mN with respect to the system which we have 
been using. In this system a phase point is represented 
by pi" = pi— mv, x; =x;— vi, i= 1---N. Let us express in 
terms of the new coordinate system all the quantities 
which we need in order to calculate T2T®, TT, 


and 


0 0 Vy 
-—( Vety—— —+ 7™,, 
0x8 OX. «Kl 


N N 
po= >. px=>, pi*+Nmv=po*+Nmv=Nmv, (43A) 


i=l i=l 


since we have chosen our coordinate axes so that po*=0. 
N NN 

Eo= > (pitmv)?/2m+3 DL V(xi—x;) 
=l rj 


= Eo*+po*-v-+3Nmv? 


= Eo*+4N mv? 
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A= 3 (p;*-+-mv) (p;*-++-mv)/m 


i=1 


N N 
+320 Db (x:*—x;")Fi;  (43B) 
ij 
=A*+po*v-+vpo*+Nmvv 
=A*+Nmvv 


B= (p;*-+mv)/m((p;*-+-mv)?/2m 
+4 > V (x,*—x;*)) +3 . > (x,;*—x,*)F,;* 


:((pi*+p;*)/2m+Vv) 
= B*+ vE.*+ A*-v+Nmvv?. 


(43C) 
(43D) 


From the new point of view the ensemble where the 
total number, momentum and energy are fixed to be 
N, po, and Eo appears to be one in which the total 
number of particles is fixed to be V the total momentum 
po*=Oand the total energy Ho*= Eo— 5.N mv’. We there- 
fore may replace averages { )N,p.£. with respect to the 
old variables by averages ( )v,0,£o with respect to the 
new. We see then that 


—(A)N,po,Eo= A*—(A*)N,0, £0, (44A) 
and 
—(B)¥v.p.,£.=B*—(B*)w.0,B6-+ (A*—(A*)wv.0.2.)-, 
(44B) 


since there is no difference between Fo” and its average 
value. We have then 


T «875(0,P,E) 
-f da lim a~*{ (A ay—(Aay)N.Po.Eo 
. X (A gs’ —(A gs’) N Po, Eo) N Po. Eo 
» f da Vim a-*{((A,ay*—(Aay*)¥.0.2.) 
: X (A gs’ — (A g8"’)N 0, Fo) N0,Eo 
=T .8,s(p, 0, E—p*/2mp). (45A) 


In other words T® is a function only of the particle 
density and the intrinsic energy density e= E—p*/2mp. 
Similarly we obtain 


T®.8 (p,p,E) — T® 28 (p,0,€)+ T® apy (p,0,€)vy 


+T® gay(p,0,€)0y+T™ apys (p,0,€)042. (45B) 
T® By (p,p,£) sa T® By (p,0,€) + T apys (p,0,€)s, (45C) 
1 .94(p,p,E) = 7 51(0,0,6) +Tapys(0,0,6)0>. (45D) 


Equations (45A)—(45D) permit the determination of 
the tensors T®) etc. by an average in an ensemble in 
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which the center of gravity of our system is at rest. 
We may use Onsager’s symmetry relations to get further 
information about these quantities. In the form given in 
paper I' these relations show that JT .8,5(p,0,e) 
=T g43y(p,0,e) while from the way it is constructed 
we know that this quantity is symmetric with re- 
spect to a, y, and B, 6. We have also T®.s,(p,0,€) 
= —T'®),3,(p,0,e) while from the way they are con- 
structed T®, T® are symmetric in 8, y. Again, by 
Onsager’s relations T®.s(p,0,e)=T ga(p,0,e). Now 
although we have chosen a cubic shape for our system 
with periodic boundary conditions, we should expect 
that in the limit a—~ this particular shape and bound- 
ary conditions have no effect on the final result and 
that therefore the tensors T®(p,0,€), etc., are isotropic. 
This means that we may write T“? (p,0,e) in the form 
T 8y6(9,0,€) =kT (9'6a5 88+ (5a5ys+5e0687)), (460A) 
where T is the equilibrium temperature corresponding 
to p and e and 7 and 7’ are scalar functions of p and «, 
or what is the same thing of p and T. Since there are no 
third rank tensors which are both isotropic and sym- 
metric in a pair of indices T® and T® are both zero, 
while T® must have the form 

T® .p=kT*Kbap, (46B) 
where K is a scalar function of p and 7. Substituting 
these expressions in Eqs. (45) we obtain 


T° 48 78(0,P,E) =kT[0'5ay555+7 (548675 +508087], (474) 
T® .8y(p,p,£) =kT(n'0pbaytn(0Oasttadpy) |],  (47B) 
T® .95(0,P,E) =«T[n'vabgst+n(0sbast+tpbas)],  (47C) 
T .pys(p,p,£) = —xT*Kobas 
+xT[n'vadg+n(Vastars)]. (47D) 


Returning now to the contributions to the rate of 
ps(x), E(x) [Eqs. (42A) and (42B)] we obtain 





0 Oe 0 Ovs Oz 
—a’—+ m4 ,  (48A) 
Ox5 OX, OxXg \Oxg Ox; 
0 OW. O Ov, Og d¢ OT 
ani eel tn(—+—*) +, (48B) 
OXxg OXq OXg Oxg OX, Oxg OxXg 


We see that terms in the stress tensor proportional to 
the temperature gradients have cancelled as we should 
expect from the principle of Gallilean relativity. In 
order to interpret our results we collect contributions to 
the rates of change of p(x), p(x), and E(x) [Eqs. (24) 
and (48)] and expressing them again in the Gibbs 


IRREVERSIBLE PROCESSES 









IN FLUIDS 407 





notation we obtain 


Op 

—+¥ -pv=0, (49A) 

at 

Op 

Plc allele a alebet (49B) 
dE 
—+v Ev=y-KyT 

ar 


+¥-[(—ptnV-v)I+n(Vv+vy)]-v. (49C) 

The quantity in square brackets in (49B) and (49C) 
can be interpreted as the stress tensor and y and 
n'+3n as the coefficients of shear and bulk viscosity 
respectively. In Eq. (49C) we may interpret the second 
term as the work done per unit volume per second 
by this stress tensor. The quantity KYT can be in- 
terpreted as the heat current and K as the heat con- 
ductivity. The first term in (49C) is then, of course, the 
heat absorbed per unit volume per second. 


E. DIFFUSION, THERMAL DIFFUSION AND 
THE DUFOUR EFFECT 


In this section we will discuss irreversible effects in a 
fluid containing two species of molecules. These are be- 
sides those which occur in a fluid of one species, diffu- 
sion, thermal diffusion and its concomitant the Dufour 
effect. In the course of the discussion we will avoid 
repeating arguments which occur in the one species case. 

The first approximation leads to two equations in- 
stead of Eq. (49A) which are obtained by averaging 
the rate functions (21A) and (21B) in the ensemble 
which represents the gross state of the fluid. 


Opa 
a ey ee (SOA) 
al 
Opp 
——— — YF -pgW, (SOB) 
ol 


where v(x)=p(x)/m4pa(x)+mzpz(x). The rates of 
the expected local momentum and energy densities are 
the same as before with an appropriate redefinition of 
the local pressure. 

We will show in the appendix that as before logw has 
the form 


logw=x- J sdx, (51) 


where s is the equilibrium entropy density correspond- 
ing to the intrinsic energy density 


e= E—p’/2(mapat+mepn) 
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and the particles densities p, pz. 





icine f (—wa(x)-+4mav?(x))/T (x) 





OpAx 
Xexp—ik-xdx, (52A) 
0 
—— logw=xa* J (-0(a)+4mav)/7 00) 
PB 
; Xexp—ik-xdx, (52B) 


where ws (x), we (x) are the chemical potentials of species 
A and B, respectively. As before 


0 





= logw=na-* { —v(x)/7(8 exp—ik-xdx, (52C) 
Px 


ce) 
——logw=«a-* f 1/7(s) exp—ik-xdx. 
JE : 


(52D) 


Proceeding now to the £’s concerning the pa, and 
pp. we have 


E(oanpaw) = —k-k! J Daa expi(k-+k’)-xdx, (53A) 
E(oanoaw)=—k-k’ f Dan expi(k+k’)-xdx, (53B) 
Nines <td f Dos expi(h-+k’)-2dz, (S3C) 
E(paxpnx)=—Kek’ f Dap expi(k+k’)-xdx, (53D) 


where the D,, etc. are functions of the local state at x. 


Da, a= f do lim a~*((C4C4’)—(C4)(Ca)), (54A) 
usin f do lim a~*((CaC5’)—(CaXCr)),_ (S4B) 
Deal= f do lim a~*((CpC4’)—(CgXCa)), (54C) 
0 a-oo 
Dasl= { do lim a~*((CpCx’)—(CzXCp)), (54D) 
where : 
NA 
Ci=ms D pi (SSA) 
i=1 
NB 
(55B) 


Cz=mzg" D qi. 
j=l 


The limits in Eqs. (54) are to be taken with fixed par- 
ticle. momentum and energy densities pa, pz, p, E. It 
is easily seen, however, the Dau, etc., have the same 
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value if the average is taken in the ensemble with 
momentum density zero and energy density equal to the 
intrinsic energy density e. 

The four quantities Daa, Daz, Dea, Dep are not all 
independent and indeed are multiples of a single quan- 
tity. We note that 


(maDaatmeD pp) 


e f do lim a-*(((maCat+-msCz)Ca’) 
—(maCa+mpCz)XCu)). 


Now since m4C4+m,C; is simply po, the total momen- 
tum, and is therefore an integral of motion, the inte- 
grand on the right is identically zero and we have 


maDaatmpDzpa=0. 
Similarly 

maDast+mpDepra=0, 
and 

maDratm BDpr= 0 


maDaatmpD p=. 
These equations are satisfied if we set 
Daa=maD, 
Dpa=Dap=— (mamp)"D, (56) 
Der=mpD. 


From Eqs. (52A), (52B), and (53) we see that the 
contributions to the rates of p4(x), p(x) from the 
E(pax, Pax’), etc., are 


— {Daa (—uatimav’)/«T 

+Dpav¥ (—uatzmpv’)/xT} 
—V + {Dpav¥ (—uatimav’)/KT 

+Drs¥ (—ustmepv’)/xT}. 


Using Eqs. (56) we see that these expressions become 


1 1 /ua bB 

—y-py_(“-™*) (57A) 

ma kl \ma mp 

1 1 /ua mB 
-—y-py_(“*_**), (57B) 

MA kT \ma Mp 


In the case of a dilute solution, i.e., when the number 
of molecules of type A is small compared to the number 
of type B, ua is approximately xT logos+ a constant 
while uz is constant. Formula (57A) becomes 


V-D/mapaV pa. 
We see that 
D/mapa =Dz a/PA 


is the diffusion coefficient of a dilute solute. If we ne- 
glect contributions which come from the correlation of 
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Daa becomes 
Daa pa>= de ((viv,’ V;) Vip), 


which coincides with the expression for the diffusion 
constant in the theory of Brownian motion." (v; is the 
velocity of a solute molecule.) 

For an & concerning a p4x OF a pzy and a Ey we have 
the expressions 


_ kk f kP’D, expi(k+k’)-xdx  (58A) 
-Kek’ faPDs expi(k+k’)-xdx, (58B) 

where 
(TD A= i) do lim a-*((C4B’)—(C4XB)), (59A) 
kP?D l= f do lim a~*((CgB’)—(C4)B)), (59B) 


and B is now the coefficient of ik in the expression (23) 
for (dE;/dt) for k=0. 

The corresponding contributions to the rates of p4 and 
pp are 


V-DavT, (60A) 


(60B) 


By the same reasoning that was used in Eqs. (56) we 
see that 


V-DsVT. 


msaDa+mpDp=0. (61) 


For the inverse #’s we obtain expressions similar to 
(58A) and (58B) except that in Eqs. (59A) and (59B) 
the order of the c’s and B is reversed. Since the e’s and 
B are all antisymmetric variables and since the average 
may be taken in the ensemble with p=0 this reversal 
makes no difference in the value of the é’s. 

For the contribution to the rate of E(x) from these 
’s we obtain 


=V-«KT?*{ Dav (—patdmav’)/«T 
+Dsv(—ust+impv’)/KT} 
=V-°D'¥ (us/ma—us/mp)/T, (62) 


where D’ is the common value of m4DaT* and 
—mpD T°. In case species A is a dilute solute (62) 
reduces to VD/mapVp and D/map is the coefficient of 
the Dufour effect. 

Finally in the case of a fluid of two species we have 
the same expressions for the viscosity and heat conduc- 


These are proportional to pa?. 
"S. Chandrasekhar, Revs. Modern Phys. 15, 2 (1943). This 
expression is not explicitly derived but is easily verified from the 
explicit transition probabilities for the velocity given there. 
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tion coefficient except that the phase functions A, B 
are now defined as the coefficients of ik in the expres- 
sions for (dpx/dt), (dEy/dt) for k=0 [Eqs. (22) and 
(23) ]. 


F. VISCOSITY AND HEAT CONDUCTIVITY 
IN PERFECT GASES 


The expressions which we have just presented for 
the coefficients of irreversible effects were derived with- 
out any assumption about the density or state of aggre- 
gation. In particular we do not assume that the density 
is small enough so that the kinetic theory of gases ap- 
plies. In the present state of our knowledge, however, 
these formulas do not provide means actually to calcu- 
late irreversible coefficients. Indeed, in order to de- 
termine A’, B’, etc., we would need to know explicitly 
the solutions of the equations of motion. We wish to 
show in the present section that in those circumstances 
in which we already know how to calculate irreversible 
coefficients, i.e. in the limit of small densities our meth- 
ods lead to the same results as the Chapman-Enskog 
theory. 

In order to do this we will first give an interpretation 
of the Maxwell-Boltzmann differentio-integral equation 
in the terms which we have been using in this paper 
and in paper I. This equation may be considered to be 
the analogon of the Liouville equation for the phase 
space of the individual molecule, the u space as opposed 
to the y space, the phase space of the whole system. We 
wish to consider the Maxwell-Boltzmann equation to be 
analogous rather to the phenomenonological equations 
of grossly observable quantities although it gives a 
finer description of phenomena in perfect gases than is 
ordinarily observed with large-scale methods. The gross 
variables in this case are the local number density of 
molecules at each point of the uw space. The Maxwell- 
Boltzmann equation determines the future expected 
values of these gross variables if their present values are 
known. Fluctuations of the future values from their 
future expected values exist, but are presumably small. 

Our present discussion will have to do only with cases 
in which the molecules are uniformly distributed spa- 
cially so that we may take our gross variables to be the 
local density in momentum space. More precisely we 
divide momentum space into small cells, 2,, v=1---. 
E,(p) is the characteristic function of 2, and V, its 
volume. The gross variables will then be the number 
density of molecules in each Q,. 


N 
f(X)=Vi4 DE, (pi). (63) 


i=1 


We will write /,(¢) for the conditional expectation 
value of f,(X:) when it is known that the /,(X) cer- 
tainly had the values f,(0) at =0. To determine the 
f,(é) under vitrious conditions is the object of the kinetic 
theory of gases. It is usual, however, to consider the 
expected local density as a function of a continuous 
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variable p rather than of the discrete variable v. We 
therefore define f(p,/) to be equal to f,(¢) when p is in 
Q,. We can then write the Maxwell-Boltzmann equa- 


tion as 
df(p,t)/dt=V(f(p,2)), (64) 


where W is a nonlinear functional of f(p,é). 

With this interpretation in hand we go on to the 
formulas for viscosity and heat conduction coefficients. 
In a gas of sufficiently small density we may neglect 
the contributions from the intermolecular forces in the 
expressions for A and B. We are then able very ap- 
proximately to express these quantities as functions of 
the gross variables f,. 


A ay m— > Prabvsfr(X) V,, 


Ba= (2m?) Dd pred? f(X)V>, 


(65A) 
(65B) 


where p, is some representative value of p in Q,. 

In order to determine the viscosity and heat conduc- 
tion coefficients we need to know the elements of the 
autocorrelation matrix of A and B in an ensemble in 
which the total number of particles is fixed to be V, the 
total momentum, to be zero, and the total energy, to be 
E. In such an ensemble the mean value of f,(X) is 


fo(p.) where 
fo(p)=.V (22mxT) exp—p’/2mxT (66) 
and therefore 


(A ay) N,0, E= mL pops folpdde, (67A) 


(Be)wv.0.2= (2m?) f pop*fo(p)dp. (678) 


We have for the aByé element of the autocorrelation 
matrix of A 


((Aay— {A ay)n,0, £) (A gs’ — (A gan, 0, E))N, 0, E- 


Taking into account Eqs. (66), we can write this ex- 
pression as 


w*> PraPupPryPusAfAfy’n, 0eVuV, (68A) 
where 
Af.=f(X)— fo(p,), Afy'=fu(Xo)— fo(P,). 


Similarly we can write the a8 element of the auto- 
correlation matrix of B as 


(2m?) S PraPusPs PAP Af,’)v,0,.2VuV>. (68B) 
uP 


The procedure which we will use to calculate the 
means (Af,Af,’)w,o, 2 Will be first to calculate the condi- 
tional average with all of the phase functions f,(X) 
or what is the same thing, Af, fixed. We will then aver- 
age over the equilibrium distribution of the Af,. Now 
according to our interpretation of the Maxwell-Boltz- 
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mann Eq. (64) the conditional average (Af,Af,’) fi, fo: - 
=Af,(fu(o)— fo(p.), where f,(c) is determined from 
the solution of Eq. (64) corresponding to the initial 
conditions f,(0)=f, etc. Since we may expect the 
fluctuations of the /,(X) from their equilibrium values 
to be small on the average we may linearize Eq. (64) 
by setting 
f(p,t)= fo(p) (1+g(p,)). 


It is well known that for g(p,/) we obtain the equation 
dg (p,t)/dt= — 5g,’ (69) 


where J is a Hermitean positive semidefinite linear 
integral operator with respect to the weight function 
w(p)=N- fo(p) = (24mxT)-? exp—p?/2mxT. Jg=0 for 
g=at+b-p+cp’, a, b, c constants, and for no other 
functions. If g(p,0) is orthogonal to all functions 
a+b-p+cp’, i.e., if 


fs (a+b-p+cp*)w(p)dp=0 


for all a, b, and c, Eq. (69) will have a solution which 
approaches zero for g—« which we can write 


g(p,o) = f K (p,p’,o)g(p’,0)w(p’)dp’. (70) 


In our case g(p’,0)w(p’)= N“Af,, where Q is the cell 
in which p’ is located. We have then, very approximately 


Af,= fo(py)g(P,0) =w(p,) } K(py,Pr,o) Afr Vi, 
r 
where, as before, py, px are representative points in Q, 
and Qy, respectively. Multiplying by Af, and averaging 


over the possible values of fi, fe, etc., we obtain 


(Af Af,’)n, 0, E 
=w(p,) © K(p,,pr,o)(AfAfr)n,o, eV. (71) 
r 


(Af,Afx)n,o,z iS a quantity which we may calculate 
by the methods of equilibrium statistical mechanics. 
Now 


N 
Af=V- SZ E,(p)-NV f E,(p)p(p)dp, 


i=1 


N 
Af=VvID Ex(p)—NVs~ [ Ex@)pu(0)a 
i=l 


where pi(p) is the equilibrium distribution of the 
momentum of a single molecule in the ensemble VN, 0, E. 


(Af.Afi))=N f E,(p)Ex(p)e.(p)8(p—p’)dpdp’ 
+N(N—1) f E,(p)Ey(p’)p2(p,p’)dpdp’ 


_N? f E,(p)Ex(p’)p(p)e(p’)dpdp’, (72) 
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where p2(p,p’) is the distribution of the momenta of 
pairs of molecules in the ensemble XN, 0, E. 

If we were dealing with a canonical ensemble p;(p) 
would be equal to w(p) and p2(p,p’), to p:(p)p:(p’). In 
an ensemble in which total number momentum and 
energy are fixed this is true only if terms of order N™ 
are neglected. Because of the factor N? in Eq. (72) 
these terms must be taken into account. We may then 
conveniently rewrite Eq. (72) as 


(AfAfi)V Va 


=N f E, (p)Ey(p’) { (o1(p)5(p—p’) — p2(p,p’)) 
+N (p2(p,p’)—p1(p)pi(p’))}dpdp’. (73) 


The exact expressions for p:(p) and po(p,p’) in an en- 
semble with number of particles, momentum and 
energy fixed to be V, 0 and E=3NxT/2 are 


p1(p) = (2emxT)-3(3(N—1))-3 
XP (3 (V—1))/TG(N—2)) 


-(1—p?/3(N—1)mxT)#@"-Y, (74 A) 
p2(p,p’) = (2rm«T)~?((9/4)N(N—2)-4 
xXI'(§(V—1))/T (3 (NV—3)) 
x {1—[p?-+p"?+ (p+p’)?/N—2]/3NmxT}. (74B) 





and for the a8 element of the autocorrelation matrix of B 


vf (4m*)" paps’ pp’? L(p,p’)K (p’,p’”’ ,o)w(p)w(p’)w(p’’)dpdp’dp’’. 


Now 


J mM papyL(pp’)w(p)dp=m™ pa’ Py — 3P"6.a1), 
while 
J (2m)-*pap*L(0,0').0(p)dp= (2m!)*pe!(p"?—Sm«7), 
Since K(p’,p’’,c), as a function of p’ (and of p”) is 
orthogonal to all linear combinations a+b-p+cp’, we 


may rewrite our expressions for the elements of the 
autocorrelation matrices as 


vf Mm (pa Py’ —3PSa7)K (p’,p’’,c) 


Xm (pal ps’ —p'533)w(p’)w(p’)dp’dp”, (77A) 
and 
vf (2m?) pa’ (p’*— SmxT)K (p’,p”’ 0) (2m?) 
X pa’ (p’?—SmxT)w(p’)w(p’’)dp'dp’”’. (77B) 
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Expanding these expressions in powers of V— with the 
aid of Stirling’s formula for the gamma function, we 
obtain 


(Af, Afi) V Va 
=N [ E,Q)ENW)(w(0)0(>-P) 
—w(p)w(p’) ((S/2— (p—p’)?/2mxT 
+ép’p?/m’?T*)}dpdp’ (75) 
=N f E,(p)Ey(p’)L(p,p’)w(p)w(p’)dpdp’. 


L will easily be recognized as the kernel of the operator 
which projects any function orthogonally onto the 
space of functions orthogonal to all a+b-p+cp’. 

By Eqs. (75), (71), and (68) (and substituting 


>: aie VV eV) 


ver 


J ---apip'ap” for 


we obtain for the aByé6 element of the autocorrelation 
matrix of A 





(76A) 
(76B) 
If we set ; . 
£as(p',0) = f K(p’,p’’,o) 
Xm" (pa! ps’ —p’6gs)w(p”)dp” (78A) 
and 
ga(p',o) = J K (p’,p’’,o) (2m?) 
X pa’ (p’?—SmxT)w(p’)dp’”, (78B) 
we can express (77A) and (77B) as 
. NU mm (pa'py'—3P"Sa7), 8ss(p',0)] — (79A) 
an 
N[(2m?)p.' (p’*—SmxT), ga(p’,o)],  (79B) 


where the square brackets mean inner product with 
weight function w(p’) in the sense of the theory of 
function spaces. ggs, gg are, of course, solutions of 
Eq. (69) corresponding to the initial conditions 


gas(p’ 0) =m (pa' ps’ — pgs) 
ga(p’ 0) = (2m?) pa’ (p’2>—Smx7T). 


(80A) 
(80B) 

































































































































































In order to determine the tensors T“, T® we must 
divide the expressions, (79A) and (79B), by a’, take the 
limit as ao with NV/a'=constant=d and integrate 
the result from o=0 to infinity. These tensors depend 
on the functions 


heap’) = f to(9',0)de, hp(p')= f so(k’,o)do. 
0 0 


If we integrate both sides of Eq. (69) from o=0 to in- 
finity, we see that taking note of the initial conditions 
(80), Ags, 4g satisfy the inhomogeneous integral equa- 
tions 


mba ps — pb 8s) = ghas(p’) (81A) 
(2m?)'p' (p’’—SmxT) = ghe(p’). (81B) 
In terms of igs and hg we have 
T apys=pLm (papy—Pbay), 4gs(p) J (82A) 
T® p= pl (2m) "pa(p’—SmxT), ha(p)]. (82B) 


By using symmetry and other properties of the 
operator 9 it may be shown that T and T® are indeed 
isotropic and that the coefficient of volume viscosity 
vanishes. When translated into their notation Eqs. 
(82A) and (82B) yield the same values for the viscosity 
coefficients as are obtained in the book of Chapman 
and Cowling.’ 

This analysis also gives us an idea of the times for 
the functions A, B to become uncorrelated. This is 
something like the time for a solution of Eq. (69) to 
approach equilibrium. 


APPENDIX 


In this appendix we will discuss certain theorems 
[stated in Eqs. (24), (30), and (51) ] which belong 
essentially to time-independent statistical mechanics. 
These theorems answer the questions, what is the phase 
volume of a system in which the local temperature and 
density are not uniform and what are the local distribu- 
tions of single particles and pairs. We will not prove 
these statements but will rather try to make them very 
plausible. We consider first the case of a single species. 

We are seeking the phase volume density and the dis- 
tribution of single particles and of pairs of the 
shell ensemble bounded by surfaces on which the 
5(2M+1)’—1 phase functions given in Eqs. (4), (6), 
and (8), or rather their 5(2M-+1)*—1 distinct real and 
imaginary parts, are constant. We can, however, de- 
scribe the ensemble equally well by means of any 
5(2M+1)’—1 independent functions of these phase 
functions provided we take account of the Jacobian of 
the transformation in calculating the phase volume 
density. 
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We consider the new phase functions 


(a/2M+ 1)*p (Xap») = Ni; 
(a/2M+1)*p(Xru») = Paws’; 
(a/2M+ 1)°E (Xay») oom Baws» 


where xy,,»= (@/2M+1)(A,u,v), A, w, v integers. Each of 
the points may be considered to be the center of one of 
the (2M-+1)° cells of side a/2m+1 into which our 
volume a* may be divided, while the new phase func- 
tions may be considered to represent the total number, 
energy and momentum in each cell. As we should expect 
these functions are not all independent and in fact 


M 
> dX» Nr’ =N. 


Auv=—M 


The 4(2M-+1)* cell momenta and cell energies and any 
(2M+1)’—1 cell numbers may be used to define the 
surfaces which bound the region whose volume we wish 
to determine. The Jacobian of the transformation to 
this new set of functions will be a constant and more- 
over its logarithm will be negligible. 

We have described the functions Vyy.’, Pru’, Fry’ 
as the total cell number momentum and cell energy, and 
they have many properties which justify these names. 
They have the defect however, the number, say, in 
cell uv involves contributions from particles which 
are not actually in cell Auv. One would, indeed, be more 
inclined to define these quantities as 


N 
Ni w= Zz, Ey uv (X;) 
i=1 


N 
Prwve= >. PiE yp (X;) 
=I 


N N 
Ey,»=), (p?/2m+3 2 V (%:—%;)) Exus (Xi), 
i=1 


ji 


where £,,(x) is the characteristic function of cell 
uv. Now we know that the function ¢(x—xp,,) is an 
approximation to the Dirac delta “function” and ex- 
pressions such as 


f (x) 9(x—xiys)dx 


or 


N 
Zz Gig (Xi—Xryv) 
i=1 


have a value close to g(x,y») or to the mean value of 
gi at Xny» if the function q(x) or the distribution of the 
quantity q; is smooth enough. We can expect that the 
particular quantities which enter into the definitions of 
Nyy’, Pru’, Enxw’ are very probably distributed uni- 
formly enough for Ny’ and Nyy, Prur’ and Pru», Eru’ 
and E,,, to be very closely equal. More precisely we 
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may expect that the volume of phase space where the 
unprimed quantities are significantly different from the 
primed is negligible. Needless to say a rigorous estimate 
of this volume, which we will not give, is necessary for 
an adequate proof. The £,, still cannot be described 
as the proper energy of a cell because the molecules 7 in 
their definition need not be in cell Au». We can, however, 
take into account the short range of the innermolecular 
forces and note that significant contributions to Ey,» 
come from molecules in cell \uy or in the six neighboring 
cells. Since each cell is supposed to contain many 
molecules and since only a few of these will be near 
enough to the cell surface to interact with a molecule in 
a different cell we may change the definition of the 
E\y» so as to exclude contributions from such inter- 
actions. More precisely we assert (again without proof) 
that the phase volume in which these contributions are 
significant are negligible. 

With these approximations we have reduced our 
problem to one with which we know how to deal. We 
have now to determine the phase volume in which the 
4(2M+-1) cell energies and momenta and (2M+1)'—1 
cell numbers have fixed values to within one unit. 
Since the cell numbers must be integers this means that 
we must fix all the (2M@-+1)*—1 cell numbers exactly 
and determine the remaining one so that the total is V. 
For each particular assignment of molecules to cells 
the integral for this phase volume breaks up into a 
product of integrals each one of which refers to a single 
cell. Since there are V!/[])y» Nay» such assignments we 
have for the phase volume density and expression of 
the form 


w=N! II Wyryv/ Nrys!, 


Aur 


where way, is the volume of the 6),,, dimensional phase 
space where the cell momentum and cell energy is 
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fixed to be p),, and E),, to within one unit. We have 
logw= } log (Wry»/Nru»!) +logV!. 


Aur 

Now we can prove by the method of Gallilean trans- 
formations of section D that wy,, is also the phase 
volume of the 6,,,-dimensional phase space where the 
cell momentum and cell energy is fixed to be 0 and 
E\yo— Pruv?/2mMN,y, to within one unit. If the momen- 
tum were not fixed to be zero logwyy,/N x,y»! would be 
KS (Nyy», Exue—Pruv?/2mN yy»), where S is the total 
equilibrium entropy of a system containing V,, mole- 
cules and having energy Ejy»—Prys?/2mN 4». The re- 
striction of zero total momentum causes an error of 
order 1/N),, which is negligible for our purposes. We 
have finally 


logw=>> (a/2M+1)8 
x S(p(Xrp»), E(Xyy») —p?(Xry»)/2mp (Xau»)), 


where s is the entropy density considered as function of 
the particle and intrinsic energy density. This expres- 
sion is one of the approximating sums to the expres- 
sion (30). 

Since we have argued that our original ensemble is 
very approximately equivalent to a group of micro- 
canonically distributed statistically independent cells, 
the one-particle distribution function will be propor- 
tional to the equilibrium one-particle distribution of the 
cell in which the particle is located. If the particles are 
in different cells, the two-particle distribution function 
will be proportional to the product of the equilibrium 
one-particle distribution functions corresponding to the 
two different cells. If they are in the same cell the two- 
particle distribution function is proportional to the 
equilibrium two-particle distribution function corre- 
sponding to that cell. 

There is no essential complication of the above argu- 
ments for the case of two species. 
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The history of a family of exothermally reactive solids is studied 
theoretically with the help of analytical and numerical calcula- 
tions. The different members of this family of nonisothermal 
solids are obtained, by changing scales and values of parameters, 
from the basic model which describes a zero-order reaction of a 
semi-infinite slab of material subjected at its surface to heat 
transfer from a gas. 

For low initial temperatures of the solid, the heat transfer rate 
determines the ignition time while for high initial temperatures, 
this heating parameter is less important than the initial tempera- 
ture, which controls the adiabatic ignition time. For the model 
used, the ignition time is generally quite sensitive to the duration 
of the external heating. Within the solid, it is found that the inner 
boundary of the region in which the chemical heat production is 
negligible moves inward along a diffusional type of path x« #4 
but that the point of maximum temperature, which develops after 


interruption of the external heating, follows a much different path. 
An analytical, approximate method of estimating minimum igni- 
tion time was tested by making comparison with numerical inte- 
grations and is probably accurate to 25 percent in the ignition time. 

The computational side of the theory presented here may be 
regarded as essentially complete for practical purposes until 
greater accuracy and detail are required by more critical applica- 
tions than are now in prospect. Meaningful utilization of the com- 
puiations in practical applications will not however be possible 
until reliable measurements have been made of certain of the 
parameters for the solid—namely, activation energy, frequency 
factor and thermal conductivity—and for the external heating— 
namely, gas temperature and heat transfer coefficient. 

In the course of the computations, many mathematical ques- 
tions arose which are fundamental to the investigation of this and 
more realistic models of ignition but which remain to be answered. 





SYMBOL LIST 


Dimensional Dimensionless 


x é distance from gas—solid interface 
t T time variable 
T(x,t) U(é,7r) temperature 
h H heat transfer coefficient 
c’, K, q, f, E and R are defined in Table I. 

¢ (/27?) 
y Hr} 
a exp(—1/U)/(dU/dr) 


discrimination parameter for cut- 
off of ¢-ward integration 
FS) —eMerfe(¢) 
m,n integers such that U(&, 7) 
= U (mbt, nit) =U m,n 


5&, dr dimensions of mesh for numerical 
integration 
Subscript Denotes 
a adiabatic 
c critical 
g gas phase 
i ignition time 
im minimum ignition time 
r scaling unit 
0 shutoff or end of heating time 
1 starting value for numerical in- 
tegration 
a value computed for a_ given 
value of a 
tr partial differentiation wrt these 
variables 
Superscript 
L result of a “linear” calculation 
(0) initial value 
(1) a subsequent value 


*Now at the Control Systems Laboratory, University of 
Illinois, Urbana, Illinois. 
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1. INTRODUCTION 


S part of a fundamental study of propellants at 
the Ballistic Research Laboratories, the theory of 
propellant ignition and combustion is being developed. 
In 1948 Alt’s paper! on steady state burning appeared, 
in which a solid propellant was assumed to undergo a 
purely thermal reaction. We use the same assumption 
in the present paper but treat the ignition process. 
The theory of steady reactions with or without space- 
wise propagation of the reaction zone requires the solu- 
tion of ordinary differential equations which, except for 
isothermal reactions, are nonlinear because the reaction 
rate depends on the Arrhenius factor exp(—E/RT),. 
Exact or approximate analytical solutions can often be 
obtained in the simpler cases.? The process of ignition 
can seldom be treated as steady state since by nature 
ignition is a transient process leading from one state, 
that of no reaction, to another, that of selfsustaining 
combustion. In thermal ignition the temperature is a 
function of position as well as of time. We see, there- 
fore, that an exact thermal ignition theory will involve 
the solution of nonlinear partial differential equations. 
Exact analytical solutions will not now be expected, and 
approximate analytical treatments will be more diff- 
cult to construct than in steady burning theory be- 
cause the nonlinear term is a function of two variables 
(x, ). Problems of this general mathematical type have 


1F, L. Alt, Ballistic Research Laboratories Report No. 682 
(1948). 

2D. A. Frank-Kamenetzky, J. Phys. Chem. (U.S.S.R.) 13, 738 
(1939); P. V. Melentjev and O. M. Todes, Acta Physicochim. 
U.R.SS. 14, 27 (1941); O. K. Rice, J. Chem. Phys. 8, 727 (1940); 
E. K. Rideal and A. J. B. Robertson, Third Symposium on Com- 
bustion (Williams and Wilkins, Baltimore, Maryland, 1949), 
p. 536; M. W. Evans, Technical Report No. 27, Project SQUID 
(Princeton, New Jersey, 1951)—a review of theories of steady- 
state flame propagation. 
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been examined by several investigators,’ but not the 
specific one formulated here. 

In the present paper, which is an amplification of 
reference 4, we shall give a fairly detailed account of an 
ignition process that is considered to be wholly thermal 
(i.e., no diffusion or consumption of material and no 
chain reactions).° Our purpose will be twofold: to give a 
thorough discussion heretofore unavailable, of the quali- 
tative behavior of thermal ignition (thoroughness is 
possible because of the simple model chosen); and to 
display techniques that are useful in handling a non- 
linear nonisothermal problem. We shall also attempt to 
evaluate briefly the adequacy of the computational 
methods. Since our method of evaluation is empirical 
rather than analytical, we have not considered local 
error nor its propagation quantitatively but have post- 
poned these more detailed mathematical questions for 
future investigation. In the present state of the theory 
it is impossible to answer both quickly and precisely 
all questions that may be asked about an ignition proc- 
ess or about the validity of approximations made in the 
theory. 

Some of our results have been summarized at various 
meetings of societies.*® 


2. THE MODEL 


We shall suppose that the reacting medium’ is 
bounded by a plane face, over which it is uniformly 
heated, and that for times of interest the effects of the 
heating penetrate only a small part of the thickness of 
the medium in the x direction perpendicular to the face. 
If the extent of the medium in directions parallel to the 
face is large and the material remains homogeneous 
throughout, we can take as our model simply a semi- 
infinite slab or rod (see Fig. 1). The partial differential 
equation describing the heat flow in such a volume 
which is undergoing exothermic reaction is 


oT oT 
c’—= K—+Q; x20, 


i>0 
até? si 


(2-1) 


°C, Lowener, NDRC Appl. Math. Panel Memos 131.1M and 
131.2M, (1945); H. E. Goheen, J. Math. and Phys. 28, 107 
(1949); C. H. Bamford, J. Crank and D. H. Malan, Proc. Camb. 
Phil. Soc. 42, 166 (1946); J. Crank and P. Nicolson, Proc. Camb. 
Phil. Soc., 43, 50 (1947); D. Altman and A. F. Grant, Jr., Ab- 
stracts of Papers for Fourth Symposium on Combustion (Massa- 
chusetts Institute of Technology, 1952), p. 19. 

‘J. H. Frazer and B. L. Hicks, J. Phys. and Colloid Chem., 54, 
872 (1950). 

*We have made extensive calculations, to be described else- 
where, of reaction models that allow for diffusion of a single re- 
actant as well as of heat. The stability aspects of these calculations 
were discussed at the Pittsburgh meeting of the American Physical 
Society in 1951. 

‘J. H. Frazer, New York City Meeting of Am. Chem. Soc., 
September 15, 1947; B. L. Hicks and H. G. Landau, Math. 
Tables and Aids to Computation 3, 207 (1948); B. L. Hicks, 
Phys. Rev. 76, 166(A) (1949). 

‘The medium can be taken to be solid. We shall not consider 
here the ignition process after the surface begins to regress. [H. G. 
Landau, oe. Appl. Math., 7, 81 (1950).)] The medium could be 
ray or gas if the density and position of all of its parts remain 
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Fic. 1. The model. 


in which T(x, ¢) is the temperature at any point in the 
medium; c’, K, Q are the parameters heat capacity per 
unit volume, thermal conductivity and rate of heat 
evolution (owing to the reaction) per unit volume. In 
our thermal theory, the reaction is assumed to be of 
zero order and the rate independent of concentrations; 
Q is therefore of the form 


O=gje*™*, (2-2) 


where g is the heat of reaction per unit volume, f the 
frequency factor, EZ the activation energy for the reac- 
tion, and R the gas constant. 

We assume that the heat is transferred to the surface 
from a gas at temperature 7, with heat transfer coeffi- 
cient 4. Therefore one boundary condition is 


oT 
—K—=h(T,-— T); 
Ox 


x=0, t>0. (2-3) 


At infinity we assume that the heat flow vanishes be- 
cause neither the internal heat source afforded by the 
chemical reaction nor the very distant heated surface 
can produce a gradient so far in the interior. The second 
boundary condition is thus 


oT 
——0; x0, #>0. 
Ox 


(2-4) 


As an initial condition we take the temperature to be 
constant® 


T=T®; t=0. (2-5) 


In practical ignition processes JT, would not be con- 
stant throughout the ignition process (nor would its 
variation be known with any degree of accuracy). We 
wish to have the model simulate ignition conditions, 


x20, 


8 Any later temperature distribution developed by the internal 
and external heating in the propellant could likewise be con- 
sidered to be an initial condition. 
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in a rocket for example, but also to introduce as few 
parameters as possible into this first treatment. We 
therefore suppose that T changes suddenly from one 
constant value to another (much lower) value at the 
end of the “heating time.” If j= duration of burning of 
an igniter, then 


T,”; 


" (TMCT{O; tyo<t. 


0<t< ho 


T (2-6) 


Thus ¢) marks the last instant for which the high gas 
temperature, T,, affects the surface. Actually, during 
the heating time the gas temperature would normally 
be much higher than the temperature of the propellant 
surface. Accordingly, solution of the above equations 
for different values of 4 corresponds to ignition either 
with different heat transfer coefficients or, approxi- 
mately, with different gas temperatures. The effects of 
variations with x or ¢ of c’, K, E, q, f, h, T,, or T® 
could also be roughly estimated from results for our 
simple model in which all of these parameters are as- 
sumed constant. Actually not much is known about the 
variation of such of these parameters as are not con- 
stant. The assumed nonconsumption of the propellant 
and neglect of the regression of its surface perhaps re- 
strict the validity of our description of ignition, relative 
to a more complete picture, more than does neglect of 
the variation of the parameters; and the effects of con- 
sumption and regression cannot be estimated directly 
from our zero-order thermal model. 

Since temperature rise must be our criterion for igni- 
tion of the propellant as described by the model, we 
shall principally be interested in defining ignition time 
and calculating its value as a function of the param- 
eters h, T, etc., and shall pay somewhat less attention 
relatively to the detailed variation of T with (x, /). 


3. REDUCED VARIABLES 


Not all the constant parameters need be retained 
explicitly in the analysis. We can simultaneously reduce 
the number of parameters and introduce new param- 
eters and new variables that are dimensionless with the 
usual advantages of this property. The transformations 
introducing the new or reduced variables U, £, t which 
we shall use are 


T=(E/R)U=T,U, (3-1) 
a= (KE/Rgf)'t=x,6, (3-2) 
t= (c'E/Roqf)r=t,r. (3-3) 


The quantities U, &, and 7 are then reduced variables 
of temperature, distance, and time. These transforma- 
tions permit elimination of all but five parameters from 
the system of equations that must be solved to yield 
the desired information about the ignition process. 
Equations introducing the five parameters remaining, 
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H, U,®, U, 7», are 





h= (RKoqf/E)*H=h,H, (3-4) 
T “aT ,™, (3-5) 
T®%=T,U, (3-6) 
to=1,To. (3-7) 
The equations to be solved then become: 
dU #U . 
—=—+e"U; £30, 7>0, (3.8) 
Or Of 
aU 
——=H(U,—U); &=0, 7>0, (3-9) 
0& 
0U 
— 0; tm, r>0, (3-10) 
0& 
U=U®; 20, 7r=0, (3-11) 
where 
U™; O0<r< T0 
U,= (3-12) 
U,%«KU,; to<r. 


Our mathematical problem will thus be to obtain a 
solution of the system (3-8) to (3-12) for the function 
U(é, 7; H, Uz, Ug, U, 79). 

Before methods of obtaining these solutions are dis- 
cussed, it will be useful to note the range of variation 
of the various original and reduced variables and 
parameters and to give the physical interpretation of 
the transformations. Table I shows the range of values 
of the quantities of interest. We interpret the trans- 
formation to , 7 as usual in transient heat flow prob- 
lems. The equation /~ (c’/K)x* gives the approximate 
time for disturbances of temperature to diffuse the 
distance x. We therefore expect to find that the trans- 
formation factors in (3-2) and (3-3) differ only by the 
factor (K/c’), i.e., (x/£)?= (K/c’) (t/7) = (K/c’)t, where 
t, is the unit of time. The unit of scaling in (3-1) is 
simply the temperature rise T=(E£/R). The scaling 
unit ¢, for ¢ can therefore be regarded as the time re- 
quired to increase the temperature of the solid (of heat 
capacity c’) by the amount 7, when it is heated at the 
rate of (gf) cal/cm® sec. The unit, ¢,, is thus a measure 
of the (exponential) sensitivity of the (thermal) reac- 
tion rate to heating produced by the reaction in the 
solid. In terms of ¢, we find that h,=(Kce'/t,)4H. This 
is also the usual result since, once a time scale has been 
introduced, a heat transfer coefficient scales (in 4 
transient heat flow problem) proportionally to (Kc’)’. 


4. QUALITATIVE FEATURES OF THE IGNITION 
PROGRESS 


The key to the general behavior of our model is to be 
found in its infinite extent. At infinity, although the 
heat flow vanishes, there always exists a finite positive 
heat source proportional to exp(—1/U). Since the sul 
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face boundary condition can have no influence on the 
behavior, at any finite time, at infinity we see that 
any assigned temperature will be attained at infinity 
in a finite time (though usually in a smaller finite time 
at some other point). Stated in physical terms, a pro- 
pellant which behaves like the model will always even- 
tually ignite (i.e., attain a high temperature and rate 
of reaction) and can never approach a steady state.® 
We find it convenient to say that the ignition has oc- 
curred when the reduced temperature at the surface 
first reaches the value of 0.045, and thus to define the 
reduced ignition time 7; by 


U (0, 7;)=0.045. (4-1) 


It simplifies matters to choose a common, rather high 
value such as 0.045, as the reduced ignition tempera- 
ture in all cases. The value of 0.045 is somewhat above 
the values for which the model is realistic. For this 
reduced temperature, however, the reaction at the 
surface is very rapid for the whole range of parameters 
outlined in Table I, and even though the rapid tempera- 
ture rise that takes place, once the exponential first 
takes hold, occurs at a temperature level which de- 
pends strongly on the initial temperature, the time to 
ignition is insensitive to the choice of reduced ignition 
temperature. 

We similarly define 72, which may be called the 
(reduced) adiabatic ignition time, as the time for 





*We note that a steady state for a thermal, infinite model is 
possible when burning (with surface regression) rather than igni- 
Uon of the propellant is considered. See reference 1. 

" Except where there is a possibility of confusing the reduced 
(dimensionless) and the dimensional variables or parameters we 


a generally omit the word “reduced” in the remainder of the 
aper, 


U=U, to reach 0.045 in a solid of uniform temperature 
Ua(Tia) a U (2 ’ Tia) = 0.045. (4-2) 


The case of “adiabatic” self-heating is obtained when 
the heat transfer at the surface vanishes or when the 
remote interior of the solid is considered. 

Under the influence of external heating which is 
“shut off” at time 79, the temperature at the surface of 
the propellent rises monotonically until 79, when, owing 
to discontinuity of the heat source at the boundary, 
(0U/dr)/z:-~>— © after which time there is cooling 
at the surface. Subsequently the temperature passes 


TABLE I. Approximate range or values of variables 
and parameters.* 











Dimensional Dimensionless 
Depth to which reaction Ax—10-5-103 cm AE— 102-1010 
penetrates 
Time intervals Ait—10-7-107 sec Ar—108-—1020 
Heating time to—10-&-103 sec ro— 104-1016 
Temperature T—200-600°K U—0.010-0.050 
Gas temperature (hot) T g©)—1500-3000°K U,—0.18, 0.20 
Gas temperature T g®)—300-600°K U,—0.021 
(cooled)> 
Initial propellant tem- T ©)—200-400°K U ©)—0.010-0.034 
perature 


Ti—675-1250°K 

h—10-6-3 X1072 
cal/cm? sec °C 

c’—0.5-0.8 cal/cm® °C 


Ui—0.045, 0.050 
H—10--2 10-6 


Ignition temperature 
Heat transfer coefficient 


Heat capacity/unit 
volume 

Thermal conductivity 

Heat of reaction/unit 
volumee 

Frequency factor 

Activation energy 


K—10-5-10-? cal/cm sec °C 
q—102-103 cal/cm? 


f—10'%—-10'6 sec 
E—3.0-5.0 X104 cal/mole 








® The values in the second column are, for the most part, those en- 
countered in practice. The values in the third column are those used in the 
numerical work for the present report. 

b See Sec. 2 for significance of Ty (reference 1). 

¢ In our treatment, g and f do not enter separately and only the product 
(gf) appears. 
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through a minimum and eventually rises again until the 
ignition condition is reached. The variations of the sur- 
face temperature with time, both for a positive value of 
the heat transfer coefficient H and for a zero value of H, 
are illustrated in Fig. 2. The effect of the surface heat- 
ing in decreasing the ignition time 7; from the adiabatic 
value 7; is evident. As the heating time 7» is increased, 
7) and 7; approach equality with one another and with 
Tim, the minimum ignition time, or maximum heating 
time, for which the surface temperature at shutoff 
U (0, 7>)=0.045. The temperature distributions in 
space are illustrated for different values of r<7o (that 
is, before shutoff) for a typical case in Fig. 3. 

We see that if the heating time 7» is decreased even 
slightly below the minimum ignition time 7; then the 
ignition time 7; increases very greatly. If the gas tem- 
perature U,“) is very much less than that of the surface 
of the solid U(0, r), at a time after “shutoff,” then if 
the heating time 7 is small enough the ignition time 
7; as defined above becomes greater than the adiabatic 
ignition time 7a. In general for these times after shut- 
off, moreover, the maximum temperature lies within the 
solid rather than at the surface and moves inward as r 
increases (see Fig. 4). The value 0.045 will be reached 
at the point of maximum temperature somewhat sooner 
than at the surface, although the difference in ignition 
times is often not large. This point of maximum tem- 


perature moves toward infinity as the heating time 7» 
decreases, so that when the ignition time 7;, as defined 
above in terms of the surface temperature, becomes 
equal to the adiabatic ignition time 72, the tempera- 
ture gradient is positive thoughout a considerable part 
of the solid. We define the critical heating time To to 
be that for which 7;;:0= ia. In other words, if heat is 
supplied for time 79, followed by cooling until ignition, 
the time for ignition will be the same as though the 
surface were always insulated. As illustrated in Fig. 2, 
the value of 79, is likely to be close to that of the mini- 
mum ignition time 7im. We shall later describe most of 
the results of the calculations in terms of Tim; less data 
are available for the ignition time 7; and for the critical 
heating time 70-. These periods of heating 79, and Tim 
represent the maximum and minimum periods of in- 
terest because the ignition time (as here defined) of a 
propellant is unchanged by external heating for to= 70 
and is reduced to a minimum by the external heating 
when 79= Tim. 

For not too high values of the initial temperature 
(see Appendix) there will occur an extended initial 
phase of the heating process during which the non- 
linear exponential term exp(—1/U) in Eq. (3-8) will 
be inappreciable. This is the period of “linear” heating. 
We shall measure the importance of the exponential 
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term by the parameter a where proximations, even though somewhat crude, are of 
, , special v in i 
ev =gU /ar. (4-3) especial value in nonlinear problems such as the present 


a thus is a function both of é and of r. A given value of 
a1 will first be reached at the boundary £=0 because 
exp(—1/U) is larger at the wall than elsewhere in the 
solid, and 0U/dr is smaller there than in the immediate 
neighborhood of the wall. Various quantities evaluated 
at £=0 and for a given value of a will be marked by the 
subscript a. Quantities evaluated before the end of the 
“linear” heating will be marked by the superscript L. 

The magnitude of the factor a is chosen differently, 
depending upon the purpose we have in mind. Thus, as 
the criterion for local “linearity” of the heating, we 
would take a< 0.05. In numerical integrations of Eqs. 
(3-8 to 3-12) we shall want to know when, for a given 
desired accuracy of integration, the exponential term 
must first be considered. The value of a would then be 
small (say 5X 10). On the other hand, for many choices 
of the parameters U, U, and H it is found that the 
minimum ignition time rim is about equal to a quantity 
ta” (which is calculable without integration—see the 
Appendix) if a lies somewhere between 0.2 and 0.83. 
This property of the (approximately) “linear” part of 
the heating curves is valuable, for it is then possible in 
Many cases to obtain useful approximations to the non- 
linear problem by purely analytical means. Such ap- 





one where they permit both concise representation of 
large ranges of numerical data and the construction of 
simple and of more generally powerful theoretical 
pictures. 


5. NUMERICAL CALCULATIONS 


A total of 70 different numerical integrations of the 
partial differential Eq. (3-8) were performed on desk 
computers and on the Bell Relay Computer and in- 
volved the following values of the parameters: 


U® =0,010(7)0.034," 
U,© =0.18, 0.20, 

H=10-"(6)2X 10-*, and 

T9=8.3X 108(37)3.3 X 10", 
Integrations were started at a time r=7,", different for 
each integration, with an initial temperature distribu- 
tion given by U“(é, 7.”) (see Appendix). In this way 
proper allowance was made in each case for the “linear” 
phase of the heating of the solid, and the effect of the 


exponential term could be introduced smoothly when it 
first become appreciable. The formulas used for the 


11To be read “seven values of which the smallest was 0.010 
and the largest, 0.034.” 
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numerical integrations are given by Eqs. (A-18, 19, 20) 6. RESULTS 
in the Appendix. ‘ Dimensionless Variables 
For each of the numerical integrations, values of U, ” 
and of rig were computed from Eq. (A-3) and of U” and The most complete data were obtained for the ml 


of tr.” from the other equations in the Appendix and mum ignition time Tim corresponding to no shutoff. “ 
from Fig. 12 recall that ignition is conveniently defined in terms 0 








the te 
theref 
direct! 
calcul: 
Figs. : 
numer 
and h: 
polate 
plottec 
and fir 
(HU, 
points 
smooth 
time 7; 
integra 
accurac 
(HU, 
fer to t} 
on the 
ture U, 
adiabat 
and to 








mini- 
{. We 








THEORY OF 





IGNITION 








HUg!*) | 
7 i — 
16 ———— ie” 
pT 
\Sr— ADIABATIGC ail 
14 a 
i re 
E 
ir = 
© 
°o 
| 





0.2 x 10°" 


/ 


cl 0.2 x 10° 





\ 
ss 











Bie 


_ a 














0.01 


0.02 


y (e) 0.03 0.04 


Fic. 6. 


the temperature becoming equal to 0.045 at the surface; 
therefore the ignition involves the interior only in- 
directly. All of the data on rim resulting from the 
calculations described in Sec. 5 have been combined in 
Figs. 5 and 6, which were constructed as follows: the 
numerical integration data were extrapolated to lower 
and higher values of initial temperature U, inter- 
polated for values of U®=0.015 and 0.025, cross 
plotted and smoothed against log(HU,) in Fig. 5 
and finally replotted against U® for even values of 
(HU,) in Fig. 6. The close agreement between the 
points and curves of Fig. 5 shows the possibility of 
smoothing the calculated values of minimum ignition 
time 7m from the various independent sets of numerical 
integrations but does not imply much as far as over-all 
accuracy of calculations is concerned. Correlation with 
(HU,) (which is approximately the rate of heat trans- 
fer to the surface) seems to take the place of scanty data 
on the individual variations of 7im with gas tempera- 
ture U, and with heat transfer coefficient H. The 
adiabatic curve on Fig. 6, corresponding to no heat loss 
and to a uniform temperature of the solid, was calcu- 





lated from Eq. (A-3) in the Appendix. On the basis of 
rather limited data pertaining to errors we estimate that 
the uncertainty in values of minimum ignition time 
Tim Obtained by numerical integration amounts to 10 
to 20 percent. The discrepancy between these values 
and the values estimated by the linear approximation 
described in the Appendix are less than 10 percent in 
most instances and this figure could have been reduced 
if the value of a had been chosen to be smaller than 
0.833. We therefore conclude that for our model and the 
range of dimensionless parameters given in Table I, the 
minimum ignition time tim can probably be estimated 
within 25 percent by computing the quantity tim” ac- 
curately by the analytical method (see Appendix) and 
combining this in formation with knowledge of the adia- 
batic ignition time rig. Physically speaking, therefore, the 
model can be replaced if the influence of external heating 
is not too small (i.e., 7imtia) by an unreactive solid (of 
temperature U4(£, 7) which by definition ignites under 
the effect of uninterrupted heating at the surface when 
the rate of heat production by the reaction becomes 
comparable at the surface to that supplied by external 
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TABLE IT. Sensitivity of minimum ignition time to change of initial 
temperature and of rate of external heating. 








— 8 logrim/d logU ©) = —@ logtim/d logT 











\ AU, 

UO, 0 0.2 X 10-10 0.2 X10-8 0.2 X10-6 
0.01 100 2.0 0.81 0.69 
0.02 50 8.3 5.8 1.6 
0.03 33 33 24 5.9 

— 0 logrim/d log(HU,) = —2 logtim/d log (hT 9) 
\ AU, 

UN, 0.2 X10- 0.2 X1075 0.2 X10-6 
0.01 1.8 1.8 1.8 
0.02 1.1 1d 1.7 
0.03 0 0.36 1.2 








heating (i.e., when 
a’=exp(—1/U")/LdU“/d7+exp(—1/U") ] 


reaches 0.833, or slightly less, at the surface).” 

Analysis of the data in Fig. 6 leads to a second con- 
clusion. The minimum ignition lime, that is the time for 
the temperature at the sur face to reach 0.045, is determined 
for low initail temperature U® primarily by the heat 
trans fer coefficient H, while for higher U® or lower H 
it is determined primarily by U®. (See Tables II, III.) 
Since the value of a” necessary to secure agreement 
with the numerical integration data seems to vary with 
U® and H, it appeared that ignition might better be 
defined in terms of a value of a rather than of U. 
The two criteria of ignition give curves of slightly 
different shape and position. It is not known at present 
which criterion would be more useful in comparing with 
experimental data. 

The postponement of ignition is the most important 
phenomenon occurring as a result of the shutoff of the 
external heating at a time 7» which is less than the 
minimum ignition time 7m. The shut-off data is rather 
fragmentary and uncertain partly because of compu- 
tational difficulties. We recall that the propellant, as 
described by the model, always will ignite some time 
because of the distribution of heat sources, all positive, 
through the solid. It may be concluded, however, that 
the time for ignition is quite sensitive to the length of the 
heating period, particularly for heating times near the 
minimum ignition time. The sensitivity is probably less 
in the neighborhood of the adiabatic ignition process. 
Unification of the shut-off data by physical arguments is 
difficult because of the arbitrary though convenient 
definition of ignition time 7; in terms of the surface 
temperature. In most cases of shutoff considered, an 
interior point will have the highest temperature and will 
ignite first. If the temperature at the surface at shut- 
off Up=U(0, 79) rather than the heating time 7» is 
used as the abscissa, however, the scattered data can be 

2 The less accurate linear method described by Altman and 
Grant (reference 3) appears to be satisfactory for correlating igni- 
tion data for a composite solid propellant. Our linear method may 


be required, however, when correlation of data for propellants 
whose parameters are considerably different is attempted. 
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correlated to some extent as shown in Fig. 7. It should 
be remembered that the shape of the shut-off curve 
markedly influences ignition delays if they are short. 
It is probable that the ignition time 7; depends sensi- 
tively on the surface temperature at shut-off when this 
temperature U4 is in the neighborhood of Up.= U (0, 70-), 
ie., of that at the critical heating time Toc. 

For three of the integrations extending after shut-off 
it was possible to follow the point of maximum tem- 
perature. On the basis of these three cases it was found 
that the movement of the point of maximum temperature 
within the propellant after shutoff does not even approxi- 
mately follow a diffusional motion describable by &«7~', 
and departs from this relation more the larger 7 be- 
comes. If the point of maximum temperature had been 
distinguishable in more of the runs, ignition time could 
have been more logically defined as the time for this 
point to reach 0.045. 

The behavior of the interior of the propellant before 
shutoff may exhibit one of three patterns: the interior 
may heat almost uniformly (as in the adiabatic case) ; 
or as though there were no chemical reaction (‘‘linear” 
case); or it may be affected by both chemical and ex- 
ternal heating. Which pattern prevails is determined by 
the proximity, in the no shut-off case, of the point with 
coordinates (U®, H) to the adiabatic curve in a figure 
such as Fig. 6 and also by the values of ¢ and r. Thus if 
£ is large enough, the adiabatic temperature level ob- 
tains; if 7 is large enough the effect of the chemical 
production of heat will surely be felt. We have studied 
the extent of the “linear” region in various ways. The 
trajectory of the point where a=0.05 yields the interest- 
ing conclusion that the regression inward of the inner 
boundary of the “linear” region follows approximately a 
diffusional type of path <r~ in spite of the fact that 
the depth where the chemical heating will be negligible 
cannot be calculated by our present linearized theory. 
The outer boundary of this “linear” region moves in- 
ward more rapidly. In addition, it was found that at 
the surface the value of a for a given 7 and initial 
temperature U cannot be less than a minimum value 
that is independent of the heat transfer coefficient H. 

The present theory gives the ignition time as 4 
function of external heating rate and duration and of 
the initial temperature of the propellant, for a given 
choice of ignition temperature U;. If U; were prescribed 


TABLE IIT. Typical conditions at ignition.* 











T °K 
h 
cal ne 300 450 
sec-°C logtim-sec logxi/s»-cm logtim-sec logx1/s-cm 

0 6.21 —0.665 

2.58X 1076 4.32 0.316 —0.665 

2.58 1074 Lae —0.882 —0.745 — 1.63 

2.58 107? —2.18 —2.34 —2.78 — 2.69 








® Calculated for the basic set of values of the parameters in Table IV. 
> x1/s defines the position at which 


T (x15, tim) —T ©) =0.2(T (0, tim) —T). 
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by a more complete theory or by experiment the meth- 
ods of calculation of ignition time given here for our 
model would still suffice. Such a prescription would, 
in any case, be difficult because no adequate description 
has, to our knowledge, been given of the transition 
from the phase of ignition with fixed propellant bound- 
ary to the phase of stable burning with regressing 
boundary. Hence there is no way at present to relate theo- 
retically the parameters that characterize the two phases, 
either in our theory or in that of Lewis and von Elbe.” 
Since their phenomenological approach has given a 
useful correlation of the characteristics of ignition and 
burning of gases, it may also succeed in the case of solid 
propellants. The theoretical predictions of Lewis and 
von Elbe would not agree with those of the present 
theory, primarily because the criterion for ignition is 
different in the two theories. 


Dimensional Variables 


It will be remembered that any of the plots in re- 
duced variables U, ¢, r, H (temperature, distance, time 


* Bernard Lewis and Guenther von Elbe, J. Chem. Phys. 11, 
803 (1947). We note that their g must be taken to include both a 
chemical heat production term and a lateral heat loss if (see 
teference 1), the equation is to describe a stable combustion wave 


ot constant velocity for an initial propellant temperature above 
absolute zero, 


and heat transfer coefficient) are easily convertible into 
plots in terms of the original quantities T, x, ¢, h, by 
multiplication with suitable scale factors as discussed 
in Sec. 3. In the present Sec. we shall illustrate the 
interdependence of the reduced variables, the original 
variables and the parameters (E/R), (qf), K, and c’. 
The method used should be applicable to other ignition 
or flame propagation problems which also involve a 
great many parameters. 

Five different sets of values of the four parameters 
will be picked in such a way that the effect of any 
changes in the parameters can be estimated by com- 
position of the results obtained for each of the five 
sets individually.“ The different sets are made up of 
values chosen from Table IV as follows:’® first the basic 
set as shown in Table IV; then sets consisting, in turn, 


4 Tt should be noted that accurate coverage in this way of the 
whole range of each of the original dimensional parameters re- 
quires that numerical integrations be performed for sets of the 
reduced (i.e., independent) parameters which cover the whole 
multidimensional space of variation of these parameters. This 
requirement is only partially satisfied by the data reported in the 
present paper. 

15 The parameters could also have been chosen to be (£/R), 
(K/c’), (te=qf/c’), (T+), and (Kc’)+ (see Section 3) and would 
have somewhat different physical significance. These parameters 
have not been discussed separately here, however, because (Z/R) 
and c’ vary over a small range compared to (gf) and K. 
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TABLE IV. Values of parameters used in dimensional plots. 











Basic set Altered values 
E/R 1.5X 104 2.5X 104 °K 
af 1016 1018 cal/cm?-sec 
c’ 0.50 0.70 cal/cm?-°C 
K 10-3 10°% cal/cm-sec-°C 
Le 3.873 10-8 cm 
t, 7.500X 1078 sec 
hy 2.582 X 104 cal/cm?-sec-°C 








of one parameter value from among the altered values 
and the other three parameters from the basic set (for 
example (E/R)=2.5X10', (¢f)=10'8, c’=0.50 and 
K=10-*). Temperature-time plots before shutoff are 
the ones chosen for illustration. The relationship be- 
tween other variables in the ignition problem could in 
principle also be shown graphically but would be more 
difficult to construct from the computed data than the 
temperature-time plots because less of the required 
data would be immediately available. 

The first plot of the dimensional variables (Fig. 8) 
was computed directly by multiplication with the ap- 
propriate scale factors of data from the Bell machine. 
For this run the reduced temperature U®=0.02, and 
the reduced heat transfer coefficient H = 10-*. The varia- 
tion of temperature T with time / is shown for two 
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positions in the solid determined by the reduced vari- 
able of distance ¢, namely &=0 and &=2.4X10° 
Corresponding to the value of the reduced distance 
§=2.4X10°, there will be different values of the dis- 
tance x for the different sets of parameter values. These 
values of « are indicated on the figure. The adiabatic 
curve is not shown since the adiabatic temperature rise 
above the initial temperature is negligible for the longest 
periods of time shown in Fig. 8. In considering this 
figure, we should note that: only the activation energy 
(E/R) affects the temperature scale; (Z/R) and the 
product (gf) affect each of the other three scales; the 
specific heat per unit volume c’ affects only the time 
scale; and the thermal conductivity K affects only the 
scales of distance and of heat transfer coefficient h. 
For the given reduced initial temperature U® and 
reduced heat transfer coefficient H, the basic curve is 
shifted in some cases and not in others when one of the 
parameters is altered from its basic value. Furthermore, 
because we have restricted ourselves to constant values 
of H and é, the values of the heat transfer coefficients 
h (as noted above) and of the distance x are not, in 
general, the same for the various curves in Fig. 8 which 
correspond to a given value of &. 

A second type of plot less easily derived from our 
numerical integrations and linearized theory but one 
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that is more easily compared with experiment, is given 
in Fig. 9. Here the dimensional parameters, / and 
T,, rather than the reduced ones, H and U,, are held 
constant, and all curves for x>0 correspond to the 
value x= 0.0465 cm rather than to a constant value of &. 
The basic curve for x=0 is the same as in Fig. 8. All 
curves for x=0.0465 were computed from the equation 


T= (E/R)U"[(KE/Rgf)—x, 
('E/Rqf)-t, (RKgf/E)*h] (7-1) 


where U4(é, 7, H] is the function defined by Eq. (A-8). 
Calculations showed that this linear formula gave a 
good approximation to the values of reduced tempera- 
ture U obtained by numerical integration for the corre- 
sponding reduced distance ¢. For the altered parameter 
sets at x=0 the method of construction used was the 
following: the ignition time ‘jm was obtained by inter- 
polation of curves of reduced ignition time 7m in Figs. 
Sand 6; T“=T7,U¥ was used for the lower part of each 
curve; and the middle portions of the curve were faired 
by hand. 

Our calculations on the ignition model are partially 
incomplete in the respect that the parameter U,, the 
reduced initial gas temperature, was not varied system- 
atically or over a wide range. Accordingly, in Fig. 8 
Wwe note that the gas temperature 7, changes when JT, 


the initial temperature of the solid, is altered. This was 
not a serious difficulty in preparing Fig. 9 because, 
particularly before shutoff, the gas temperature is 
much larger than the surface temperature, and there- 
fore variation of the reduced gas temperature U, is 
pretty well accounted for by approximately equivalent 
variation of the reduced heat transfer coefficient H. 
(See correlation used in Fig. 5.) 

Possible conditions at ignition for the basic values of 
the parameters of Table IV appear in Table III. 

If the theory is to be used for comparison with ex- 
perimental ignition studies and for estimates of ignition 
time in weapons, it will be necessary to obtain reliable 
measurements of the parameters h, to), and T, charac- 
terizing the heating process and of JT, (E/R), K, c’ 
and (qf) characterizing the propellant, in order that the 
differing effects of these various parameters can be 
clearly separated. This quantitative specification of the 
ignition process is especially needed because of the wide 
range permitted many of the parameters (see Table I). 


7. CONCLUDING REMARKS 


The first purpose of the calculations was to determine 
ignition times for a reasonable model based on a purely 
thermal phenomenon (i.e., no diffusion) for various 
conditions of external heating and initial temperature. 
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In the process of obtaining these ignition times, by 
numerical integration of the partial differential equa- 
tion, the variation of the temperature with space and 
time was also found. Because of the complexities of the 
problem an interest in the mathematical aspects of the 
problem developed, leading to as yet incomplete use of 
big machines and studies of integration formulae, 
linearization methods, and the problem of estimating 
overall error. The question of how the theoretical results 
could best be compared with experimental findings sug- 
gested new theoretical investigations, which will be 
reported later, in which diffusion of reactive material is 
considered as well as the flow of heat. Although the 
investigations connected directly with the present model 
are incomplete and not fully reported here, their stimu- 
lus of related lines of inquiry have been to us as im- 
portant as the specific results obtained for the present 
model. We believe that there now exists a rather broad 
basis for further numerical study of this and related 
models of a thermal ignition process. 
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APPENDIX 


In order to find the course of the temperature rise and in par- 
ticular to find 7;, tim, etc., as functions of the parameters U, 
ro, H in the heated reacting solid, it is necessary to integrate the 
system of Eqs. (3-8) to (3-12). In one important special case, which 
we shall discuss first, the integration is exact. Suppose that the 
heating at the surface is so gentle that H~O or U~U(0, 7), 
(i.e., we have the adiabatic case, denoted by subscript (a)). Then 
at no time will there be temperature gradients in the solid and 
(3-8) becomes 


aU, ; 
—S=¢eWUa; 720, (A-1) 
Or 
which integrates to 
"Ue ’ r 
r= fea. (A-2) 


The integral is expressible in terms of the integral exponential 
function, but for the range of U and U of interest, the asymp- 
totic series, 

u® 


r=VeVV(1+21IV+31V+---)1 7 (A-3) 
is of adequate accuracy. For calculation of ria, Xa is put equal to 
0.045 in Eq. (A-3). Then only the terms in U® need be retained, 
which corresponds to the fact that the adiabatic ignition time 
depends (for U not too close to 0.045) principally upon the ini- 
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tial temperature U® and not upon the somewhat arbitrary choice 
of ignition temperature U;=0.045. In Fig. 10, U, the initial 
temperature, is plotted as a function of logria. 

We shall next calculate the behavior of the propellant in the 
linear period of heating as defined by some suitably small value of 
a. In order to find the function U“(é, 7) describing the behavior in 
this period we must solve the system: 








L 27 7L 

wd or £20, +r>0 (A-4) 
T 
L 

-SE AAW. -04); e=0, r>0 (A-5) 
L 

ame E>, r>0 (A-6) 
UL=U; £20, r=0. (A-7) 


The solution for U# is,!® 
UL=U+[U,%—U]e-*[F(6)—F(O+¥)] — (A-8) 
in which 


FO=ee fl Pan=Perfelo (A-9) 


o=t/2/r v=Hy/r (A-10) 


A table of F(¢) to four figures is given in reference 16 (p. 373). The 
solution in the form (U2—U™)/(U, —U™) is plotted as a func- 
tion of logy in Fig. 11.!7 The time derivative which is needed in 


16H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(The Clarendon Press, Oxford, 1947), p. 55. 

“Tf +>7 or if U, were not constant for r<79, U¥ could be ob- 
tained from Eq. (A-8) by integration. (See reference 16, Sec. 10 
and p. 55.) If, in particular, U, is constant for each of a number of 





order that a may be computed is: 
aU" 


ar 


1 
WV" 


In particular, at the surface of the propellant ¢=£=0, and Eqs. 
(A-8, 11) become, respectively, 





[v,— voyre | -Fe+y|. (A-11) 





Ut=U+4[U,-U]1-F)] (A-12) 
aut 1 
ot =tu.-vo yr zs Fw), (A-13) 


Values of ra” and U,4(0, tr”) for which 
exp(—1/U*) =a"([(0U"/dr) +exp(—1/U*) }y, +44 


can be determined from simultaneous solution of this pair of 
equations and Eq. (4-3), together with a chosen value of a”. The 
parameter 7,” thus determined is plotted in Fig. 12 for a = 0.833 8 
as a function of U® and H. Such curves were used later for com- 
puting values of U at the starting time 7: of some of the numerical 
integrations (2&#=5X10~) and also approximate ignition times 
Tim” (a4 =0.833). The quantities UV,” do not have precise physical 
significance in the ignition problem for large a but were useful in 
estimating values of r,”. 

The behavior near the end of the period of linear heating can 
be discussed most simply in terms of approximate formulas. The 


intervals of r separated by discontinuous jumps, then U” can be 
found by addition of functions such as that in Eq. (A-8). 

18 In part of the calculations, an a had been defined as e-/4/U ¢¢; 
a’ was taken equal to 5X 10-4, 5X10 and 5.0 in finding Ua", 
ta”. The calculation of « from numerical integration data however 
is easier if it is defined as in Eq. (4-3). Since U ge”+exp(—1 /U*) 
is a good approximation to U; in the linear period of heating and 
U;2"=U,*, we see that a’=a"(1+a")— leading, for the above 
values of a” to a’=5 xX 10-4, 4.75X 10 and 0.833, respectively. 
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value of ¥o"”=H (ra")* for a =5X10~ and values of U, U,, 
H used in the numerical integration all lie below 0.2 making pos- 
sible development of the following approximate expressions (i.e., 
first terms of series good near y=0): 












UL~U+[U, — yo py (A-14) 
Vr 
A 
(m,n+!) 
10) 10) ° 
(m-i,n) (m,n) (m+l,n) 
mdé v 


Fic. 13. Time-distance net. 
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Fic, 12. 






and 
aU+| 
c | ~H[u 9-09} [vs r. 
Or | 0 
Elimination of Y” between Eqs. (A-14, A-15) gives, with Eq. (4-3), 
an implicit expression for U,”, in first approximation, 


(A-15) 





al 
(Ue? —U] exp(—1/Ug")—HLU,%-—U}. (A-16) 
~T 


Substitution of the U,” obtained from Eq. (A-16) into (A-14) 
gives an approximate value of Ye” and therefore of ta”. Note 
that U,” and ye", in this approximation, depend upon the 
product aH? and not upon a” and H? individually. The behavior 
of a! very near y=0 is given by the expression 


ah = y/x exp[—1/UW4/H[U,—U]. — (A-17) 


In addition to making the two special analytical calculations 
described, we obtained the solution of the system Eq. (3-8) to 
(3-12) from a direct numerical integration using simple finite 
difference approximations, Eqs. (A-18, 19), to the partial differ- 
ential Eqs. (3-8, 3-9), expressed in terms of the values of 
Um,n=U(méé, nir) at the net points (mdé, ndr) (see Fig. 13). 


Um, not =$(Um-1, at Om+1, n) +6r exp(— 1/U m, n)s m 2 1 (A-18) 
Uo, ngi= U1, n+HbtE(U,—Uo, n) +67 exp(—1/Uo,n), m=0. (A-19) 


In these formulae 6r=5£2/2. The boundary condition at infinity is 
automatically taken care of within a given degree of accuracy by 
choosing a value of M of m large enough for each so that 


|Ua,n—Um-1,n|SA. (A-20) 
The value of A and of the method of approximating the jump in 
U, at r=7o were chosen appropriately for each numerical integra- 


tion. The formulas give Um,n41 in terms of quantities calculable 
from nth row information (i.e., at r=n5r) and thus permit for- 
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ward integration in time from r=71 to r=7;~n;67. Calculations 
based on these finite difference formulae have been made by the 
Ballistic Laboratories’ Computing Laboratory, both with desk 
calculators and with the Bell Relay Computer, about 35,000 net 
points being involved. The longterm stability of our method of 
integration is assured by the fact that 67 is not larger than 5£/2. 

As there was no analytical method of estimating the cumulative 
error in the integrations, essentially the same difference equations 
were used in numerical integrations on the EN/JAC for U ==0.031, 
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U, =0.18, H=2X10~* for seven values of 5¢ for the full non- 
linear equation and for four values of 5¢ for the linear equation 
obtained by omitting the exponential term. A total of more than 
10° net points were involved in these integrations. A preliminary 
inspection of the results tends to substantiate the conservative 
estimate of errors given in Sec. 6. A detailed analysis, not as yet 
complete, of the extrapolation to zero net size of 7;(6£) and other 
variables, should permit an estimate of the cumulative error both 
for the linear and the nonlinear cases. 
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The infrared spectrum of C;O2 has been studied in the vapor phase from 2.2 to 204 with a Perkin-Elmer 
double-pass spectrometer, and the Raman spectrum has been photographed in the liquid phase. A comparison 


of the Raman with the infrared spectrum shows definitely that the molecule has a center of symmetry as is 
required for the linear structure commonly assumed. However, the infrared spectrum cannot be explained on 
the assumption of a linear model; the envelopes of the principal absorption bands as well as thos¢ of the 
weaker combination bands have the wrong shape. It appears rather that the oxygen atoms are bent out of 
line with the carbons in a plane zig-zag configuration. From the rotational structure of one of the combination 


INTRODUCTION 


HE carbon suboxide molecule has commonly been 
assumed to have a linear symmetric structure,! 
the two oxygen atoms lying at either end of the chain of 
three carbons. Results of earlier Raman? and infrared?® 
studies of the molecule were not inconsistent with this 
assumption, which appeared to be supported also by the 
electron diffraction evidence.t The previous Raman 
work was carried out under far from optimum condi- 
tions; also the infrared absorption was obtained with the 
use of only a KBr prism for the entire range investi- 
gated, from 500 to 4500 cm~'. Hence it was considered 
advisable to repeat these experiments with the superior 
spectroscopic equipment that has been developed since 
the original work was done. The data obtained in the 
present investigation are not entirely consistent with 
the linear model hitherto assumed for C302; it now 
appears that the oxygen atoms on the average are bent 
out of line with the three carbon atoms but in such a 
fashion as to preserve a center of symmetry. In more 
recent electron diffraction work,®> reported after the 
present study was begun, the authors favor a linear 
model but admit the possibility of a nonlinear one. 


* This research was assisted by support from the U. S. Office of 
Naval Research. 

1L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, 1939 and 1941). 

2 W. Engler and K. W. F. Kohlrausch, Z. physik Chem. B 34, 
214 (1936). 

*R. C. Lord, Jr., and N. Wright, J. Chem. Phys. 5, 642 (1937). 
1933) Brockway and L. Pauling, Proc. Natl. Acad. Sci. 19, 860 
ass} Mackle and L. E. Sutton, Trans. Faraday Soc. 47, 937 

1). 








bands the O—C—C angle is computed to be approximately 158°. 


EXPERIMENTAL 


Carbon suboxide was prepared by the pyrolysis of 
diacetyl tartaric anhydride at low pressure in a system 
similar to that used by Kobe and Reyerson.* Vapors 
from the pot containing the anhydride, which was main- 
tained at a temperature of 150°C, passed through a 
14-mm quartz tube enclosed in a cylindrical furnace at a 
temperature of 700°C. A series of liquid air traps was 
used to separate the various products of the reaction, 
the C302 being vacuum distilled before removal from 
the system. 

The Raman spectrum was taken in a prism spectro- 
graph’ with a dispersion of 19A/mm at 4600A; the 
sample tube was of about 12-ml capacity. With the first 
sample studied, the temperature was held at — 80°C for 
an exposure time of eight hours. Polarization measure- 
ments were made on this sample by the method of 
polarized incident light.’ Later a new sample was pre- 
pared and the experiment repeated with an exposure 
time of eleven hours at a temperature of —70°C. On 
each occasion the sample was vacuum distilled into the 
Raman tube. 

Preliminary infrared measurements were made with a 
Perkin-Elmer Model 12-C spectrometer using NaCl and 
KBr prisms. An 8-cm Pyrex cell with AgCl windows 
was employed after it was discovered that the vapor 
polymerized in a metal cell, yielding spurious absorption 

, a A. Kobe and L. H. Reyerson, J. Phys. Chem. 35, 3025 
' 7 es Sheppard, and Rank, J. Chem. Phys. 16, 704 (1948). 


8A. E. Douglas and D. H. Rank, J. Opt. Soc. Am. 38, 281 
(1948). 
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bands. Subsequently the infrared spectrum was re- 
measured with the Perkin-Elmer double-pass spectrome- 
ter, a LiF prism being used for the region above 
2000 cm-'. 

Several attempts were made to obtain the photo- 
graphic infrared spectrum of C;O:, in particular the 
combination of the second overtone of the strong 
infrared active fundamental at 2258 cm™ with the 
Raman active fundamental at 2190 cm™. No spectrum 
was found with a 3-m path at a vapor pressure of about 
60 cm, the dispersing element of the spectrograph being 
a 21-foot concave grating. A 2-m tube of the J. U. White 
type was constructed which made possible a path up to 
about 50 m. Utilizing a 5-m concave grating, a few weak 
lines representing the band in question were photo- 
graphed and measured with third-order iron standards. 
Also photographs were taken with a Bausch and Lomb 
transfer plane grating and a 16-foot camera. With a 
vapor pressure as high as 71 cm, the silvered surfaces of 
the multiply reflecting mirrors were rendered useless in 
an hour’s time by the action of the C;02. When the 
vapor pressure was reduced to 50 cm, the freshly 
silvered surfaces deteriorated more slowly, but at such a 
rate as to make it impossible to obtain satisfactory ex- 
posures. With a much smaller vapor pressure, the 
resulting weaker absorption also yielded unsatisfactory 
plates. 

OBSERVED SPECTRUM 


The original Raman spectrum of C;O02 obtained by 
Engler and Kohlrausch? showed five certain and four 
doubtful lines. The first Raman spectrum photographed 
in this investigation with an 8-hr exposure included 11 
lines of which five or six could be called certain. How- 
ever, when the experiment was repeated with a new 
sample, an exposure of 11 hours yielded only four lines, 
one of which is apparently an overtone of one of the 
others. The Raman measurements are presented in 
Table I. Three of the lines observed in the 8-hour ex- 
posure can be identified as due to methyl acetylene, 
which is known to exist in the sample (as well as 
acetylene) from the photographic infrared plates. Of the 
four lines obtained on both plates, the one at 577 cm™ is 
depolarized, the others being polarized. The line at 828 
cm~ is very broad and comparatively diffuse. 


TABLE I. Raman spectrum of liquid carbon suboxide. 











Engler and 
vvac Kohlrausch 
em! Description® Assignment cm"! 
577 m. Dep. V3 586 
828 v.s., b. P. Ve 843 
1154 w. i 2v3 1176 
2190 s. r. V1 2200 








Spurious or doubtful lines on first Raman plate: 335 (v.w.) (Me Ac): 
519 (w.); 1084 (v.w.); 1127 (m.) (ketene ?); 1381 (w.) (Me Ac); 1642 
(v.w.); 2132 (v.w.) (Me Ac). 

w., v.w., b., Dep., 


« Abbreviations: Vin 0. We P. =very strong, strong, 


medium, weak, very weak, broad, depolarized, polarized, respectively. 








The infrared spectrum reported here is in substantial 
agreement with that of Lord and Wright* as to the 
number and positions of the bands, allowance being 
made for the difference in precision of measurement 
possible with the two spectrometers. However, with the 
superior resolving power of the Perkin-Elmer double- 
pass instrument, one can now distinguish the band 
envelopes much more clearly. A trace of the infrared 
spectrum in Fig. 1 shows that the prevailing band type 
for carbon suboxide with the resolution available con- 
sists of a strong central maximum. The principal ex- 
ceptions to this in the NaCl region include a band of 
medium intensity at 1122.5 cm with P—Q—R struc- 
ture, and at slightly lower frequency a series of peaks of 
varying intensity and separation. In the LiF region are 
found bands with a central minimum at 2154.5 and 2386 
cm suggesting P—R structure and another at 3335 
cm with a very weak central maximum between much 
stronger side branches. The most informative band 
envelope in this region is that at 2386 cm™ in which two 
strong maxima are accompanied on the short-wave- 
length side by a set of weak maxima of fairly regular 
separation. (The absence of these maxima on the long- 
wavelength side of the 2386 cm™ band may be ascribed 
to the overlapping of this region by atmospheric CO, 
and by the very strong fundamental band at 2258 
cm—!.) The band at 4445 cm™ is possibly also of this 
type, the resolution of the spectrometer not being great 
enough to separate the weak maxima. In Table II are 
given the measurements of the infrared bands along 
with those of Lord and Wright. 


DISCUSSION OF THE SPECTRUM 


Herzberg® has discussed three possible models 


for carbon suboxide: (I) O=C=C=C=0, 
O C 
Vi @~\N 
(II) C=C=C_ i, (IIT) & gE « 
Vi Va \ 
O O 0 


belonging to the point groups Dx, Co, and Co», re- 
spectively, and attempted vibrational assignments for 
Models I and III, his assignments for I differing in part 
from those of Lord and Wright. For Models I and II, 
which have a center of symmetry, only three of the 
fundamentals are Raman active, while for Model III all 
nine fundamentals are Raman active and eight are 
infrared active as well. From the Raman spectrum alone, 
which can best be analyzed as consisting of three 
fundamentals and one overtone, it would appear that 
Model III can be eliminated as a possible structure for 
carbon suboxide. This conclusion is strengthened by 4 
comparison of the Raman and infrared spectra, for it 
turns out that there are no coincidences between them. 
A further reason for believing that the molecule has a 


°G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945). 
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Fic. 1. Infrared absorption spectrum of C3O¢ from 2.2 to 20u at 
various vapor pressures. Bands distorted by atmospheric absorp- 
tion are indicated by dotted lines. 


center of symmetry is that there are no first overtones 
of the infrared fundamentals although the band at 1666 
cm can be reasonably interpreted as a second overtone. 
Likewise there are no binary combinations of infrared 
fundamentals but numerous binary combinations of 
infrared and Raman active vibrations. 

It is not possible to choose between Models I and II 
on the basis of the Raman spectrum. For the linear 
model the Raman lines at 2190 and 828 cm™ would be 
assigned to the two symmetric stretching modes of 
species 2 ,, while for the bent Model IT these lines would 
be of species A ,. The line at 577 cm™ should be due to 
the bending mode II, for the linear model and A , for the 
zig-zag one. The polarization data (see Table I) might 
seem to favor Model I for which this last Raman line 
should be depolarized, whereas all three lines should be 
polarized for Model II. However, since for a totally 
symmetric vibration the degree of depolarization may 
vary between 0 and 6/7, Model II cannot be called 
inconsistent with the Raman spectrum. There remains 
to consider the evidence provided by the envelopes of 
the infrared bands. 

Assuming the linear model, there are four infrared 
active fundamentals, two of which should be represented 
by parallel bands with a separation of about 11 cm™ 
between the P and R branches, and two by perpen- 
dicular bands with P, Q, and R branches. The most 
probable assignments for these would be the strong 
bands at 2258 and 1570 cm for the two stretching 
vibrations (of species ,,) and those at 635 and 551 cm7! 
for the bending vibrations (IT,,). However, none of these 
bands has the required envelope; in fact, they all show 
just a strong central maximum with no side branches. 
All of the other bands shown in Fig. 1 with the exception 
of those at 779.5 and 1040 cm~ could be accounted for 
as arising from these four fundamentals, nearly all being 
combinations of the infrared with the Raman active 
fundamentals. Aside from the previously mentioned 
band at 1666 cm™, which appears to be the second 
overtone of the infrared active fundamental at 551, and 
the band at 3335 cm-, which is probably a combination 
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of the first overtone of this same fundamental with the 
highest-frequency fundamental at 2258 cm™, the re- 
maining bands of the infrared spectrum can be explained 
as binary combinations involving one Raman and one 
infrared fundamental. 

An examination of the band envelopes which have a 
more complicated structure than just a central maxi- 
mum brings out the following discrepancies. The only 
one which shows definite PQR structure—at 1122.5 
cm~!—is a combination of the two bending modes at 577 
and 551 and should consequently be of species 2, with P 
and R branches only. The band at 2154.5 cm™, which 
apparently has P and R branches with a separation of 
14 cm“ is presumably due to a combination of the 577 
Raman active vibration with the infrared band at 1570 
cm! and therefore of species II,. The band at 3335 
cm, being a combination of the fundamental 2258 and 
the first overtone of 551 should be of species 2,, and 
here we have the proper band contour if we assume that 
the weak central maximum is due to an impurity in the 
sample, namely, methyl acetylene. However, the P and 
R branch separation of 22 cm is just twice what is 
expected if C;O2 is linear. The same comment can be 
made about the band at 2386 cm™, in which the 
separation of the P and R maxima is about 23 cm™. 
Furthermore this band has structure on the short- 
wavelength side which could not possibly arise from a 


TABLE II. Infrared spectrum of carbon suboxide vapor 
from 2.2 to 20u. 











Lord and 
vvae (Obs) vvae(Calc)> Wright 
cm” Intensity" Assignment cem~! cm7! 
544 
551 V.S. V9 557 
635 s. Vs 637 
779.5 w. V5 779 
889 
909 
1050 m. V4 1024 
1122.5 m. vV3t V9 1128 1126 
1215.5 m. vet vs 1212 1225 
1375.5 V.w. vot vg 1379 1387 
1470 
* 1570¢ s. 7 1570 
1666° m. 39 1653 1670 
1770¢ V.w. 1760 
1850 
1980 
2154.5 S. Vat vz 2147 2190 
2258 V.S. V6 2290 
2386° s. vot v7 2398 2410 
2670 w. vz+2py9 2672 
2738 w. vitve 2741 
2828 w. vitys 2825 
2840 Ww. vat V6 2835 
3086 s. vot ve 3086 3150 
3335 m. vet2v9 3360 3380 
~3756° s. vit 3760 3790 
3857°¢ w. vit3v9 3856 
4445 m. vyy+ V6 4448 4590 








a Abbreviations: v.s., s., m., W., V.w., =very strong, strong, medium, 
weak, very weak, respectively. 

b Neglecting effect of anharmonicity. 

e Band obscured or distorted by atmospheric absorption. 
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linear molecule. In view of all this evidence it seems 
necessary to abandon the assumption that carbon 
suboxide has a linear structure. 

There remains to consider Herzberg’s Model II. It is 
interesting to note that this type of structure was re- 
cently proposed for an excited electronic state of the 
normally linear molecule acetylene by King and Ingold," 
who called it a “plane centro-symmetric zig-zag.”’ This 
model for carbon suboxide requires in addition to the 
three Raman active fundamentals of species A, men- 
tioned previously six infrared fundamentals, four of 
them in the plane of the molecule (B,) and two out of 
the plane (A,,). It has already been shown that this 
model is consistent with the observed Raman spectrum. 
As for the infrared spectrum, it may be noted first that 
the four vibrations of species B,, may be assigned to the 
same four bands considered above as fundamentals for 
the linear model. Since the model now under discussion 
is a slightly asymmetric top, the difficulty about the 
contours of these fundamentals is removed. The two 
infrared bands at 779.5 and 1040 cm™ which could not 
readily be accounted for on the linear model can now be 
assigned as the A, vibrations. The first of these two has 
been resolved into four rather weak maxima with an 
average separation of about 5 cm™. The other band is 
not so clear cut. It appears to consist of two maxima of 
medium intensity at 1015 and 1025 cm™ and three 
weaker ones at 1055, 1068, and 1075, with two other 
barely resolved shoulders between these two groups at 
1033 and 1045 cm. Under the available resolution it is 
not clear whether this absorption represents only one 
band or more than one, and a further complication may 
arise from the fact that one of the weaker fundamentals 
of methyl acetylene is found in this same region. In view 
of these uncertainties the band is here given a wave 
number value of 1040, this being approximately the 
center of the absorption. The weak absorption of the 
779.5-cm™ fundamental may be explained thus: the 
vibration is believed to involve an out-of-plane motion 
of the two C—O groups against the central carbon with 
a consequently small change of dipole moment. A 
qualitative check on the assignment of these two funda- 


c c ae ~* \ a» 
° 
Vy (G9) Ve (a4) Dy (Gg) 
V4 (a,) V5 (a,) VD, (by) 
VD, (by) 


Vg (by) ve (by) 


Fic. 2. Schematic representation of the fundamental modes of 
vibration of C30. 


0G. W. King and C. K. Ingold, Nature 169, 1101 (1952), 
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mentals is provided by the fact that they should be pure 
perpendicular vibrations with no parallel component 
and this seems substantiated by the absence of the 
strong central absorption noted elsewhere in the infrared 
spectrum. A schematic representation of the vibrational 
modes for the zig-zag model is given in Fig. 2. 

The fine structure on the short-wavelength side of the 
band at 2386 cm~ has an average separation of about 
5.5 cm. This structure may be interpreted as due to the 
perpendicular component of a hybrid band, the parallel 
component being represented by the strong central 
maxima. If this interpretation is correct, the band in 
question provides the strongest kind of evidence for the 
nonlinearity of carbon suboxide. The similar structure 
on the long-wavelength side of the 3086 cm™ band, 
which has an average separation of about 9.5 cm“, is 
almost certainly due to the vg band of methyl acetylene, 
as the positions of the individual peaks check well with 
those reported in some recent work at higher resolution 
by Boyd and Thompson.!! The irregularly spaced struc- 
ture on the short-wavelength side of this band has an 
average spacing of 13 cm and may be due to a combi- 
nation of the perpendicular band at 1040 with the 
Raman band at 2190 cm~. Owing to the previously 
mentioned uncertainties with regard to the 1040 cm™ 
band, this assignment is merely tentative. The unre- 
solved background at the high-frequency end of this 
structure is no doubt due to the acetylene in the sample, 
but the eight or nine partly resolved weak maxima 
cannot readily be attributed to some other impurity. In 
Table II are found the assignments for the infrared 
spectrum along with the earlier data of Lord and Wright. 

On the basis of force-constant calculations, Engler 
and Kohlrausch? postulated a low-frequency funda- 
mental at about 200 cm~. From the analysis of the 
infrared spectrum given above it appears that the 
assumption of such a frequency is unnecessary. Re- 
cently, an examination” of the far infrared region of the 
carbon suboxide spectrum by the residual ray method 
has indicated weak absorption at. 192 and 161 cm”. 
This is undoubtedly the difference band v2— vs. A some- 
what stronger difference band should be found near 275 
cm for ve—v9, but apparently this region was not 
investigated. 

As mentioned in the foregoing, two impurities in the 
sample of carbon suboxide used in this study that have 
been positively identified are methyl acetylene and 
acetylene. The 3»; and 3v; bands, respectively, of these 
two molecules were found in the photographic infrared 
with the rotational structure well resolved. In the near 
infrared region, the fundamental vs of acetylene was 
observed as was also v3, the latter being overlapped by 
suboxide bands. A number of the fundamentals of 
methyl acetylene appeared including 1, v3, and v6; ” 


1D. R. J. Boyd and H. W. Thompson, Trans. Faraday Soc. 48 


493 (1952). 
12 J. K. O’Loane, J. Chem, Phys. 21, 669 (1953). 
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would be completely covered by the 635 cm band of 
carbon suboxide, but 27, may be present. The possi- 
bility® that ketene may occur as an impurity in carbon 
suboxide produced by pyrolytic reaction could not be 
verified in this infrared study; however, the stronger 
infrared bands of ketene lie near regions of carbon 
suboxide absorption and may be obscured. In the first 
Raman plate, the line at 1127 cm™ may be the ketene 
line reported by Kopper™ at 1130 cm, but if this is so 
it is not clear why the almost equally strong line at 2950 
cm was not observed. Since the doublet of medium 
intensity reported by Lord and Wright at 909-889 cm7! 
was not found in this investigation, it is possibly an 
impurity in their sample. The same inference may be 
drawn concerning the group of bands they observed at 
1760, 1850, and 1980 cm™"', to which there corresponds in 
the present study only a very weak absorption near 
1770 cm“. 


DISCUSSION OF THE MOLECULAR CONSTANTS 


As pointed out by Lord and Wright,’ if the carbon 
suboxide molecule is linear it must have a moment of 
inertia of about 390 10— g cm?, and this would give 
rise to a separation between the P and R branch maxima 
of a parallel band of about 11 cm. Their failure to 
observe such a band was attributed to the low resolving 
power of their spectrometer. Since the Perkin-Elmer 
spectrometer employed in the present study can resolve 
bands separated by one wave number or a little less in 
the neighborhood of 2200 cm, the failure to observe 
any splitting at all in the 2258 cm™ band might alone 
be taken to indicate the nonlinear structure of the 
molecule. The combination bands vo+ v7 and v3+ 7 on 
either side of the fundamental v¢ do exhibit a splitting 
suggestive of P and R branch envelopes, the separation 
of the maxima being 23 and 14 cm“, respectively. This 
latter value is, however, extremely dubious because the 
position of the supposed P branch of the band coincides 
with that of a strong band of methyl acetylene, and also 
the strongest infrared band of ketene falls in this same 
region. As pointed out previously, the strong maxima of 
the 3335 cm™ band have a separation of about 22 cm~, 
which agrees well with the value observed for the band 
at 2386 cm7!. 

On the short-wavelength side of the v.+»; band, the 
group of weak subsidiary bands ranging from about 
2440 to 2490 cm has an average separation of about 5.5 
cm~. Taking this band envelope to represent a hybrid 
band of a slightly asymmetric top, this separation to a 
first approximation is given by 2(A’—B’). Since the 
value of B (or C) for carbon suboxide is of the order of 





‘SH. Kopper, Z. physik. Chem. B 34, 396 (1936). 
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0.07 cm, we can compute a value of A’ from this band 
of about 2.7 cm and J, as 10.410 g cm*. The most 
recent electron diffraction measurements of carbon 
suboxide by Mackle and Sutton® give the C—C and 
C—O distances as 1.28 and 1.19A, respectively. Ap- 
plying these values to the centrosymmetric zig-zag 
model discussed above, which seems required from the 
spectroscopic evidence, we obtain a value for the 
O—C—C angle of 158°. While these authors do not 
consider this model, they do discuss the possibility of a 
nonlinear model of point group C2, (Herzberg’s Model 
III). For such a structure they conclude that the mini- 
mum value of the O—C—C and C—C—C angles 
consistent with their data is 170° for each angle. A 
comparison of the spectroscopic and electron diffraction 
data can be made even though two different models are 
involved by computing the displacement of the oxygen 
atom from the C—C—C axis for the centrosymmetric 
model. For an angle of 158° this distance is 0.44A. From 
the electron diffraction data the corresponding distance 
would be 0.43A. Even though the electron diffraction 
values quoted here represent only one interpretation of 
the data (Mackle and Sutton prefer a linear model), the 
agreement with the spectroscopic data is noteworthy. 

The evidence on molecular structure that can be 
obtained from the two bands in the NaCl region here 
assigned to the A, vibrational species is less satisfactory 
than that just discussed. In the 1040 cm~ band the 
apparent separation of the peaks ranging from 6 to 
nearly 15 cm™ with an average value of 10 may be due 
either to incomplete resolution or the presence of an 
impurity. The four partly resolved peaks in the weak 
band at 789.5 cm have an average separation of nearly 
5 cm, and since this is only a little less than that found 
in the combination band at 2386 cm™', it would seem to 
provide some support for the structural analysis given 
above. 

The photographic infrared work yielded no results 
that would provide definite information about the 
structure of carbon suboxide. The only conclusions that 
can be drawn from the few weak lines obtained is that 
there was nothing to indicate a linear structure for the 
molecule and a slight suggestion that the spectrum 
could be due to an asymmetric top. It is hoped in the 
future to study the partly resolved bands which give 
some insight into the structure of carbon suboxide under 
higher resolution. 

The author wishes to express his great indebtedness to 
Professor D. H. Rank for much assistance in preparing 
the compound and taking the spectra as well as to his 
former colleagues, Dr. R. E. Kagarise of the U. S. Naval 
Research Laboratory and Dr. E. R. Shull of the 
Research Laboratories of the Linde Air Products 
Company. 














THE JOURNAL OF CHEMICAL PHYSICS 





VOLUME 22, NUMBER 3 MARCH, 1954 


The Lattice Constants of the Alkali Borohydrides and the Low-Temperature Phase 
of Sodium Borohydride* 
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The lattice constants of sodium, potassium, rubidium, and cesium borohydrides have been measured at 
25.0°C as 6.1635+0.0005, 6.7272+0.0005, 7.029+0.001, and 7.419+-0.001A, respectively. All four crystals 
are face-centered cubic and have the sodium chloride structure. Below the transition point (—83°C) sodium 
borohydride becomes tetragonal with lattice constants of a= 4.354+0.005 and c= 5.907+0.005A at —195°C. 





RECENT letter by Stockmayer and Stephenson! 

pointed out that no reports of the properties of 
solid potassium, rubidium, and cesium borohydrides 
appear in the literature. They suggested that the cesium 
and possibly also the rubidium salt might possess a 
body-centered cubic structure at room temperature, as 
compared with the known face-centered cubic cell of 
sodium borohydride.? They further predicted, on the 
basis of the entropy change in sodium borohydride at 
the A point and the heat capacity*® below the transition, 
and also by analogy with the ammonium halides, that 
the structure below the A point would be tetragonal. 
The present paper reports the lattice constants for 
sodium, potassium, rubidium, and cesium borohydrides 
at room temperature, and the symmetry of the sodium 
borohydride unit cell at —195°C. It is shown that the 
predicted behavior of this salt below the transition ap- 
pears correct. The lattice constants of lithium boro- 
hydride have previously been reported.‘ 


EXPERIMENTAL 


The x-ray measurements were made with a Norelco 
high-angle diffractometer. The powdered crystalline 
salt (325 mesh) was mounted by pressing it into a 
polished flat stainless steel holder against a polished 
glass optical flat. While held in this position, the sample 
was annealed at 120°C for ca 4 h. The temperature of 
the sample was controlled to +0.05°C using a cryostat 
previously described® in conjunction with a Hoeppler 
ultrathermostat.f The potassium, rubidium, and cesium 
salts{ were stated by the manufacturer to be 99.3, 97.3, 
and 97.1 percent pure. The sodium salt{ was recrystal- 
lized from liquid ammonia; no analysis of this material 
was made. Neither extra lines nor unusual line profile 
shapes were observed. 

* Sponsored by U. S. Office of Naval Research, the Army Signal 
Corps, and the Air Force under U. S. Office of Naval Research 
Contracts NSori-07801 and NSori-07858. 

1W. H. Stockmayer and C. C. Stephenson, J. Chem. Phys. 21, 
1311 (1953). 

2 A. M. Soldate, J. Am. Chem. Soc. 69, 987 (1947). 

a Johnston and N. C. Hallett, J. Am. Chem. Soc. 75, 1467 
1953). 
( 4P. M. Harris and E. P. Meibohm, J. Am. Chem. Soc. 69, 1231 
1947). 
5 Smakula, Kalnajs, and Sils, J. Opt. Soc. Am. 43, 698 (1953). 


t Carl Zeiss Company, Inc., New York, New York. 
t Metal Hydrides, Inc., Beverly, Massachusetts (to be pub- 


‘ lished). 
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The room temperature experiments were made by 
carefully exploring the shape of the line profiles of the 
highest angle diffraction lines, using a counting method 
in which the statistical accuracy of each point was ca 1 
percent. Readings were taken at intervals of 0.025° 20 
near the peak and 0.05° 20 elsewhere. The center of 
gravity of the resultant profile was taken as the position 
of the reflecting angle. Several specimens were used in 
each set of measurements, and in no case was the differ- 
ence obtained in the lattice parameter more than 
0.0005A between specimens. The wavelength of CuKa; 
radiation was taken as 1.54050A. 

The low-temperature work was carried out in a 
cryostat similar to that described by Calhoun and 
Abrahams.® This was modified to permit continuous 
rotation of the sample holder from 165° 26 to 22° 20, by 
inserting into the entrance tube of the cryostat a closely 
fitting metal tube, provided with a washer at both ends. 
The cellophane windows previously used were replaced 
by Mylar,§ which is very transparent to copper x-rays, 
and very tough even at liquid nitrogen temperatures. 
The Styrofoam]! end walls of the upper chamber were 
replaced by Mylar to enable lower angles to be recorded. 
The surface of the sodium borohydride was protected by 
a sheet of 1-mil Mylar polyester film to prevent 
hydration. 

It was observed with sodium borohydride that purple 
color centers rapidly developed on exposure to x-rays. 
These faded slowly on subsequent exposure to daylight 
and rapidly on heating to 120°C. Faint blue color 
centers developed in the potassium salt, and none were 
observed visually in the other two salts. 


LATTICE PARAMETERS AND CRYSTAL 
SYMMETRY AT 25°C 


A survey of all reflections produced by each of the four 
cubic crystals with CuKa radiation indicated that the 
only systematic absences were in hkl for h+-k, k+1, I+h 
odd. Hence sodium, potassium, rubidium, and cesium 
borohydrides each belong to a face-centered cubic space 
group. The observed values of the reflecting angles of 


6B. A. Calhoun and S. C. Abrahams, Rev. Sci. Instr. 24, 397 
1953). 
§ E. I. du Pont de Nemours and Company, Inc., Wilmington, 
Delaware. 

|| Dow Chemical Company, Midland, Michigan. 
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the smallest spacing planes, together with the resulting 
lattice parameters, are given in Table I. These parame- 
ters were obtained by extrapolating the spacings com- 
puted from these angles to 180° 26. In the case of the 
sodium and potassium salts the size of the graphically 
estimated error is +0.0005A. For the rubidium and 
cesium salts, the degree of purity appears to justify an 
error of only +0.001A. 


STRUCTURE OF SODIUM BOROHYDRIDE 
BELOW THE i POINT 


The transition temperature of NaBH, is —83°C, and 
the low-temperature phase was examined at —195 
+5°C. Below the A point, each cubic line was split into 
three lines if the cubic (A4k/) had the property h~k+1; 
into two lines if hA~Ak=/1; and remained one line if 
h=k=l. This phase could thus readily be interpreted on 
the basis of a face-centered tetragonal cell, which could 
then be transformed by convention into a_body- 
centered tetragonal cell; with a=4.354+0.005A and 
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Fic. 1. Two successive layers in the NaBH, structure below the 
\ point. An outline of the body-centered tetragonal cell is shown 
dashed. The ¢ axis is normal to these layers. 


c=5.907+0.005A. Table II gives the observed and 
calculated spacings based on this cell. 


DISCUSSION 


The lattice parameter of face-centered cubic sodium 
borohydride is identical with that reported by Soldate,? 
who gave dp>=6.151+0.009 kX. Taking the values for 
the radii of the sodium, potassium, rubidium, and 
cesium ions given by Pauling,’ the corresponding values 
for the size of the borohydride ion, taking double re- 
pulsion effects into account, are 2.03, 2.02, 2.03, and 
2.06A, respectively, for the four salts. It thus seems that 
the size of this ion is very close to 2.03A, i.e., between 
the radii of the bromide and iodide ions. The radius 
tatio of alkali to borohydride ion in these four salts is 
then 0.472, 0.656, 0.731, and 0.816, respectively. At 
values greater than 0.732, the coordination number 
generally changes from 6 to 8, and, hence, the unit cell 
from face-centered to body-centered cubic. The failure 





"L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1940), p. 358. 
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TABLE I. Values of the largest reflecting angles @ and the lattice 
parameters (CuKa;= 1.54050A). 











hkl NaBH, KBHa RbBH« CsBHa 
600/442 48.520° 6 
622 55.945 
640 64.279 
642 69.229 58.937° 0 
731/553 61.555 57.310° @ 
800 66.324 
820/644 70.745 64.635 58.870° 6 
822/660 16.287 68.410 61.750 
751/555 71.630 64.040 
911/753 71.065 
840 78.590 
842 72.095 
a> 6.1635A 6.7272A 7.029A 


7.419A 








of cesium borohydride to become body-centered cubic 
may possibly be due to impurities in the sample but 
more likely represents a considerable departure from 
sphericity associated with the borohydride ion. Since the 
polarizability of the BH, ion is very nearly equal to 
that of the Br~ ion,’ the 6-coordination apparently 
cannot be the result of abnormally low dispersion forces. 

Stockmayer and Stephenson suggested that no dis- 
order is present in the low-temperature phase of sodium 
borohydride. However, if the ordered borohydride ion is 
operated on with the symmetry of a body-centered 
space group, no special direction can develop unless the 
hydrogen atom distribution is far from that of a regular 
tetrahedron. If a regular (or approximately regular) 
tetrahedral distribution of the boron-hydrogen bonds is 
assumed, then the cell should remain isotropic, which 
conflicts with the observation. 

An alternative is that, while the sodium and boron 
atoms indeed form a body-centered tetragonal array, 
the hydrogens may lie on a primitive tetragonal lattice. 
No unambiguous indication of any line belonging to a 
primitive lattice was observed, but the intensity of a 
line with h4+-k+/=2n+1 would be extremely weak and 
probably unobservable. In this case, there are several 
primitive tetragonal space groups which would allow the 
heavier atoms to form a body-centered lattice, and 


TABLE II, Observed and calculated spacings for body-centered 
tetragonal sodium borohydride at — 195°C. 














hkl dobs deale hkl dobs deale hkl dobs deale 
101 sd 204 1.222A 1.222A 116 0.939A 0.938A 
110 3.09A 3.078A 321 1.184 1.183 413 0.931 0.930 
002 2.97 2.954 303 1.170 1.168 422 0.924 0.924 
200 2.184 2.177 105 1.142 1.140 305 b 0.916 
112 2.138 2.131 400 1.089 1.088 206 0.897 0.897 
211 1.853 1.849 224 1.067 1.066 404 0.877 0.876 
103 1.797 1.794 411 1.039 1.039 431 0.861 0.861 
202 1.755 1.752 323 1.028 1.029 510 0.854 0.854 
220 1.541 1.539 330 1.025 1.026 334 0.844 0.843 
004 1.478 1.477 402 1.023 1.021 rd 0.830 0.829 
301 1.410 1.409 215 1.013 1.010 107 ie 0.828 
213 1.386 1.384 314 1.007 1.007 512 0.820 0.820 
310 1.378 1.377 006 0.985 0.985 424 0.813 0.813 
222 1.366 1.365 410 0.974 0.973 HH 0.801 0.801 
114 1.333 1.332 332 0.970 0.969 521 ‘ 0.801 


312 1.248 1.248 








® Unobservable because of cutoff by the cryostat. 
b Not observed. 


81). W. Rice (private communication, 1953). 
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the tetrahedral (regular or approximately regular) 
borohydride group to be arranged in antiparallel layers. 
Because it is not possible to distinguish among these 
space groups, the following models for the BH, group 
orientation may be considered: (a) as predicted by 
Stockmayer and Stephenson, in which the B—H bond 
points towards the second nearest sodium atoms; 
(b) one in which this bond points toward the near- 
est boron atoms; and (c) any other position for the 
bond. Models (b) and (c) seem to be precluded by the 
entropy change of R In2 at the A point, for they should 
give rise to a greater change. Model (a) (Fig. 1) shows 
the positions taken by the hydrogen atoms, below the 
transition. Above the A point, there would be a 50- 
percent chance of pointing up or down for each hydro- 
gen. Hence this model explains the observed entropy 
change at the transition and also the increase in the c 
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axis (perpendicular to the planes in Fig. 1) on warming 
up through the transition, for, in the ordered form, each 
right square prism, defined by having alternately sodium 
and boron atoms at its vertices, contains two hydrogen 
atoms each with the same z coordinate. In the disordered 
form, this space would contain the equivalent of 4 half- 
atoms of hydrogen, involving two different z coordi- 
nates. It is very likely the increased repulsion between 
these hydrogen atoms that causes the c axis to expand. 
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Diffusion in CO. —CH, Mixtures to 225 Atmospheres Pressure* 


Q. R. JEFFRIES AND H. G. DrIcKAMER 
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(Received October 1, 1953) 


Diffusion coefficients have been measured in two mixtures of CO2 and CHg. (1) 50 mole percent CO2—50 
percent CH; (2) 75 mole percent CO:—25 mole percent CHy. C™ tagged COs was used, so that no gradient 
in chemical composition was necessary. For the first mixture the results agreed with Enskog’s dense gas 
theory at all temperatures and pressures. For the 75 percent CO: mixture at 25°C there was a positive 
deviation from theory, corresponding to the increased importance of glancing collisions for COz near satura- 
tion. The results are consistent with our previous data for self-diffusion in the two pure gases. 


IFFUSION measurements have been made in two 
mixtures of carbon dioxide and methane to 225 
atmospheres, using the method previously described.' 
Each half of the cell was filled with a mixture of 
CO.— CH, identical in composition, but some of the 
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Fic. 1. Diffusion in 50 percent CO2—50 percent CH. 


* This work was supported in part by the U. S. Atomic Energy 


Commission. 
1W. L. Robb, and H. G. Drickamer, J. Chem. Phys. 19, 1504 


(1951). 





CO, on one side was C" tagged. Thus all concentration 
effects were eliminated. The CO, was generated from 
BaC'O; obtained from Oak Ridge National Laboratory. 
The two mixtures studied contained 50 percent and 
75 percent COs, respectively. 
The kinetic theory of diffusion in dilute gases has 
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Fic. 2. Diffusion in 75 percent CO.—25 percent CH. 
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TABLE I. Diffusion data on 50 mole percent CO2—CH, mixture. 











T P p x Dexp*1 Deaie*'9 
35” 40 0.0565 1.097 2.15 2.23 
25° 70 0.1063 1.193 1.00 0.997 
25° 70.5 0.108 1.197 1.02 0.995 
25° 100 0.1785 135 0.562 0.572 
25° 150 0.309 1.67 0.264 0.268 
y 150 0.309 1.67 0.278 0.268 
25° 150 0.309 1.67 0.270 0.268 
25° 225 0.435 2.065 0.150 0.1535 
50° 40 0.0505 1.087 2.59 2.70 
50° 70 0.094 1.167 1.33 1.35 
50° 70 0.094 1.167 1.28 1.35 
50° 100 0.146 1.276 0.815 0.796 
50° 100 0.146 1.276 0.83 0.796 
50° 100 0.146 1.276 0.78 0.796 
50° 150 0.241 1.50 0.485 0.410 
50° 150 0.241 1.50 0.455 0.410 
50° 220 0.35 1.80 0.245 0.235 
50° 225 0.36 1.83 0.225 0.224 








been developed by Enskog* and the collision cross- 
section integrals for the Lennard-Jones model have been 
evaluated by Hirschfelder*® et al. When Enskog’s dense 
gas correction‘ is appended, the equation takes the form 


3 (kT \? 1 
p-_(—) ——_, (1) 
16 The VeW 3) Onx 


where u= reduced mass, yo= collision diameter, 7 = num- 
ber of molecules per unit volume, W (1) “ = collision cross- 
section integral, y~=1+5/12n0°+0.1275(no*)?+..., 
and o=collision diameter for solid elastic spheres— 
assumed equal to yo. (Actually, the form of x for dense 
gas mixtures is somewhat more complex, but it reduces 
to this when the molecules have identical collision 
diameters. For the mixture CO2.— (CH, this is reasonably 
satisfied : yo(CO2) = 3.99; yo(CH,4) = 3.88). 

The results are shown in Tables I and II. In Figs. 1 
and 2. Dp is plotted versus pressure. The PVT data of 

*$. Chapman and T. G. Cowling, The Mathematical Theory of 
Non Uniform Gases (Cambridge University Press, Cambridge, 
England, 1939). 


3 Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948). 
* Reference 2, pp. 273-295. 


IN CO:—CH, 





MIXTURES 


TABLE II. Diffusion data on 75 mole percent CO,—25 
mole percent CH, mixture. 











P ¥ p x Dexp™8 Deate 
40 rh 0.073 1.102 2.15 2.12 
70 a 0.160 1.241 0.93 0.86 
70 25° 0.160 1.241 0.85 0.86 
100 25 0.312 1.53 0.384 0.358 
100 25° 0.312 1.53 0.420 0.358 
120 25° 0.447 1.878 0.259 0.209 
150 25° 0.582 2.183 0.160 0.134 
190 a" 0.648 2.375 0.101 0.110 
50 50° 0.064 1.084 2.60 2.62 
60 50° 0.105 1.151 1.45 1.51 
70 50° 0.1275 1.188 1.25 1.21 
90 50° 0.181 1.278 0.80 0.79 
100 50° 0.210 1.33 0.65 0.655 
120 50° 0.280 1.467 0.490 0.445 
150 50° 0.385 1.689 0.272 0.282 
225 50° 0.540 2.073 0.143 0.164 








Sage, et al.® were used, extrapolated where necessary. 
The solid lines are the theoretical curves plotted accord- 
ing to Eq. (1). The dotted curves were obtained from 
Eq. (1) without the dense gas correction. 

For the 50 mole percent CO2—50°mole percent CH, 
mixture the agreement with Eq. (1) is within experi- 
mental error throughout the pressure range. This is 
consistent with our previous results for self-diffusion 
in CH,.® 

In the 75 mole percent CO:—25 mole percent CH, 
mixture, the results agree with theory at 50°. At 25° 
there is a positive deviation from theory in the pressure 
range 60-125 atmospheres, amounting to 22 percent at 
the maximum. Apparently, as one approaches the 
critical point for the mixture, glancing collisions become 
more important for CO, reducing the effective collision 
diameter. These results and conclusions are completely 
consistent with our previous results! for self-diffusion 
in COs. 

Q. R. Jeffries would like to acknowledge financial 
assistance from the U. S. Atomic Energy Commission. 

5 Sage, Lacey, Reamer, and Olds, Ind. Eng. Chem. 36, 88 (1944). 


6Q. R. Jeffries and H. G. Drickamer, J. Chem. Phys. 21, 1358 
(1953). 
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The Yield of Oxidation of Ferrous Sulfate in Acid Solution by High-Energy Cathode Rays* 


JEROME SALDICK AND AUGUSTINE O. ALLEN 
Chemistry Department, Brookhaven National Laboratory, Upton, New York 


(Received November 16, 1953) 


An absolute determination of the yield of the ferrous sulfate radiation dosimeter has been made by 
delivering to the solution a measured charge of cathode rays at known energies of 1 or 2 Mev. Appropriate 
smal] corrections have been made for backscattering, window absorption and, bremsstrahlung. The result, 
G=15.6+0.5, is in complete agreement with Hochanadel]’s calorimetric determination of the yield, but 
disagrees, by 30 percent with the most widely used. value obtained by cavity ion chamber comparison. 





IR-SATURATED ferrous sulfate solution has in 
recent years come into wide use as a dosimeter for 
gamma rays and x-rays. A discrepancy, however, exists 
between calorimetric evaluation of this dosimeter, which 
according to Hochanadel and Ghormley! and Lazo, 
Dewhurst, and Burton’? shows oxidation by gamma rays 
with a yield G= 15.6 (atoms of iron oxidized per 100-ev 
energy input), and evaluation by comparison with 
cavity ionization chambers, which in several careful 
studies gave G= 20. The discrepancy between the two 
methods is not clear-cut, since Davison, Proctor, and 
Goldblith** report a calorimetric value near 20, whereas 
by ion chamber measurements values of 16.7! (Co® 
gamma rays), 17.44 (Co gamma rays), and 16.8‘ (Ra 
gamma rays) have recently been reported. The last 
three values were obtained, however, with the chamber 
placed close to the radiation source; with such geometry 
the Bragg-Gray conditions, basic to the use of cavity 
chambers, may not be completely fulfilled.*.® Hardwick 
has obtained values near 20 by using calibrated beta-ray 
sources dissolved in the ferrous sulfate solution,’ but the 
accuracy of these results is now suspect® because of the 
possible presence of contaminating organic matter, 
which may increase the yield. The discrepancy is of 
especial concern because intercomparison through fer- 
rous sulfate provides one of the few practical methods 
for comparing the widely-used cavity chamber with any 
other absolute method for determining quantity of 
gamma radiation. We have therefore looked for a 
completely independent method of absolute evaluation 
of the ferrous sulfate yield and have studied the 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
( 1 ay Hochanadel and J. A. Ghormley, J. Chem. Phys. 21, 880 

1953). 

2R. Lazo, H. A. Dewhurst, and M. Burton (private communi- 
cation). 

3N. Miller and J. Wilkinson, Disc. Faraday Soc. 12, 50 (1952). 

48S, Davison et al., Nucleonics 11, No. 7, 22 (1953). 

4b Freeman, Van Cleave, and Spinks, Can. J. Chem. 31, 448 


(1953). 

# 5 W. Hummel and J. W. T. Spinks, Can. J. Chem. 31, 250 
(1953). 
( oo” Marinelli, and Failla, Am. J. Roentgenology 44, 889 
1940). 


®N. Miller (private communication). 

7 T. J. Hardwick, Can. J. Chem. 30, 39 (1952). 

8 T. J. Hardwick (private communication). 

°H. A. Dewhurst, J. Chem. Phys. 19, 1329 (1951). 


438 


oxidation of air-saturated ferrous sulfate solutions in 
0.8N H:SO, by electron beams of 1- and 2-Mev energy 
obtained from an electrostatic generator. The chemical 
effects of such a beam must be the same as those of 
gamma rays, which transfer energy to an absorbing 
medium entirely through the agency of fast electrons. 
Determination of the absolute yield is in principle ex- 
tremely simple; the beam is completely absorbed in the 
solution, and the integrated beam current and the beam 
voltage determine the energy input, which is compared 
with the amount of iron oxidized. The method also 
allows the yield to be followed as a function of radiation 
intensity to much higher intensities than in previous 
work. 

Hochanadel! has described a determination similar to 
that reported here but which was subject to error be- 
cause corrections for backscattering and conduction 
from sample to ground through ionized air were 
admittedly neglected. 


EXPERIMENTAL 


A 2-Mev horizontal Van de Graaff generator, con- 
structed by the High Voltage Engineering Corporation, 
was the radiation source. The electron beam emerged 
from the generator through a 3-mil aluminum foil, and 
entered a cylindrical Pyrex glass cell, filled with solution, 
pictured in Fig. 1. A number of different cells were used, 
with volumes ranging from 16.4 to 24.7 ml. The front 
face of the cell was mica, 4 to 8 mg/cm? thick, cemented 
to the glass with a very thin layer of Araldite-101 or 
Apiezon W cement. The radius of the cell is appreciably 
greater than the maximum range of the electrons in the 
solution, so no electrons, even if scattered through 90°, 
could ever reach the glass. A platinum wire, dipping 
into the upper part of the solution, led the beam current 
through a shielded cable to the measuring instrument 
and thence to ground. The outside of the glass cell was 
coated with ceresin to help make the resistance of all 
alternate paths to ground orders of magnitude greater 
than that through the current measuring instrument. 
The whole front of the mica was coated with “dag,” 
which was grounded. Thus the current measurement 
was unaffected by the low-energy secondary electrons 
which come off the surface when the beam enters the 
cell. (High-energy secondaries or backscatter coming 
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OXIDATION OF FeSO, 


from greater depths must be corrected for; see follow- 
ing.) The beam was defined by a }-in. hole in a }-in. 
thick Al plate mounted immediately before the cell. 

Beam currents at 2 Mev ranged from 6X10-" to 
7X10-7 amp. Practically all the beam energy is dissi- 
pated in about 1 gram of solution, so that the mean 
intensity in the irradiated zone ranged from 1.2 10-4 
to 1.4 watts/g, or 13 to 150000 rep/sec, if 1 rep=93 
ergs/g. The maximum intensity is much higher; when 
the focused beam enters the solution, most of its energy 
lies in an area of 1 mm’, and the rate of energy loss at 2 
Mev is 1.76 Mev cm?/g. The maximum intensity is then 
about 88 watts/g per watt of total beam, and ranges in 
our experiments from about 0.01 to 120 watts/g, or 
from 1100 to about 1.4X10" rep/sec. With x-rays, 
Miller” found that the FeSO, oxidation yield was con- 
stant up to an intensity of 1700 rep/sec. Our intensity 
range thus overlaps his. 

With such high local intensity, local depletion of 
dissolved oxygen will begin to lower the yield before the 
mean concentration of ferrous ion in the whole solution 
has been appreciably lowered. Apparent values of G in 
unstirred solutions at 5X10-§ amp beam current de- 
creased from 12 to 8 as the total dose was increased, 
showing that thermal convection was insufficient to 
prevent local depletion. The magnetic stirrer shown in 
Fig. 1 was thus required. It consisted of a glass paddle 
containing an iron bar, mounted on a glass bearing and 
rotated by a horseshoe magnet placed behind the cell 
and attached to the shaft of a variable speed motor. A 
stirring speed of a few hundred rpm was sufficient to 
bring the value of G up to the standard, and increase of 
stirring speed by a factor of 3 had no further effect on G. 

The voltage of the beam was determined in the 
standard way by a generating voltmeter. Its output was 
calibrated several times during the course of the work, 
by determining the threshold voltage for production of 
neutrons from beryllium exposed to x-rays produced by 
allowing the beam to fall on a gold target. The correct 
threshold voltage was taken as 1.666 Mev." Voltage 
calibration was good to +0.5 percent, and the energy of 
the electrons in the beam is thought to be uniform to 
within 1 percent. 

The beam currents were in general lower than ordi- 
narily used with this type of generator, and it was not 
surprising to find that the currents were not very steady. 
A measuring device that would integrate the current 
received was necessary. Two meters were used. Below 
10° amp, a battery-operated dc amplifier was used, 
with its output measured on a 25-mv range Brown 
recording potentiometer. Rapid fluctuations in input 
current were damped by condensers connected in parallel 
with the input resistors in the amplifier, giving time 
constants of 5-10 sec. The area under the recorder 
trace, corrected for a small zero drift, measured the total 





”N. Miller, Nature 171, 688 (1953). 
" Hornyak, Lauritsen, Morrison, and Fowler, Revs. Mod. Phys. 
24, 342 (1952). 
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Fic. 1. Irradiation cell. 


charge collected from the solution. At currents from 
4X 10-" to 3X10-* amp a line-operated current inte- 
grator described in the literature’ was used. The 
amplified output of this instrument charges a condenser, 
which triggers a counter and is discharged whenever it 
reaches a preset voltage (100 v). The instruments were 
designed and constructed by W. Higginbotham, R. 
Chase, and S. Rankowitz, of the Brookhaven Electronics 
Department, to whom we are greatly indebted. For 
currents above 5X10-* amp, where the runs were 
necessarily of short duration (<10 sec), the current 
integrator circuit was used in a different way. A 10°-ohm 
and a 23-ohm resistor were connected in series between 
ground and the high-voltage side of the aforementioned 
condenser. The 25-mv Brown recording potentiometer 
measured the potential drop across the 23-ohm resistor. 
The circuit was set so that 10~-* coulombs input was 
required to charge the condenser to 100 v; the fraction 
of this voltage built up during the bombardment 
measured the total charge input. 

So that an accurately measurable amount of chemical 
change might be obtained without approaching deple- 
tion in the cells used, charge inputs in the range 0.4-1.5 
X10-* coulomb were required. At the lowest currents, 
runs lasted two hours or more. In addition to the usual 
current fluctuations, the generator occasionally under- 
goes voltage breakdown, or “sparking,” which results in 
a burst of charge entering the solution at a rate too fast 
for the measuring instruments to follow. All runs in 
which sparking occurred were rejected. 

As a rough check on the current and voltage measure- 
ments, a calorimetric determination of the beam energy 
was made. The beam was allowed to fall on a small 
aluminum block, supported in the vacuum of the 
generator by wires of iron and constantan which acted 


( 12 ny Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 688 
1951). 
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ATOMIC NUMBER OF TARGET MATERIAL 


Fic. 2. Ratio of high-energy secondary to primary electrons as a 
function of atomic number of target material. Data for 300 kv 
taken from reference 13. 


as a thermocouple and as current measurement leads. 
The charge collected was measured by the current 
integrator; immediately on interrupting the beam the 
leads were switched to a Z and N recording potentiome- 
ter (2.5-mv range) which measured the temperature of 
the block as a function of time after irradiation. From 
the weight of the block, the specific heat of aluminum, 
and the temperature rise extrapolated back to the mid- 
time of the irradiation, the energy input was found and 
compared with that measured by the beam voltage and 
current corrected for backscattering (see below). In four 
determinations, the mean difference was only 2 percent, 
which is within the accuracy of the calorimetry. 

All solutions were 10~* molar in ferrous salt. They 
were made up in quadruply distilled water, using Eimer 
and Amend “Tested Purity” sulfuric acid and ACS 
reagent grade ferrous sulfate or ferrous ammonium 
sulfate (results were the same with either salt). In some 
runs, 10-* M sodium chloride was added, without 
affecting the results.? After a run, the ferric sulfate 
concentration was determined by direct reading of the 
light absorption® at 305 mu in a Beckman DU spectro- 
photometer, using 1-cm silica cells. The concentration of 
ferric ion in moles/liter was equal to the absorbancy 
(optical density) times 4.57 10~*. 


SOURCES OF ERROR AND CORRECTIONS 
Backscattering 


When a beam of electrons falls on a surface, the 
secondaries scattered back fall into a group of low 
energy (<30 ev), because of ionization of the surface 
atoms at the point of entrance, and a group having 
energies ranging up to that of the primary beam, be- 
cause of collision backscattering of the primary elec- 
trons. The numbers of electrons in the two groups, as 
percentage of the primary beam, were determined by 
Trump and Van de Graaff" for primary energies up to 
0.3 Mev. We determined these numbers for 2-Mev 


13]. G. Trump and R. J. Van de Graaff, Phys. Rev. 75, 44 
(1949). 
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electrons with targets of various materials, by a similar 
method. Figure 2 shows the number in the high-energy 
group, plotted against the atomic number of the target 
material for 2 Mev, together with Trump and Van de 
Graaff’s results at 0.3 Mev. The smaller amount of 
backscattering at the higher energy is consistent with 
the results of Miller.‘ The curves are approximately 
linear, as suggested by Wu,!®> and the percentage of 
primary electrons appearing as high-energy backscatter 
is 0.55 Z at 2 Mev and 0.68 Z at 0.3 Mev. For ferrous 
sulfate solution in 0.8N H»SO,, the effective value of Z 
was taken as 2n;Z/2n;Z;, where n; is the concentration 
in the solution of atoms of number Z; and the percentage 
high-energy backscatter at 2 Mev is 3.7. It is possible 
that we have slightly underestimated the percentage of 
high-energy secondary electrons backscattered because 
the scattering of the electrons by the materials between 
the accelerator and the solution causes some of them to 
enter at an angle different from the perpendicular, and 
hence to be subject to a somewhat greater degree of back- 
scattering. The backscattered electrons deliver some of 
their energy to the solution but are not counted in the 
current reading. The mean fraction of energy lost by the 
scattered electrons before emerging is not precisely 
known, but Seliger'® has shown that the mean energy of 
backscattered 8 rays from supports of low Z is much 
smaller than the mean energy of the primary rays, and 
we would guess from his results that in our case about 85 
percent of the energy of the scattered electrons remains 
in the material. The correction to be added to our 
measured energy inputs in the ferrous sulfate solution at 
2 Mev is therefore 0.85 X 3.7 percent, or 3.1 percent. For 
1-Mev electrons, the high-energy backscattering was 
taken as 0.60 Z by rough interpolation between the 0.3- 
and 2.0-Mev curves, and the corresponding correction is 
3.4 percent. In the calorimetric energy calibration, the 
low-energy as well as the high-energy secondaries must 
be included in the correction to the current reading; the 
percentage of low-energy secondaries from an aluminum 
target from our experiments is 2.6 percent. 


Absorption in Windows 


Trump, Van de Graaff, and co-workers!” have pub- 
lished curves for cathode rays of 0.3 to 3.0 Mev, showing 
the relative ionization in a parallel-plate chamber inter- 
cepting the whole beam under various thicknesses of 
aluminum. The area under this curve is proportional to 
the energy loss in the absorber, and the total area under 
the curve, out to the extreme range of the beam, pro- 
vides the normalizing factor. In most of our experiments, 
the beam traversed 20.6 mg/cm? of Al (3-mil generator 
window), 1.7 mg/cm? of air, and 1.5 mg/cm? of carbon 

4B. L. Miller, Rev. Sci. Instr. 23, 408 (1952). 

16°C. S. Wu, Phys. Rev. 59, 481 (1941). 

16 H. H. Seliger, Phys. Rev. 88, 408 (1952). 

‘7 Trump, Wright, and Clarke, J. Appl. Phys. 21, 345 (1950); 
Trump, Van de Graaff, and Cloud, Am. J. Roentgenol. Radium 


Therapy 43, 728 (1940); J. G. Trump and R. W. Van de Graaff, J. 
Appl. Phys. 19, 599 (1948). 
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plus 4 to 8 mg/cm? of mica (weighed cell window) before 
reaching the ferrous sulfate solution. The energy loss in 
mica, carbon, and air is not significantly different from 
that in the same weight of aluminum. From the pub- 
lished curves, the initial rate of energy loss is 1760 
ev cm?/mg at 2 Mev and 2300 ev cm?/mg at 1 Mev. The 
total window absorption correction was 2.6 percent at 2 
Mev and 6.9 percent at 1 Mev. There is some question 
as to the effect of the defining orifice on the absorption 
correction for the generator window, since those elec- 
trons that are deflected the most by the window and fail 
to pass the orifice might tend to differ in mean energy 
loss from those that are less deflected. This effect should 
be very small, since most of the large deflections arise 
from elastic collisions. A few runs made without the 
defining orifice gave results in good agreement with the 
others. 


Bremsstrahlung 


According to the data of Buechner ef al.!* the per- 
centage of beam energy lost as bremsstrahlung from a 
target of the effective Z of 0.8.V H2SO, solution is 0.44 
percent at initial energy of 2 Mev, 0.13 percent at 1 
Mev. This correction must be subtracted from the 
measured energy input. 

Combining the corrections for backscattering, ab- 
sorption, and bremsstrahlung gives a net correction of 
0.0 percent at 2 Mev and 3.6 percent at 1 Mev, the 
latter to be subtracted from the energy input. The 
probable error in the absolute yield due to uncertainty 
in these corrections should be less than 1.5 percent. 


Current Leakage 


The resistance between the solution and ground was 
determined by biasing the solution 280 volts positive 
with a battery and reading the resulting leakage current. 
The leakage resistance of a typical cell was 7.510" 
ohms with no electron beam, and 2.5X 10" ohms when 
an electron beam of 10~* amp was falling on the solution. 
These values are much higher than 10° ohms, which was 
the largest limiting resistance used with the current 
meters. Leakage was further minimized by the use of 
feedback built into the amplifiers of both current meters, 
which maintained the potential of the solution at a value 
differing from ground by less than 1 percent of the 
voltage drop across the limiting resistor, so that the 
leakage is less than 1 percent of what would be found 
with no feedback. Error due to current leakage is 
therefore negligible. 


Scattering by the Orifice 


A suggestion was made to us that electrons striking 
the edges of the orifice might be deflected into the solu- 
tion after losing considerable energy. Part of the 
incoming current would then be of low energy and our 





'*W. W. Buechner et al., Phys. Rev. 74, 1348 (1948). 
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TABLE I. Oxidation yield G of 0.001M FeSO, in air-saturated 
0.8N H:SO, by cathode rays. 











Current Energy Standard No. of 

(amp) (Mev) Method# G devn. detns. 
5-7X1077 2 2 15.15 0.57 8 
1-3X1077 2 2 16.12 0.36 14 
0.3-5 X<10-* 2 1 14.85»-« 0.77 22 
0.6-1.0X 10-* 2 1 14.90¢ 0.06 7 
0.9-1.6X 10-8 2 1 15.40 0.12 13 
7X10-” 2 1 15.33 1 
7X10- 2 3 15.57 1 
6-8X 10! 2 3 15.52 0.08 4 
0.5-3 10-8 1 1 15.92 0.35 21 








® Method 1: current integrator. 
Method 2: integrator used as pseudoballistic galvanometer. 
Method 3: amplifier with recording potentiometer. 
b Beam not focused. All other runs at optimum focus. 
¢ Runs made before May 9, 1953, and given weight of 0.5 in calculation 
of best G. 


value of G would be low. A focusing electromagnet on 
the generator extension tube allows the beam diameter 
at the window to be varied from about 8 mm at no focus 
to about 1 mm at optimum magnet current. With our 
arrangement, only about 50 percent of the 2-Mev beam 
passed through the orifice at no focus, while 90 percent 
passed through at optimum focus. The current density 
at the edges of the orifice was clearly an order of 
magnitude greater at no focus. But the mean value of G 
found in a long series of runs at no focus was the same as 
that found immediately after in a series at optimum 
focus (Table I). Also, as mentioned above, removing the 
orifice entirely in a few experiments (at optimum focus) 
showed no effect on G. The effect of scattering by the 
orifice must therefore be negligible. 


Calibration of Current Measuring Instruments 


The amplification of the meters is proportional to the 
limiting resistors, which are nominally 100 or 1000 
megohms. Such resistors are likely to change by one or 
two percent in short periods of time. This fact was not 
realized until after the conclusion of the runs, when a 
recalibration of the current integrator showed most 
scales to have changed by 3 percent or more since the 
previous calibration, which had been made before the 
runs were started. It may be seen in Table I that a group 
of runs at about 10-*-amp beam current, carried out 
before May 9, 1953, gave a 3.2 percent lower average 
value than a group done in precisely the same way after 
June 12, 1953, although the standard deviation within 
each group is less than 0.8 percent. The only explanation 
we can offer for this change is a change in the calibration 
of the current integrator. We believe this to be our 
largest source of uncertainty. 


RESULTS AND DISCUSSION 


The results of all runs are presented in Table I. 
Variation of the yield with current, over a 10 000-fold 
range, is less than 4 percent, and the yield may be taken 
as constant within the limits of error. The difference 
between the mean value of the yields at 1 Mev and 2 














442 J. SALDICK AND A. O. ALLEN 





probable error in the absolute value we take as 3 per- 
cent; it arises largely from uncertainty in the current 
calibration. The final value of G is 15.62, with a probable 
error of 0.5. 

The present results, in complete agreement with the 
calorimetric value of 15.6, and in disagreement with ion 
chamber comparisons, suggest that the question of 
interpretation of dose measurements for gamma rays by 
the cavity chamber method may require re-examination, 
although the latter now constitutes the “accepted” 
method of determining energy input to material irradi- 
ated by gamma rays. 


Mev is 2 percent, which is also regarded as less than the 
experimental error. (Any real effect on the yield of 
electron energy is expected to be in the opposite direc- 
tion, i.e., the slower electrons should give if anything a 
slightly lower yield.)"® Since the current meter calibra- 
tions used in calculating the yield values were made 
after the runs were finished, we believe greater weight 
should be given to the more recent runs. In averaging all 
runs to obtain a final best value, we have arbitrarily 
given runs made before May 9, 1953, a weight of 3. The 











19 A. O. Allen, Radiation Research 1 (1954) (to be published). 
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Nine absorption lines of H,O. and some one hundred absorption lines of DO, and HDO: have been 
observed in the microwave frequency region using a flow system for sampling to overcome the decomposition 
of the peroxide at low vapor pressure. An analysis of the microwave spectrum of H»Oz, using a symmetric top 
approximation, reveals that it is necessary to invoke hindered internal rotation to explain the experimental 
data. Using a sinusoidal approximation for the hindering potential yields a barrier height of about 113 cm™. 
From the Stark effect calculations, a value of dipole moment of 2.26 debye units is obtained. Some limiting 
conditions on the values of the molecular parameters are discussed. 
















INTRODUCTION 


N 1934 Penny and Sutherland! applied the method of 
electron pairs to determine the most stable con- 
figuration for the atoms in the hydrogen-peroxide 
molecule. Their calculations indicated that the non- 
planar structure of C2 symmetry, shown in Fig. 1, was 
most probable and that a double minimum potential, 
restricting free rotation of the two O—H bars about the 
O—O bond, should exist and be of the form shown in 
Fig. 2. It was shown by the authors that this model 
gives a simple explanation of the large dipole moment of 
the H,O:2 molecule. Later theoretical work?:* tended to 
confirm their conclusions. 

Since 1934 experimental evidence has been accumu- 
lated from many sources. This tends to substantiate the 
theoretical work and to provide some structural parame- 
ters. The results of an x-ray examination of the com- 
pound “hyperol’”’ [CO(NH2)2-H2O.] by Lu, Hughes, 























* This paper is based in part on a dissertation presented by J. T. 
Massey in partial fulfillment of the requirements for the degree of 

: Doctor of Philosophy in the Faculty of Philosophy of The Johns 
i Hopkins University. 
i t This work was supported by the Bureau of Ordnance, U. S. 
j Navy, under Contract NOrd 7386. 

1 W. G. Penny and G. B. B. M. Sutherland, J. Chem. Phys. 2, 
492 (1934). 
2H. J. Lasettre and L. B. Dean, J. Chem. Phys. 17, 317 (1949). 
3N. W. Luft, J. Chem. Phys. 21, 179 (1953). 



















and Giguére* indicated that the structure shown in 
Fig. 1 was correct with the O—O distance= 1.46-++0.034A, 
y= 78.5°+2°, and x= 106.5°+2°. A more recent x-ray 
analysis of the hydrogen-peroxide crystal’ again con- 
firmed the nonplanar structure of Fig. 1 with the O—O 
distance=1.49A, y=83°, and x=94°. An electron 
diffraction study by Giguére and Schomaker'® resulted 
in a value of 1.47-0.02A for the O—O bond distance. 

The Raman’ and infrared** spectra of the H,0» 
molecule have been investigated many times and the 
assignment of the six fundamental vibrations has been 
made.’ The lowest vibration frequency observed was an 
infrared band in the liquid at about 635 cm™ which was 
tentatively assigned as the torsional vibration fre- 
quency. Lately this band has been studied in the 500- 
660 cm“ region in the vapor state with better resolution 
by Giguére and Bain.” Since an examination of these 
data revealed that the two strongest Raman bands also 
occurred as infrared bands, the HO molecule must not 






4 Lu, Hughes, and Giguére, J. Am. Chem. Soc. 63, 1507 (1941). 

5 Abrahams, Collin, and Lipscomb, Acta Cryst. 4, 15 (1951). _ 

6 P. A. Giguére and V. Schomaker, J. Am. Chem. Soc. 65, 2025 
(1943). 

7F, Fehér, Ber. deut. chem. Ges. 72, 1778 (1939). : 

8L. R. Zumwalt and P. A. Giguére, J. Chem. Phys. 9, 458 
(1941). (Note: other references to this work may be found in 7, 8, 


and 9). 
9P. A. Giguére, J. Chem. Phys. 18, 88 (1950). 
1 P, A. Giguére, private communication. 
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have a center of symmetry.” However, Giguére® stated 
that the fact that the O—O vibration gave the strongest 
Raman band but a very weak infrared band was further 
evidence for the C2 (nonplanar) point group model. 
Badger’s rule applied to the infared data gave 1.48A for 
the O—O:bond length. 

Investigation of the fine structure of two harmonic or 
combination bands of H2O2 revealed that these bands 
were of the hybrid type, thus ruling out a planar 
structure for the molecule since these models have a C2, 
point group symmetry and should give pure parallel or 
perpendicular type bands. In addition, a doubling of 
these bands was observed and interpreted as arising 
from the double minimum character of the potential. 
Analysis of these bands yielded a value for the rota- 
tional constant A of about 9 cm™. 

This investigation was undertaken to provide further 
confirmation for the nonplanar structure of the molecule 
and to determine values for the barrier height and 
molecular parameters. 


H 











Fic. 1. Nonplanar molecular model for H2O». 


EXPERIMENTAL 


The spectrometer used in this work was the standard 
Hughes-Wilson Stark modulated type. The Stark modu- 
lation was either a square wave voltage or a variable dc 
voltage plus a small ac sinusoidal modulation voltage at 
100 kc/sec. The absorption cell was a 10-foot section of 
X-band RG 67/U wave guide. 

Owing to the reactivity of HO: and the relatively large 
surface-to-volume ratio of the absorption cell, it was 
felt that some precautions were necessary to insure that 
a usable sample could be obtained for study. Based upon 
information concerning peroxide in the liquid state, the 
Stark cell was designed solely of aluminum and Teflon 
except for the mica windows, and the stopcock grease 
used was a fluorinated hydrocarbon. It was felt that 
these materials would allow minimum decomposition of 
H;0. in the vapor state. Further, the inlet and outlet 
tubes to the cell were low copper content aluminum 
tubing, welded to the wave guide. Before assembling the 





" G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., New York, 1945), p. 301. 
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model of Fig. 1. 


absorption cell, the wave guide and Stark electrode were 
thoroughly washed numerous times with the following 
sequence of solutions: (1) sodium hydroxide in alcohol- 
water solution, (2) distilled water, (3) absolute ethanol. 
It was felt that this procedure removed all traces of 
grease and dirt. 

A preliminary search of most of the frequency region 
from 21000 Mc/sec to 36000 Mc/sec using standard 
sampling techniques failed to reveal any absorption 
lines. This strengthened our belief that because of rapid 
decomposition of H,O2 at low vapor pressures in a metal 
system with a large surface-to-volume ratio it would be 
difficult, if not impossible, to observe the microwave 
absorption spectrum using standard microwave spec- 
trometer sampling methods. 

A continuous flow sampling system as shown in Fig. 3 
was then devised. The sample of H,O2 was placed in a 
Pyrex glass sample tube which was immersed in a dry 
ice-acetone bath. The other end of the absorption cell 
was connected through a stopcock and vapor trap to a 
mechanical vacuum forepump. The sample tube was 
carefully cleaned with sodium hydroxide in an alcohol- 
water solution and rinsed thoroughly with distilled 
water before each use. The partial pressure of H2Os» in 
the absorption cell was controlled by maintaining the 
dry ice-acetone bath at the desired temperature. It was 
found that the temperature could be held to +1°C if 
the bath reservoir were large. 
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Fic. 3. Continuous flow sampling system. 
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In order to determine optimum sampling conditions 
with the continuous flow system, a series of carefully 
controlled experiments was conducted. The technique 
used in this study was as follows. A known mass, usually 
two to four grams, of H,O2 of known concentration was 
placed in the sample tube, and the temperature of the 
dry ice-acetone bath was then adjusted to secure the 
desired total vapor pressure. With the mechanical 
forepump on the outlet end of the system and with the 
vapor trap in a bath of liquid nitrogen, the peroxide was 
allowed to distill through the absorption cell and into 
the vapor trap. After a sufficient time (4 to 36 hours) 
which was determined by the necessity to trap an ade- 
quate sample, the vapor trap was removed and its 
contents analyzed for peroxide by the permanganate 
method.” The total vapor pressure range studied was 
from 10? mm Hg to 4 mm Hg. 

By means of the above controlled experiments the 
percentage decomposition of H.O2 was studied as a 
function of total vapor pressure in the absorption cell. 
It was found that the amount of decomposition varied 
from about two percent at 4 mm Hg total vapor pressure 
to nearly 70 percent at 10-* mm Hg total vapor pressure. 
These data together with the knowledge that the 
original sample contained about 95 percent by weight of 
H.O2 sufficed to substantiate the belief that at 10 
mm Hg total vapor pressure, the amount of peroxide in 
the absorption cell was insufficient to permit observation 
of the absorption lines. Since an increase in vapor pres- 
sure results in line broadening, it was realized that a 
compromise must be made between vapor pressure and 
peroxide content in the absorption cell. An examination 
of the data resulted in a choice of 0.1 mm Hg as the 
optimum vapor pressure to use while searching for H2O2 
absorption lines. On resuming the search, nine H,O2 and 
some one hundred D.,O. and HDO: absorption lines 
were discovered in the frequency region from about 9000 
Mc/sec to 40000 Mc/sec. At this pressure, however, 
the line widths were several Mc/sec. This made a 
detailed study of the Stark spectrum unusually difficult 
and limited the accuracy in frequency readings to +0.2 
Mc/sec. This is, of course, not as good as normally 
secured in the microwave region. 

A summary of the experimental microwave data on 
H,O, is presented in Table I with some notations con- 
cerning AJ and J* as obtained from the Stark data. 
Equations presenting the Stark splitting versus & for 
four of the lines are shown below. It was not possible to 
determine J* unambiguously from the experimental 
data for lines 3 and 4, and as a result several equations 
are presented with the minimum allowable value of J* 
corresponding to each. 


Line 1 Av=29.09eX 10-* Mc/sec 
Line 2 Av= (6.88—4.25m?)éX 10-* Mc/sec 


12 Scott’s Standard Methods of Chemical Analysis (D. Van 
Nostrand Company, Inc., New York, 1939), Vol. 2, p. 2181. 
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Line 3 Av= (5.65—0.0874m?) eX 10-® Mc/sec (J*= 8) 
Av= (6.07 —0.0727m?) eX 10-* Mc/sec (J*= 9) 
Av= (6.47 —0.0623m?) eX 10-* Mc/sec (J*= 10) 
Line 4 Av= (4.18—0.0537m?)é&X 10-§ Mc/sec (J*= 8) 
Av= (4.49—0.0459m?) eX 10-* Mc/sec (J*= 9) 
Av= (5.10—0.0356m?) eX 10-§ Mc/sec (J*120), 


where « is in volts per cm and J* is the larger of the two 
quantum numbers involved in the transition. 


During the experimental phase of the problem, studies 
were made of the deuterated species, HDO2 and D.Oy. 
More than one hundred absorption lines were observed 
in the region 0.30 cm™ to 1.34 cm. A qualitative study 
of the Stark effect was made which revealed two points 
of interest. First, the Stark splitting and resolution were 
such as to indicate that quantitative Stark data could be 
obtained for about twenty-five of the lines. Secondly, 
transitions of the |A/|=0 type were present as well as 
those of |AJ| =1 type. 

Additional study of the data was made in an effort to 
determine if a series of lines, such as those found for 
methyl] alcohol,!* was present for the isotopic species. 
Such a series was not found, and the results of the 
present analysis indicate that this series for D2O2 would 
fall between 1.34 cm™ and 1.67 cm™. 

During the course of the experiments, an attempt was 
made to classify these lines according to their isotopic 
species. This attempt was unsuccessful for two reasons. 
First, the sample contained both HDO, and D.O.. This 
was established by a mass spectrographic analysis which 
revealed that the ratio of DxO2 to HDO: in the sample 
was about three to one. Secondly, concentration tests 
depend so critically on absorption cell contamination" 
that the application of this method led to unreliable 
results. Accordingly, the use of these data must await a 
method of isotopic assignment. It is hoped that this 
assignment may be made from a study of the Zeeman 
splitting.!® 


DISCUSSION OF THE MAIN FEATURES OF THE 
MICROWAVE SPECTRUM 


In order to obtain a first approximation to the 
rotational spectrum of H.O2, the molecule will be 
assumed to be a symmetric top with the following values 
for the molecular parameters: O—O distance= 1.48A, 
y=78°, x= 106°, and an OH distance of 0.98A.° Calcu- 
lations based on these parameters indicate that the top 
is only slightly asymmetric and, in fact, for a value of x 
of 90° may be very nearly accidentally symmetric. The 
moments of inertia are J4=2.81X10-° g cm? and 
Ip=Ic=33.7X10-" g cm? with the corresponding 


13 Hughes, Good, and Coles, Phys. Rev. 84, 418 (1951). 
4 Jen, Bianco, and Massey, J. Chem. Phys. 21, 520 (1953). 
16 C. K. Jen, Phys. Rev. $1, 197 (1951). 
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h 1 
A= —= 9.96 cm! 
2(2m)*c T4 
and 
h 1 
B= —=(0.831 cm, 
2(2r)*c Ip 


where c is the velocity of light and / is Planck’s constant. 
The term values of the symmetric top are represented by 
the formula 


where J and K are the usual quantum numbers. It is 
clear from the model of Fig. 1 that the C2 axis is a 
principal axis and that the permanent dipole moment 
lies along this axis. As a result the selection rules require 
that AJ=0, +1 and AK=+1. These selection rules 
allow only the transitions J, K =0, 0-1, 1 and 1, 0—1, 1 
(expressed as absorption lines) to explain line 1 of 
Table I. However, an examination of the energy level 
structure indicates that these transitions are of the order 
of nine to eleven wave numbers and consequently would 
not have been observed in the microwave region covered 
experimentally. Taking the actual asymmetry of the 
molecule into account does not change this argument. It 
is necessary, therefore, to investigate the possibility of 
hindered internal rotation in order to see if a rearrange- 
ment of the energy levels is brought about which will 
satisfactorily explain the observed spectrum. 

Since the experimental data indicate that the change 
in the term values necessary to allow lines 1 and 2 is 
large, the effect of the hindered internal rotation may 
hardly be considered as a small perturbation. As a result 
certain simplifying assumptions will be made in order to 
obtain a wave equation which may be solved exactly. 
Similar assumptions have been used, with some success, 
by Koehler and Dennison" in an analysis of the methyl 
alcohol molecule. These assumptions are: 

1. The HO. molecule will be assumed to be a sym- 
metric top. This should suffice for an investigation of the 
main effects of hindered internal rotation upon the 
microwave spectrum since the top can be, at most, only 
very slightly asymmetric. 

2. The molecule will be taken as rigid except for the 
hindered internal motion. This assumption should be 
good if the internal oscillation frequency is much lower 
than the next lowest vibrational mode so that the two 
are far out of resonance. The O—O vibration frequency 
is approximately 900 cm~. Since the large splitting 
required necessitates a rather low barrier, the torsional 
oscillation frequency should be small. This assumption 
is probably valid as will be brought out later. 

3. The hindering potential will be assumed to be 
sinusoidal in form and will be represented by the 





104) S. Koehler and D. M. Dennison, Phys. Rev. 57, 1006 
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TABLE I. Microwave spectrum of H2O>. 








Line Frequengy Mc/sec Remarks 
ov 











1 14829.5+0.2 quadratic Stark effect J*=1 
2 37517.640.2 quadratic Stark effect J/*=2 
3 22054.5+0.2 quadratic Stark effect Jmin*=7, |AJ| =1 
4 27 639.6+0.2 quadratic Stark effect Jmin*=7, | AJ| =1 
5 11072.4+40.5 quadratic Stark effect probably high J 
6 3591642 quadratic Stark effect high J, | AJ| =1 
7 3903342 probably high J 
8 394953-2 probably high J 
9 3976042 probably high J 
All of these lines are of medium or strong intensity 
except lines 5, 6 and 7 which are relatively weak. 
equation 


H 
V=—(1+cos2x). 
2 


If the potential deviates from this form in the manner 
predicted by Penny and Sutherland (see Fig. 2), it is 
possible that this effect could be studied by perturbation 
theory. 

The analysis, based on these assumptions, will pro- 
ceed along the same lines as for methyl alcohol. The 
expression for the kinetic energy is written down in an 
appropriate coordinate system and the Schrédinger 
wave equation is obtained in the usual manner. With an 
appropriate change of variable the equation is separable 
and results in the usual symmetric top rotation wave 
equation and the equation which describes the internal 
motion which is 


d?P 
—-+[R—2a cos2x |P=0, 
dx? 
where 
% H 
R=—| W.-— , 
h? z3 
CH 
2a=— — 
h? 2 
and 


W=W,+W,, 


where W, is the usual symmetric top energy. In this 
procedure the only changes from the Koehler and 
Dennison case are that Cy>=C2=C=J 4/2 and the po- 
tential is double minimum instead of triple minimum. 
The solution of this equation is 
+x K 
P(x)=e" > a,e'™* where o= = 


and the resulting expressions for the characteristic 
values, R, are equalities of infinite continued fractions 
which, however, converge rapidly enough to make 
computation feasible.{ Therefore, R, and consequently 

t There are some tables of characteristic values of the Mathieu 
equation for K=O in the literature. The most comprehensive of 


these is Tables Relating to Mathieu Functions, NBS (Columbia 
University Press, New York, 1951). 
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QUANTUM NUMBER K 


Fic. 4. Variation of W2 with the quantum number K for the ground 
vibrational state (n=0). 


Ws, is a function of the quantum number K, this being 
the connection between the internal motion and the 
usual rotation. In order to illustrate the effect of the 
internal motion the expression W.=H/2+6R where 
B=h?/C is plotted in Fig. 4 as a function of K for a low 
barrier height. In Fig. 5, W2 is plotted as a function of 
barrier height for K=O and 1. Both of the above 
figures are for the ground vibrational state. In Fig. 6 is 
shown a curve of W, vs H for somewhat larger barrier 
heights and for »=0 and 1. It is seen that the sym- 
metrical barrier used does not remove the degeneracy of 
the odd K levels, whereas the even K levels are widely 
split, and the splitting of the even K levels about the odd 
K levels is unsymmetrical, at least, for low barriers. The 
amount of splitting increases with decreasing barrier 
height and also with higher vibrational state as would be 
expected. It is desirable, as indicated in Fig. 5, to label 
the two types of levels by the quantities g, and qo. 

It can be seen from Fig. 5 that a sufficiently low value 
of the barrier height will produce the splitting necessary 
to explain the observed absorption lines 1 and 2 of 
Table I. These lines were assigned to the ground 
vibrational state because if assigned to the first or higher 
excited states, the splitting of the ground state will be 
very small and rotational transitions should have ap- 
peared which were not observed. 

The selection rules for this molecular model are 


AJ=0, +1 
Am=0, +1 
AK=+1 
gi—q1 OF Qe 
g2—qi OF Qo. 


These selection rules allow the following two transitions 
as possibilities to explain line 1 of Table I 


J, |K|, q=1, 0, ql, 1, qi OF Qe 
J, |K|,q=0, 0, ql, 1, 91 OF qo. 


The first of these possibilities was not allowed because, 
in this case, the transitions 

2, 0, g2—2, 1, g (where g represents q; and/or gz) 

3, 0, qx, 1, q 

etc. 


should also be observed, as in the case of methyl 
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alcohol,!*!7 and such a series of lines was not observed 
experimentally. Thus, line 1 is assigned as follows (ex- 
pressed as an absorption line) 


1, 1, q-0, 0, q2. 
This order is necessary so that line 2 will fall within the 
microwave region as 

1, 0, qo—2, 1, q. 


An examination of the term values illustrates ex- 
plicitly how these transitions are brought about. From 
the expression for the energy 


9 


H i? 
W=W,4+W.2=BJ (J+ a 


where G= (A—B), we obtain 


H i? 
W (0, 0, g2)=—+—Ro, a, 
: = 


9 


H i? 
W(A, 1, )=2B+G+—+—R. n 
2 “| 
then 
he 
v(1, 3, q-0, 0, ill natalia wo 
—2B—G=A,—2B—-G, 


where the subscripts on R indicate Rx,_ and Az is the 
splitting of the K=0, g2 state relative to the K=1,q 
state. Similarly, 


v(1, 0, go—2, 1, g) =4B+G— Az. 


It is seen that in each case the hindered internal rotation 
term must shift the K=O levels relative to the K=1 
levels by a sufficient amount to bring these transitions 
within the microwave region. Further examination of 
the energy level structure reveals that other pairs of 
transitions such as these occur for higher J and K 
values. The pair which will arise as transitions between 
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Fic. 5. Internal oscillation energy vs barrier height for the ground 
(n=0) state. 


17D. G. Burkhard and D. M. Dennison, Phys. Rev. 84, 408 
(1951). 
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the next lowest term values of the energy level table are 
J, K, q=J+1, 0, qg-J, 1, q 
J, K, q=J+1, 1, qo J+ 2, 0, q1- 


For the symmetric top approximation used here, the 
sum of the transition frequencies of the members of 
each pair is equal to 2B. 

Some thought may now be given to the possibility 
of obtaining an approximation for the rotational con- 
stants and an approximate value for the barrier height. 
From the assignments of lines 1 and 2 it is found that 


v(1, 1, g0, 0, g2)+ (1, 0, g2—2, 1, g)=2B 
and 


r(1, 0, g2—2, 1, q)— v(1, 2, g-0, Q, g2) =6B+2G—2A2. 
Substituting the values from the experimental data 
gives 
B=0.8725 cm7 
and 
Ao— G= 2.2394 cm. 


From a study of the Stark data, lines 3 and 4 were 
assigned as the pair of transitions 


J+, 0, ga, 1, q 
J+, 1, qJ +2, 0, q1- 
Substitution of the experimental data yields 


B=0.8283 cm7 
and 


A:+G= 1.6565/+-2.3917, 


where the value B=0.8283 is used in computing the 
expression for A:+G and A, is the splitting of the 
K=0, qi levels with respect to the K=1, g levels. These 
results, together with analytic approximations of the 
R vs a curves may be used to obtain corresponding 
values of H and J 4 for this model. The results are shown 
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Fic. 6. Internal oscillation energy vs barrier height for n=0 and 1. 
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TABLE II. 
H G Ia X10 
J a cm! cm7! g cm? 
7 0.697 111 7.600 3.304 
8 0.708 113 8.587 2.959 
9 0.720 9.561 2.675 
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in Table IT. A study of the variation of J4 with y and x 
indicates that the most likely value of J is 8 and that the 
two higher J absorption lines may be assigned as follows. 


Line 3 9, 0, g:-8, 1, ¢ 
Line 4 9,1, g—10, 0, qi. 


It has been mentioned that the microwave lines occur 
in pairs such that the sum of the two transition fre- 
quencies is equal to 2B. The lines five through nine of 
Table I may be accounted for in the following manner. 
From a study of the Stark effect it is probable that lines 
5 and 6 form such a pair with B=0.783. Lines 7 through 
9 are all near the high end of the microwave region 
searched and probably each is one member of such a 
pair, the other member being below the low end of the 
region covered. It is unlikely that any of these lines 
arise from excited torsional states since in these states 
the molecule is undergoing free (or slightly hindered) 
rotation. The two OH bars are spinning around rapidly 
and with such a motion the permanent electric dipole 
moment would become small. Calculation indicates that 
the line intensities would, for the excited state, be down 
by factors of 25 or more. 

The three different values of B that were obtained 
from the experimental data are not explained by this 
model. There are several possible explanations. First, 
there is centrifugal distortion which makes B dependent 
upon J. Secondly, the effect of centrifugal distortion 
may alter the angle vy sufficiently to change the barrier 
height, thus making the splitting due to hindered 
internal rotation depend on J. Thirdly, the probable 
slight asymmetry of the molecule and the presence of a 
small product of inertia (unless y=0°, 90°, or 180°) may 

produce perturbing elements in the Hamiltonian which 
will cause the effective B-value to depend on J as for 
methyl alcohol. It is likely that all of these effects will 
cause corrections to B that vary either as (J?+J) or 
(J?+J/)*. If so, the perturbing effect is less for the lower 
J values and the value B=0.8725 is likely close to the 
correct value. Interpreting this in the light of the 
molecular model with the O—O distance=1.48A and 
the OH distance=0.98A would mean that the angle, y, 
must be close to 90° instead of the 78° as previously 
chosen. This also gives reasonable agreement for the 
small moment of inertia. 


THE STARK EFFECT 


The matrix elements for the Stark effect were derived 
for this model in order to determine the effect of 
hindered internal rotation. The evaluation of these 
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TABLE III. Dipole moments and ratios of B to A in the expression 











Av=(A—Bm’)é. 
Dipole moment 
u Experimental Calculated 
Line debye units B/A B/A 

1 2.26 — —0.989 
r 2.26 —0.618 —0.613 
3 2.17 —0.0120 —0.0119 
4 2.07 —0.0102 —0.0103 








matrix elements indicated that the effect of the internal 
motion alters the value of the permanent dipole moment 
to be used depending upon whether the state under 
consideration was of q: or gz type. As a result, the actual 
numerical work was completed using the results already 
in the literature!*-’ taking care to use one-half the line 
strength since the inversion degeneracy has been re- 
moved for this case. The results are for Am=0: 


Line 1 Av=yp2e[5.70—5.64m? |x 10-* Mc/sec 
Line 2 Av=yp2e[1.34—0.822m? |< 10-§ Mc/sec 
Line 3 Av=pe[1.29—0.0153m? |x 10-* Mc/sec 
Line 4 Av=ype[1.05—0.0108m? ]« 10-* Mc/sec 


where the values for H and G for the case J=8 of 
Table II were used to calculate the energy differences 
not available from the experimental data. 

It is necessary to compare these calculated results 
with the experimental data. For lines 1 and 2 there is no 
problem. For lines 3 and 4 the ratio of B/A in the 
expression Ay= (A — Bm?)é’ is to be used as a criterion of 
agreement with the experimental data. This criterion is 
best met by the following experimental equations for 





18S. Golden and E. B. Wilson, J. Chem. Phys. 16, 669 (1948). 
9 Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). 
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lines 3 and 4. 
Line 3 Av= (6.07—0.0727m?)2X 10-§ Mc/sec (J*2=9) 
Line4 Av= (4.49—0.0459m?)e2X10-® Mc/sec (J*29). 


The results of these calculations are presented in 
Table III along with the values of dipole moment ob- 
tained. Two points should be noted (1) the values of 
dipole moment agree favorably with the value of 2.13 
debye units obtained by Linton and Maass from 
measurements on liquid solutions of H2O:z in dioxane, (2) 
the values of J* for lines 3 and 4 obtained from the 
experimental data do not violate the assignments previ- 
ously made from the theory as shown following Table II. 

The approximate theory as developed here seems to 
explain the principal features of the microwave spectrum 
of H,O:. Further work is under way to complete the 
assignment of the observed microwave lines of HDO, 
and D.O, to the proper isotopic species and to extend 
the frequency coverage in order to observe the series of 
D.O,» lines discussed previously. It is hoped that this 
work will allow determination of the details of the 
molecular model by the development of a less ap- 
proximate theory. 
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INTRODUCTION 


T is possible by thermodynamic means to ascertain 
not only the charge on a mercury surface in contact 
with an inert electrolyte, but also the ionic components 
of that charge in the solution. These components, 
called T', and T_, are the excess of cations or anions 
actually present over what would be present in a column 
of solution of unit cross section extending from the 
interface (assumed planar) into the interior of the 
solution, calculated on the assumption of no change of 
concentration at the interface. In brief, I. is the excess 
of cations in unit area of the electrical double layer, and 
I'_ is the excess of anions. 

The present paper is concerned with the evaluation 
of ', and T_ at the interface between mercury and an 
aqueous solution of various inert electrolytes such as 
potassium chloride or potassium nitrate. This has been 
done by the use of differential capacity measurements in 
a manner to be explained below. The results are of 
interest in that they provide a more detailed picture of 
the electrical double layer than had been obtained other- 
wise. In particular they provide quantitative data in 
support of concepts which had previously been under- 
stood only qualitatively. 

The actual values of [, and T_ will depend upon 
one’s choice of a boundary to represent the interface. 
It is convenient to let I'scivent=0, which amounts to 
ixing the boundary at a position such that the actual 
amount of solvent per square centimeter of interface 
equals that calculated on the assumption that all of the 
solvent (with its ordinary bulk concentration) lies on 
the solution side of the selected boundary, and none on 
the other. There is no theoretical advantage to be gained 
by setting I’sotvent equal to anything different from zero, 
‘ince it is only a problem in stoichiometry to convert 
Values of I, and T_ obtained with one value of Isoivent 
o the corresponding values for any other value.’ In 

'D. C. Grahame, Chem. Revs. 41, 441 (1947). 



























Ionic Components of Charge in the Electrical Double Layer 
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The rate of change with concentration of the capacity of the electrical double layer on mercury has been 
measured. From this there have been calculated T',, the excess of cations in the double layer, and T_, the 
excess of anions. The latter has been subdivided into 7_4, the excess of anions in the diffuse double layer, 
and _*, the excess of anions in the inner part of the double layer. From these data it has also been possible 
to evaluate y’, the potential of the outer Helmholtz plane. 

It is found that fluoride ion remains unadsorbed on mercury at all potentials investigated, including po- 
tentials anodic to the e.c.max. Other anions are strongly adsorbed (chemisorbed) when the mercury is 
positively charged, and sometimes even when it is negatively charged. The “hump” in the capacity curves 
of salts of such anions as chloride, bromide, acetate, and nitrate, are found to be present in curves of C_, 
the capacity attributable to anions alone. No chemisorption of monatomic cations could be detected. 

The kinetic theory of the diffuse double layer with constant dielectric constant is found to fit the experi- 
mental results within the expected accuracy. This fit extends to electrolytes of the 1:2 and 2:1 types also. 

A new method of evaluating salt adsorption at the potential of the electrocapillary maximum (e.c.max.) 
is described and results are given. Likewise a new method of determining C, at the e.c.max. is described 
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what follows Isoivent iS always set equal to zero. This 
obviously puts the selected boundary very close to the 
interface and gives rise to values of I and I'_ which 
have simple and exact thermodynamic meaning. 

If the radius of curvature of the interface becomes 
comparable to the half-thickness of the electrical 
double layer, the interface cannot be regarded as planar 
and the theoretical treatment which follows would need 
to be modified. This complication does not arise in the 
experiments we are about to describe. 

One of us (D.C.G.)! has computed I’, for 0.3N NaCl 
using Gouy’s electrocapillary data? for 0.1 and 1.0N 
solutions of that salt. This is not a very satisfactory 
procedure because the concentration difference is too 
great and the data are too sparse. The results are never- 
theless in good agreement with those obtained by a 
method employing capacity data taken at the same two 
concentrations, and these results have already been 
presented.! An improved version of that method is 
described below. The necessary theory will be pre- 
sented first. 


THERMODYNAMIC PRELIMINARIES 


The definitions, symbols, and sign conventions to be 
employed will be those already discussed in reference 1. 
The basic equations to be employed are® 


v4. (0o/Ou)2-= —T, (1) 
v_(9o/Ou)z*= —T_, (2) 


where @ is the interfacial tension of a liquid metal in 
contact with an inert electrolyte, u is the chemical 
potential of the electrolyte, v,(v_) is the number of 
cations (anions) formed by the dissociation of one 
molecule of the electrolyte, and the subscript E- 
denotes that the potential between the phases is to be 


2G. Guoy, Ann. chim. et phys. [7] 29, 145 (1903). 
3 Reference 1, Eq. 22. 
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maintained constant as measured in the ordinary way 
relative to an electrode reversible to the anion of the 
electrolyte in question. It is important to understand 
that the composition of the electrolyte in the reference 
electrode changes along with that of the solution under 
test, so that no liquid junctions arise, and that what is 
to be held constant is the relative potential of two pieces 
of wire of the same material, one attached to the 
reference electrode and one to the metallic phase under 
test. 
lr, and Tare related through the equation 


240,F+ zIT_F=— q; (3) 


where z, is the “valence” of the cation, z_ that of the 
anion, including sign, and q is the surface charge density 
on the metallic phase. It is given in all cases by the 
Lippmann equation, namely,‘ 


(00/0E)y=—q [= (00/E-),]. (4) 


Differentiation of Eq. (1) with respect to E~ at con- 
stant pw gives 


V+ (0?o/dp0E-) i (OT ,/dE) be (5) 


The quantity on the right is proportional to what we 
propose to call C,, which is that part of the total 
capacity attributable to the approach or departure of 
cations from the interface when the over-all potential is 
changed slightly. In order to keep Cy a capacity in 
ordinary electrical units, we write 


2,F (0T,/dE) .= —C,. (6) 
From Eqs. (4), (5), and (6) 
2,04 (0q/du) 2-= —C}. (7) 


In a like manner, starting with Eq. (2) 
v_(0’o/dp0E+) = — (OT_/dE) ,=C_/2_F, (8) 
where we have let 
C_=—z_F(0r_/dE),. (9) 
Then from Eq. (4) 
z_v_F (dgq/0u) z+= —C_. 
By differentiation of Eq. (3) 
(09/0E) y+ 24F (OF 4/0E) ,+2_-F (OT_/0E),=0 (11) 


and 


(10) 


(12) 


a result to be expected in view of the significance of C+ 
and C_ stated above. 

Differentiating Eq. (7) with respect to E~ at constant 
be gives 


C=C,~Ca8, 


2,v,F (8g/dudE-) = —dC,/dE. (13)5 
4G. Lippmann, Ann. chim. et phys. [5] 5, 494 (1875). 
5 The constancy of u in the expressions dC,/dE and dC_/dE is 
to be understood. 
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The ordinary differential capacity is defined as 
C=dq/dE [=dq/dE-], 


(14) 


where the constancy of chemical potential is to be under- 
stood. Then with Eq. (13) 


24,v4F (0C/dp) p-= —dC,/dE. (15) 
In the same manner, starting with Eq. (10), 
z_v_F (0C/dp) g+= —dC_/dE. (16) 


These equations have the useful property that their 
left-hand members can be evaluated experimentally, 
thus giving entree to the calculation of dC,/dE, C1, T, 
and the corresponding quantities for anions. 

Although dC,/dE is of some interest on its own ac- 
count, C, and I’; are quantities easier to visualize, and 
it is therefore desirable to be able to calculate them. 
This can be done by integration, supposing (0C/du) z- 
known from experiment, the only complication being 
in the determination of the constants of integration. 
Thus 


C= f (dC,,/dE)dE+k (17) 


and 
2,FT,= — fcyaB+K. (18) 


The actual values of k and of k’, of course, depend 
upon where one chooses to begin the evaluation of the 
definite integrals. When we speak of evaluating & or F’, 
therefore, we shall usually mean nothing more than an 
evaluation of some one value of C, or of T',. 

The constant k may be obtained from a study of the 
rate of change with chemical potential of the potential 
of the electrocapillary maximum (e.c.max.) as follows: 
From Eq. (7) 


2404F (0q/0E-) y(OE~/Opu)g= Cy (19) 
or from Eq. (14) 
24v4hC (0E-/dp) = Cy. (20) 


At the potential of the e.c.max. q is zero and therefore 
constant. Hence one can write from Eq. (20), 


2,.v,4FCe-e-max. (OE—/dp)°-°-™*-= C40-e-max., (21) 


and as the equation shows, a measurement of dE~/dp 
at the potential of the e.c.max. provides means for the 
calculation of C,°-°-™**- and hence, in effect, of the - 
in Eq. (17). It will be noted that this is a purely thermo- 
dynamic procedure, by contrast with another method 
to be presented below. 

For the evaluation of k’ by purely thermodynamic 
means, one must resort to electrocapillary measure 
ments. The equation needed is® 


(do /Ou)e-°-™3*-= —Tean??™™*: 
a —T,e-¢-max./y, = —T_¢-¢-max. fm. (22) 


6 Reference 1, Eqs. (20) and (21). 
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ELECTRICAL DOUBLE LAYER: 


where I'sair°*°-™**- is the superficial excess of the salt 
itself at the potential of the e.c.max. This symbol is 
appropriate because the anion and cation excesses 
are equivalent at this potential. The evaluation of 
Teatt’™**- through Eq. (22) provides a value of k’ 
because it provides a value of I, at one potential. An 
alternative method of evaluating Tsair°-*-™* (and 
therefore k’) will be presented below. This alternative 
method is nonthermodynamic in character because it 
employs certain results of the kinetic theory of the 
diffuse double layer. In the opinion of the authors this 
alternative method is far more exact than any experi- 
mental data with which it is every likely to be used, 
however, so that for all practical purposes it may be 
considered to be exact. 

An entirely analogous situation exists with respect to 
the constant of integration k. C, can be obtained at the 
potential of the e.c.max. as already explained. But an 
alternative method of finding a value of C, (and 
therefore k) exists which uses chiefly the theory of the 
diffuse double layer. This method will be explained in 
the next section. For the present it will suffice to note 
that both & and k’ can be determined by two methods, 
one thermodynamic and one based upon the theory of 
the diffuse double layer. 


DIFFUSE DOUBLE LAYER THEORY 


The kinetic theory of the diffuse double layer has 
already been presented in considerable detail,!:? and it 
only remains to be shown how the results can be applied 
to the present investigation. The object of this introduc- 
tion of diffuse double layer theory is twofold. In the 
first place, diffuse double layer theory provides values 
of k and k’, as stated above. In the second place it 
proves to be possible to compare certain of our experi- 
mental results with diffuse double layer theory, and this 
comparison serves at once as a check on the theory 
and provides direct information as to the presence or 
absence of specific adsorption of anions at any given 
potential. 

Most of the equations which are of interest for these 
purposes have already been presented.’ For purposes of 
illustration three will be cited. These are Eqs. (59), (61), 
and (63), respectively, in reference 7,8 





n?=A[o+(i+e)!—1], (1:1) (23) 
Cade v 
Se are (1:1) (24) 
dC ‘de (de dC Cae 
dE mre cia or 2A — 
ener (1:1) (25) 


,D- C. Grahame, J. Chem. Phys. 21, 1054 (1953). 

_ In Eqs. (49) and (63) of reference 7, the sign joining the prin- 

rr terms should be minus instead of plus. The constancy of y in 
C,*/dE is to be understood. 
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In these equations C%* is the differential capacity given 
by dn*/dE, where 7? is the charge of the diffuse double 
layer only and £ is the whole potential difference across 
the interface (not the potential across the diffuse double 
layer). Thus C% is that part of the measured capacity 
attributable to the diffuse double layer alone. Simi- 
larly C,% is dn,4/dE, and is that part of the measured 
capacity attributable to cations in the diffuse double 
layer alone. v is n#/2A, where 

A= + (DDokT no;/27)?. (26) 
D is the dielectric constant, Do is a constant equal to 
1.1128 10-" coulomb-volt“'—cm—, k& is Boltzmann’s 
constant, and mo; is the number of ions of one kind per 
cm’, Equations (23)—-(25) are for 1:1 electrolytes. 
Corresponding equations have been derived for un- 
symmetrical electrolytes.’ The significant feature of 
these equations is that they provide means for the cal- 
culation of C,%¢ and dC,¢*/dE from a single differential 
capacity curve (C vs E) at a single concentration pro- 
vided one is allowed to assume the absence of specific ad- 
sorption. The procedure is as follows: The observed 
differential capacity curve is numerically integrated once 
with respect to potential to give g, the surface charge 
density [Eq. (14) ]. Where specific adsorption is absent, 
this is identical with n¢.2 Hence one can find v as a func- 
tion of E at potentials such that specific adsorp- 
tion is absent. If specific adsorption is absent at 
some potential, C%* will be identical with the or- 
dinary capacity C at that potential because dn?¢/dE 
and dg/dE are then identical. This makes it possible to 
evaluate n*, C,%*, and dC,¢*/dE from Eqs. (23), (24), 
and (25) and experimental data from a single capacity 
curve, as stated. C,% is wanted for the evaluation of k 


® Tt is sometimes supposed that there exists, in addition to the 
diffuse double layer, a compact layer of ions not specifically ad- 
sorbed. This is, in fact, a major point in the Stern theory of the 
electrical double layer. It arises, however, not as a consequence of 
any particular argument, but rather as a result of the mathe- 
matical form given to the theory. It now seems clear that positive 
ions, at least, do not form a layer at the interface over and above 
that which arises as a result of the existence of a diffuse double 
layer. The situation is a little less clear with respect to anions 
because of the evidence that these latter can often, if not always, 
move closer to the interface than can the cations (see reference 1). 
Thus there is a region between the inner and outer Helmholtz 
planes which is accessible only to anions, and the possibility exists 
that when the metallic surface is positively charged, a different 
kind of diffuse double layer may exist there, populated only by 
anions which are not held by other than simple Coulombic forces. 
The evidence against the view that this is an important part of 
the whole double layer consists primarily of the fact, to be demon- 
strated later, that fluoride ions are not adsorbed on positively 
charged{mercury except as they are accompanied by the comple- 
ment of positive ions predicted by ordinary diffuse double layer 
theory (see Fig. 14). When the anodic polarization becomes con- 
siderable, the outer Helmholtz plane loses its significance, and 
one should then regard y in the theory as the potential of the 
inner Helmholtz plane. This whole question will be discussed 
quantitatively in a subsequent publication. For the present it has 
significance only in solutions of fluorides, because all of the other 
anions with which we are here concerned show specific adsorption 
on anodic polarization, and thus keep the potential of the inner 
Helmholtz plane negative, thereby repelling anions from the 
region in question. 








in Eq. (17), n4?¢ is wanted for the evaluation of k’, and 
dC,,2°/dE is wanted for comparison with dC,/dE ob- 
tained from an experimental evaluation of (0C/du) z- 
[with Eq. (15) ]. These three matters will now be further 
discussed. 

At sufficiently negative (cathodic) potentials, even 
such strongly adsorbed anions as iodide ion can be ex- 
pelled from a mercury surface. This is evidenced, for 
example, by the convergence of the differential capacity 
curves of the potassium salts of different anions as the 
potential is made more cathodic.” At these potentials 
monatomic cations are not specifically adsorbed, how- 
ever, as has been known for some time! and as we are 
about to prove anew." Therefore it is possible to find 
values of C,** from differential capacity data at a single 
concentration, and although these values are only valid 
at potentials sufficiently cathodic that no specific 
adsorption of anions is present, it is only necessary to 
pick a “most reliable” value of C,.?*, taking into account 
not only the demands of the theory but also the poten- 
tial where the experimental data are believed to be 
most reliable. This ‘most reliable” value of C4 gives 
in effect a value of k in Eq. (17). 

The accuracy of Eq. (24) at the cathodic potentials 
in question is much greater than one might at first sight 
suppose. This comes about from the fact that C,% 
differs only slightly from C%*, which is supposed to be 
known exactly,” and the difference is C_¢*. But C_*¢ can 
be computed with high absolute accuracy because it is 
nearly zero. Equation (24) then gives C,%* with this 
same absolute accuracy. It is for this reason that the 
diffuse double layer values of C,*%* are preferred to the 
less well evaluated thermodynamic values of C in the 
potential region where specific adsorption is known 
to be negligible and where the anions are known to be 
strongly repelled. 

By the same argument it will be seen that ;¢ is given 
by Eq. (23) with very high accuracy at sufficiently 
cathodic potentials because n_? is practically zero and 
n? is supposed exactly known. Then one picks a “most 
reliable” value of 74? and this in effect gives the con- 
stant of integration k’. 

The quantity dC,/dE is known from experiment 
through Eq. (15). In the absence of specific adsorption, 
it is expected to be identical with dC,¢*/dE. Com- 
parison of these two quantities can therefore be used 
as a criterion of specific adsorption. It is, in fact, the 


10 Grahame, Poth, and Cummings, “Capacity and Surface 
Charge Density of the Mercury-Solution Interface in Tenth- 
Normal Aqueous Solutions of Potassium Salts at 25°C,” Technical 
Report No. 7 to the U. S. Office of Naval Research, Dec. 13, 1951. 
_ Available at the Library of Congress or on request from the 

authors. An account of this work is to be found in the J. Am. 
Chem. Soc. 74, 4422 (1952). 

1! Monatomic cations are held electrostatically, of course, but 
the forces involved are just those considered by the theory of the 
diffuse double layer. This is not called specific adsorption. 

12 In the absence of specific adsorption it is equal to the differen- 
tial capacity C, which can be measured with good precision. 
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most direct and usable criterion of specific adsorption 
at our disposal. 

For 1:2 electrolytes the necessary equations for the 
evaluation of 7,4, C,%¢ and of dC,4*/dE have also been 
given [Eqs. (45), (47), and (49), reference 7 ].° In using 
these equations it is possible to evaluate all of the 
quantities demanded without employing any data 
other than a single capacity curve at a single concentra- 
tion. The procedure is described in the reference cited. 
For 2:1 electrolytes the procedure is similar. 

The quantity C,/C has been denoted by 74 and 
called'* the transference number of the cation in the 
double layer because it measures the fraction of the 
charge carried into or out of the double layer by cations 
alone. In the absence of specific adsorption it is ex- 
pected to equal } for symmetrical electrolytes at the 
potential of the e.c.max." At sufficiently negative poten- 
tials it approaches unity, and at positive potentials it 
would approach zero in the absence of specific adsorp- 
tion. However, because specific adsorption of negative 
ions usually occurs on a positively charged mercury 
surface, 7, is often negative at these potentials, and is 
sometimes negative even at the potential of the e.c.max. 


EXPERIMENTAL DETAILS 


In order to use the equations derived above it was 
necessary to evaluate (0C/du) 2+ or (8C/du) z- for suit- 
able electrolytes at a metal-solution interface. The 
metal chosen was, of course, mercury, since this is the 
only metal for which adequate measurements of C can 
so far be made. For electrolytes we have chosen to 
employ principally aqueous tenth-normal solutions of 
potassium salts of representative types. 

The solutions used were prepared from twice re- 
crystallized A. R. salts dissolved in conductivity water. 
The measurements are not in any case much affected by 
minor impurities. Two concentrations were ordinarily 
employed, namely 0.12N and about 0.08351, the actual 
value of the latter concentration being chosen to make 
the mean chemical potentials of the two solutions the 
same as that of a tenth-normal solution. Activity coeffi- 
cients for this calculation were mostly derived from 
Harned and Owen’s tabulation.® 

Measurements of the capacity of the electrical double 
layer at the mercury-solution interface were made at 
25°C using the two concentrations of solution alter- 

TD). C. Grahame, J. Chem. Phys. 16, 1117 (1948). 

4 Because that part of the capacity associated with the inclu- 
sion of cations into the diffuse double layer equals the part asso- 
ciated with the removal of anions, as one can readily see by argu- 
ments of symmetry or from the theory of the diffuse double layer. 
For 1:2 or 2:1 electrolytes the corresponding figures are § and 3, 
respectively. This result can be verified by dividing Eq. (47) 
(reference 7) by Eq. (48) and noting that at the e.c.max. and in 
the absence of specific adsorption g= v3. Adsorption of the anion 
at the e.c.max. has the effect of depressing 7,°-*-™**- very strongly 
and can even make it negative. The general expression for 7,°°°""*™ 
in the absence of specific adsorption is y_/y where v=v4+v-. 

6H. S. Harned and B. B. Owen, The Physical Chemistry of 
Electrolytic Solutions (Reinhold Publishing Corporation, New 
York, 1950). 
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ELECTRICAL DOUBLE LAYER: 
nately. Instead of changing the reference electrode with 
each change of solution, as required by Eq. (15), the 
potential was changed by an amount just sufficient to 
give the effect of changing the reference electrode. This 
could be done with precision, since the necessary poten- 
tial shift can be calculated without the introduction of 
nonthermodynamic assumptions. It is a far better pro- 
cedure than an actual shift of electrodes would provide, 
because it frees one from the necessity of building ex- 
ceedingly high-quality reference electrodes. Besides this, 
it makes it possible to use im effect electrodes which 
cannot in fact be built, such as a reversible nitrate 
electrode. A liquid junction will then be present, but 
this introduces no thermodynamic uncertainty because 
it can be left unaltered when the solutions are changed. 
There will be a second liquid junction between two con- 
centrations of the same electrolyte, say potassium 
fluoride, but this introduces no thermodynamic un- 
certainty because it corresponds to a concentration cell 
with transference, whose emf can be calculated pre- 
cisely if the necessary activity coefficients and trans- 
ference numbers are known. Where the transference 
numbers were not available, they were computed with 
sufficiently accuracy from the equivalent conductances 
at infinite dilution, sometimes corrected with the aid of 
conductivity data at finite concentrations. Uncertain- 
ties in these quantities were of minor importance. 

What was done was to measure (AC/Ap)z- or 
(AC/Ap) z+ by measuring the differential capacity C 
at a given potential as precisely as possible, using the 
techniques previously described.!* Since only the change 
in C was needed, no effort was made to obtain correct 
absolute values of C—only the percentage change asso- 
ciated with a change of dilution was measured. This per- 
centage change was always small, never more than 10 
percent and usually of the order of 2 or 3 percent, which 
indicates that AC itself could not be ascertained to 
better than about +5 percent or 0.02 mfd/cm?, which- 
ever was larger. 

It is necessary that the percentage change in C be 
kept small, since otherwise one would not be entitled 
to set AC/Ap equal to dC/dy, as was done throughout. 
It would not have been advisable to attempt to com- 
pare more than two concentrations of solution at a time 
in this work because a slow drift in the rate of flow of 
the mercury, for instance, would more than offset any 
theoretical advantage to be gained. 

In most of the measurements E+ was held constant!” 

*D. C. Grahame, Proc. Third Meeting International Com- 
mittee on Thermodynamics and Electrochemical Kinetics, p. 330 
(1952). Manfredi, Milan. Also available as Technical Report 
No. 6 to the U. S. Office of Naval Research, May 25, 1951. 
Essentially the same technique is described in J. Am. Chem. Soc. 
71, 2975 (1949). 

'’ This was accomplished, as explained above, by changing the 
potentiometer reading, when the solutions were changed from one 
concentration to the other, by an amount equal to the calculated 
emf of a cell composed of two identical electrodes, each reversible 
to the cation of the electrolyte, and differing only in the concen- 


we of the electrolyte with which they are supposed in equi- 
ibrium. 
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at potentials more negative than the e.c.max. and E- 
was held constant elsewhere. This has the advantage of 
keeping AC small, making the method more nearly a 
null method. It is easy to convert results obtained by 
either method to the corresponding result on the other 
(since dC/dE is the sum of dC,/dE and dC_/dE), 
and in presenting the results below this conversion has 
been made without comment wherever the presenta- 
tion is thereby simplified. 

The measurements made with potassium chloride 
were repeated many times and with several variants. 
For example, in one set of measurements the concentra- 
tion range was about twice as great as indicated above. 
Measurements were made both at constant Et and 
constant E~ and also at constant £ (i.e., with no change 
in the potentiometer reading, see reference 17). The 
latter is experimentally easy but requires more elaborate 
computation and is probably less desirable as an experi- 
mental technique. In all cases the results agreed to 
within the expected accuracy. 

In order to evaluate the first constant of integration, 
k in Eq. (17), (dE~/dp)*-*-™**- was measured by the 
streaming electrode method. This method has been 
described in an earlier publication,'® the particular 
method in question being there called Method VI. 


METHODS OF COMPUTATION 


The method of calculation finally adopted was not the 
obvious one represented by Eqs. (17) and (18) alone, 
since there are two ways of finding & and two ways of 
finding k’. In order to arrive at most probable or “‘best”’ 
values of Cy, and I, the following procedure was 
adopted:!® 

Observed values of (0C/du)ez- were converted into 
the corresponding values of dC,/dE by means of Eq. 
(15) and integrated with respect to E by Simpson’s 
rule from E=—1.2 v (relative to the NV calomel elec- 
trode) to the potential of the e.c.max. This gives the 
difference (to be called AC,) between Cy, at —1.2 v 
and at the potential of the e.c.max. But this difference 
is also known independently from the fact that C, is 
known at —1.2 v from Eq. (24) and at the e.c.max. 
from Eq. (21). The two values of AC, naturally 
differed more or less, although the difference was never 
greater than could reasonably be attributed to errors 
in the experimental data. It was then assumed that 
whatever discrepancy existed arose wholly from errors 
in (0C/dyu)z-. Accordingly a two-parameter correction 
function was set up, consisting of two straight lines, 
one starting from zero at — 1.2 v and the other starting 
from the potential of the e.c.max. at an undetermined 


18 Grahame, Coffin, Cummings, and Poth, J. Am. Chem. Soc. 
74, 1207 (1952). 

19 This method was devised by Professor W. T. Scott of the 
Smith College Department of Physics. The results are nearly 
identical with those obtained by an alternative but somewhat less 
objective method devised by ourselves. The authors take this 
opportunity to thank Professor Scott for his valued contribution 
to this work. 














\witHout SPECIFIC ADSORPTION 4 


OBSERVED 
re 


o 
io] 
T 


OIN KCL 





nN bh 
So co} 
ee ee ee 


fo} 
T T 


‘WITHOUT SPECIFIC ADSORPTION 


> 
° 


dC,/dE IN MICROFARADS PER SQ.CM. PER VOLT 
ny o 
° ° 





° 
T T T 








o WITHOUT SPECIFIC ADSORPTION 
40} — OBSERVED J 


OIN KF 





20} 














° —- : me , = a - 8 =10 : T2 ; Ta : “6 eo 
POTENTIAL RELATIVE TO N CALOMEL ELECTRODE 
Fic. 1. Observed and calculated values of dC,/dE. Calculated 

values assume the absence of specific adsorption. 





ordinate A.2° The two curves meet at a point of ordinate 
B. The potential at which they meet is selected some- 
what arbitrarily near the middle of the range of poten- 
tials in question. This correction function is to be added 
to (or subtracted from) the observed function (dC/d£). 
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* This A is not the A of Eqs. (23)—(25). 
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It is evident that the integral of the correction function 
f(A,B) from —1.2 v to the e.c.max. must equal the dis- 
crepancy between the two values of AC; calculated 
above. This establishes one condition upon the function 
f(A,B), making it essentially a one-parameter equation. 
We shall regard A itself as the parameter. 

Limits of error are now set upon A and B correspond- 
ing to what we may regard as the probable limits of error 
in dC,,/dE at the two potentials in question (the e.c.max. 
and the potential where the two lines of the correction 
function were considered to meet). Now taking the 
upper limit of B puts a lower limit on A; likewise the 
lower limit of B puts an upper limit on A, so that A 
must fall between a pair of limits dependent upon the 
limits of B. But we have also an independently selected 
set of limits on A, and A is now required to lie within 
the overlapping region of the two sets of limits. Thus our 
correction function is now a one-parameter function 
in which the one parameter has a restricted range of 
values. 

Taking the maximum allowed value of the param- 
eter A, the corrected function dC,/dE is integrated twice 
by Simpson’s rule from E=—1.2 v to the e.c.max. to 
give I'sar°-™**-—T', 1". For the second integration 
C7!“ is taken from Eq. (24) Lor from Eq. (43) or (47) in 
reference 7 for 1:2 or 2:1 electrolytes” |. The value of 
I',—! is obtained from Eq. (23) or from the correspond- 
ing equations for 1:2 or 2:1 electrolytes." This proce- 
dure assumes the absence of specific adsorption at a 
potential of —1.2 v, and gives a value of I'sann°*°"™™. 
Taking the minimum allowed value of the parameter A 
gives another value of I'sair°"™**:. These two values 
are then averaged to give a “most probable” value and 
a set of limits. 

In order to arrive at a “best” corrected function, 
dC,/dE, the average correction function is smoothed 
to eliminate the discontinuity of slope at A and B. 
This procedure is not as arbitrary as it might seem 
because the smoothing must be done in such a way as 
to keep the area under the curve constant and also to 
keep the second integral constant. Except when B and 
A were both rather large and of opposite sign, which 
was unusual, the smoothing operation was quite 
satisfactory. 

RESULTS AND DISCUSSION 


Experimental values of (dE~/dy)*-*-™™*- and the 
corresponding values of C°-*-™**- are given in Table I. 
The results are of value chiefly in that they provide a 
constant of integration k for Eq. (17). For 1:1 elec- 
trolytes the expected value of 74°-°-™**- in the absence 
of specific adsorption is 0.5 and this is observed only 
with KF. Comparison of 74°-°-™**- for KF, KCl, KBr, 
and KI shows the expected falling off, although the 
decrease on going from KBr to KI is perhaps not as large 
as one would expect. Potassium nitrate and KCIOs 


21 The quantities 6 and g in those equations are evaluated by 
the use of Eq. (35) or (45). y is found from Eq. (5) or (20). 








she 
the 
ads 
Po 


e 


T+ 
tha 
the 
foll 


fica 


of 7 
0.3: 
just 


valu 
fron 
lyte 
cert 
tial 











® Pot 
with co 
betweer 
without 
and nor 


by a s 
Howe 
which 
tion ¢ 
that t 
of sulf 
ter) ar 
metho 
For 
0.667, 
value, 
tribute 
Figu 
applica 
togethe 
with th 
for oth 
curves 
this is. 
capacit 


on, 


hed 


em 
as 
) to 
and 
rich 
uite 


the 
le I. 
de a 
elec- 
ence 
only 
K Br, 
. the 
large 
ClO, 


ed by 








ELECTRICAL DOUBLE LAYER: 


show about the same value as KCl, in agreement with 
the fact that nitrate, perchlorate, and chloride ions are 
adsorbed about equally at the potential of the e.c.max. 
Potassium acetate (KAc) shows a larger value of 
74°°-max. suggesting that the acetate ion is less adsorbed 
than these, a fact which is borne out by the low value of 
the potential of the e.c.max. In the calculations which 
follow, these statements are given quantitative veri- 
fication. 

The 1:2 electrolytes KsSO, and K:CO; show values 
of 7,°-°-™*- a little smaller than the theoretical value 
0.333 for a nonadsorbed electrolyte. It is not known 
just how much uncertainty there is in these values of 
74°e-max-. Tt is just about certain, however, that the 
value 0.261 found for K.SO, is significantly different 
from the theoretical value for a nonadsorbed electro- 
lyte, 0.333. This difference would seem to indicate a 
certain amount of adsorption of sulfate ions at the poten- 
tial of the e.c.max., a result which is further indicated 


TABLE I. Quantities needed for the evaluation of C, at the 
potential of the electrocapillary maximum. 








Tenth-normal solutions at 25°C 


e.c.max. (0E~/du)e-¢-max. Ce-c.max. C4e-¢-max. 





Salt volts volts/volt 740-¢-max. mfd/cm? mfd/cm? 
KC] 0.506 0.205 0.205 29.9 6.12 
KBr 0.574 —0.116 — 0.116 41.9 —4.85 
KI 0.732 — 0.338 —0.338 60.0 — 20.29 
KNO; 0.517 0.193 0.193 28.9 5.57 
KAc 0.488 0.351 0.351 24.3 8.53 
KCIO, 0.507 0.196 0.196 tp 5.34 
KF 0.471 0.50 0.50 20.8 10.4 
BaCl, 0.505 0.127 0.254 30.7 7.81 
K,SO, 0.470 0.131 0.261 22.2 5.79 
K,;CO; 0.473 0.132 0.263 22.0 5.81 








® Potentials in column 2 measured relative to normal calomel electrode 
with correction by Henderson's equation for the liquid junction potential 
between tenth-normal potassium chloride and the solution in question, but 
without correction for the liquid junction potential between tenth-normal 
and normal potassium chloride. 


by a second line of evidence to be indicated presently. 
However, there are two additional pieces of evidence 
which seem to contradict the result, so that the ques- 
tion cannot be considered settled. It seems probable 
that the methods which indicate a positive adsorption 
of sulfate ion (both of which are qualitative in charac- 
ter) are simply more sensitive than the two quantitative 
methods which indicate a null result. 

For BaCl, the “theoretical” value of 7,°*-™**- is 
0.667, which is strikingly different from the observed 
value, 0.254. As with KCl, the difference is to be at- 
tributed to the specific adsorption of chloride ion. 

Figures 1-4 show the experimental values (before the 
application of any correction function) of dC,/dE 
together with calculated values of dC,%¢/dE obtained 
with the aid of Eq. (25) or the corresponding equations 
for other valence types. In the figures these calculated 
curves are labeled “without specific adsorption” but 
this is an oversimplification because the experimental 
capacity curve is used in the calculations. Thus the 
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POTENTIAL RELATIVE TO N CALOMEL ELECTRODE 


Fic. 3. Observed and calculated values of dC,/dE. Calculated 
values assume the absence of specific adsorption. 


calculated curves have meaning only in so far as specific 
adsorption is really absent. Where the observed and 
calculated curves agree, specific adsorption may be 
deemed absent, but the magnitude of any disagreement 
does not give a quantitative measure of the extent of 
the adsorption to which it corresponds. 

The virtually exact agreement of the two curves for 
KF is strong direct evidence not only for the non- 
adsorption of fluoride ion over a large range of poten- 





py r r r T T T r puny 


200F 


18OF 
penne SPECIFIC ADSORPTION 


o 
° 


B 
° 


TX) 
° 


r) 
° 


OBSERVED 
4 


oe 
°o 
T 


Bb 
°o 
ay 


O.1N KBR 





aC, /dE IN MICROFARADS/CM*/ VOLT 
N a 
o °o 


° 
yaya 


-20-F 














-. -.4 -6 , oe . -1.0 ‘ n2 , “4 , 16 ‘ “8 

POTENTIAL RELATIVE TO N CALOMEL ELECTRODE 

Fic. 4. Observed and calculated values of dC,/dE. Calculated 
values assume the absence of specific adsorption. 
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Fic. 5. Charge attributable to cations in the electrical double 
layer. Tenth-normal aqueous solutions at 25°C. 


tials, including anodic potentials, but also speaks for 
the accuracy of the treatment upon which the theo- 
retical curve is based. It means, among other things, 
that the kinetic treatment of the diffuse double layer 
in which the dielectric constant is considered constant 
is valid for the purposes for which we have employed it. 

For all of the electrolytes investigated the curves in 
Figs. 1-4 converge at large negative potentials. This is 
direct evidence for the absence of specific adsorption of 
the cations under investigation. Since the capacity 
curves of salts of other monatomic cations are known 
to behave in almost exactly the same manner as those 
here investigated, it seems safe to conclude that other 
monatomic cations are also not specifically adsorbed on 
mercury. 

The poorer agreement between the calculated and 
observed values of dC,/dE at cathodic potentials ob- 
tained with K2CO; is believed to be a result of the poor 
reproducibility of the capacity data obtained with that 


TABLE II. Salt adsorption on mercury at the potential 
of the electrocapillary maximum.* 








T'salt®-¢-™®=- 


microcoulombs per sq. cm. 





Salt reference 12 this work “best”’ 
KCl 0.68 1.01+0.13 0.9 
0.8 
KAc 0.4 0.78+0.30 0.5 
KBr 3.1 3.95+0.25 at 
K.CO; —0.23> 0.20+0.13 0.0 
KF 0.0 —0.09+0.15 0.0 
KNO; 1.8% 1.51+0.08 1.6 
K.SO, —0.3* —0.07+0.15 0.0 
BaCl, 1.08 1.42+0.10 iJ 








® Tenth-normal aqueous solutions at 25°C except as marked by (a), 
where temperature was 18°C. The values marked with an (a) for KAc 
and K2SO, were actually obtained with the corresponding sodium salts. 
No significant differences have ever been found between potassium and 
sodium salts in this connection. 

b Estimated from electrocapillary data by Gouy at 1.0N and above 
together with data for 0.01N NazCOs. 
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salt. This in turn is believed to be a consequence of the 
fact that we were not very successful in our attempts to 
purify potassium carbonate. 

The curves for K2SO, shown in Fig. 2 are separated at 
the potential of the e.c.max. (indicated by the short 
vertical line) by an amount which we regard as con- 
siderably larger than the probable error of the measure- 
ments. The disagreement is in the direction to be ex- 
pected if there is a positive adsorption of sulfate ion at 
that potential, but one cannot estimate the magnitude 
of the adsorption from the separation of the curves for 
the reasons explained above. 

Values of T'sair®*°™**- obtained in various ways are 
presented in Table II. Column 2 contains values ob- 
tained earlier” from electrocapillary data and are not 
believed to be very accurate. Column 3 contains values 
obtained by the integration method described above. 
Column 4 then gives what we regard as “best” values 
taking into account the relative reliability of the data 
in the two preceding columns and also noting that 
negative values are presumably impossible. Limits of 
error on these values are considered to be the same as 
those stated in column 3 except for the exclusion of 
negative values. 

Even with our new method the absolute accuracy 
with which T,a14°°°"™*** can be determined is still not 
high. For the purposes of the present paper, at least, 
this uncertainty is of minor importance because 
Teare™**-, being a constant of integration, does not 
change the shape of the curve which it is used to de- 
termine and because, being small, its effect upon the 
absolute values of points on the curve not close to zero 
is necessarily small. 

Figure 5 shows I';, the charge attributable to cations 
in the double layer. These are obtained by double inte- 
gration of the corrected dC,/dE curves. Figures 6 and 7 
show I_, the charge attributable to anions in the whole 
double layer. These are obtained by difference between 
—qgand I. 

Figure 5 shows the Coulombic adsorption (there being 
no specific adsorption) of cations and shows the addi- 
tional feature of increasing adsorption of positive ions 
with increasing anodic polarization beyond a certain 
point. This behavior has already been noted for solu- 
tions of NaCl.' It is now shown to be fairly general but 
not universal, since KF and KNO; do not show it and 
KAc shows it to only a very slight degree. 

The explanation has been given before and applies 
without change to the new instances here presented. 
Briefly, what is happening is that the anions are bound 
to the mercury by specific bonding forces (non-Cou- 
lombic in a simple sense), and these forces increase 
strongly as the mercury loses its negative charge or 
acquires a positive charge. The forces are surely an- 
alogous to ordinary chemical binding forces (the co- 
valent bond), and it seems not inappropriate to refer 


21D. C. Grahame, Record Chem. Progr. Kresge-Hooker Sci. 
Tib. 11, 93 (1950). 
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ELECTRICAL DOUBLE LAYER: 


to the adsorption as chemisorption. Because the chemi- 
sorption of anions takes place even after the charge of 
the anions equals the positive charge on the mercury 
(which may be thought of as being held fixed), an excess 
of positive ions must move in to equal the charge of this 
“excess” anion adsorption. This effect increases greatly 
as the positive charge on the mercury is made larger, 
and it is this effect which causes the curves of I’, to 
turn upward. 

Potassium fluoride does not show this effect because 
the fluoride ion is not chemisorbed. Potassium nitrate 
does not show it because the chemisorption of nitrate 
ion does not increase rapidly enough with increase of 
anodic polarization. Evidence for the chemisorption of 
nitrate ion comes not so much from these curves as 
from others to be presented below. 
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Fic. 6. Charge attributable to anions in the electrical double 
layer. Tenth-normal aqueous solutions at 25°C. 


Figure 6 shows the expected result that the charge on 
the double layer is attributable largely to anions when 
the potential is anodic to the e.c.max. The order in 
which the curves fall is also as expected. Figure 7 shows 
how the valence type affects the limiting value of the 
charge attributable to anions when the metallic surface 
is negatively charged. This is a consequence of the 
kinetic theory of the diffuse double layer and can be 
understood qualitatively by a consideration of the fact 
that each ion has the same average kinetic energy 
regardless of its charge. If the diffuse double layer is 
thought of as an equilibrium state in which ions are 
moved in one direction by the electric field and in the 
other direction by the concentration gradient, then it is 
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Fic. 7. Charge attributable to anions in 
the electrical double layer. 


clear that the ions of greater charge will be able to sus- 
tain a greater concentration gradient than those of 
lesser charge. This has the effect of making a doubly 
charged ion more important than a singly charged ion in 
the sense that it has a greater influence on the diffuse 
double layer than an equivalent concentration of a 
singly charged ion. This argument does not apply to 
the compact part of the double layer, however, and it 
is known from experiment that a divalent cation is 
practically indistinguishable from a monovalent cation 
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Fic. 8. Differential capacity attributable to cations in the electrical 
double layer. Tenth-normal aqueous solutions at 25°C. 
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Fic. 9. Differential capacity attributable to cations in the electrical 
double layer. Tenth-normal aqueous solutions at 25°C. 


in its electrocapillary properties.?* This seeming con- 
tradiction arises from the fact that the capacity of the 
diffuse double layer is so large that it is of only minor 
’ importance in fixing the capacity of the whole double 
layer.! 

Figures 8-10 are the slopes of the preceding curves 
and show how cations and anions individually con- 
tribute to the total observed capacity. The negative 
values of C, shown in Fig. 8 reflect the phenomenon 
just described. The “humps” in the ordinary capacity 
curves for chlorides, bromides, sulfates, acetates, and 
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Fic. 10. Differential capacity attributable to anions in the electrical 
double layer. Tenth-normal aqueous solutions at 25°C. 


23 David C. Grahame, “Capacity of the mercury-solution inter- 
face in tenth-normal aqueous solutions of metallic chlorides at 
25°C, and derived properties,” Technical Report No. 1 to the 
U. S. Office of Naval Research, March 9, 1950. Available at the 
Library of Congress or on request from the author. An account 
of Ti results is to be found in J. Electrochem. Soc. 98, 343 
(1951). 
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nitrates are seen to be characteristics attributable to the 
anions, as one would expect; the rather small humps 
found on the C, curves occur at the wrong potentials to 
be held responsible for any part of the effect. 

Potassium fluoride is seen to behave “ideally” in 
that C_ rises to a constant value of about 27 mfd/cm’. 
In the older literature (and sometimes even in the cur- 
rent literature) it is usually mistakenly supposed that 
this type of behavior is characteristic of anions gen- 
erally. Figure 10 shows that such behavior is very much 
the exception, not the rule. 

The asymptotic approach of C_ to zero on cathodic 
polarization arises chiefly from the mode of calculation, 
in which this behavior is essentially assumed from the 
start. What is observed directly is the decrease of 
dC_/dE [or (0C/du)z*+] to zero. Thus it is directly 
observed that C_ goes to a constant value and only 
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Fic. 11. Potential at the outer Helmholtz plane y’ in volts. 
Tenth-normal aqueous solutions at 25°C. 


roughly verified that this value is truly zero. However 
the theory of the diffuse double layer leads to this con- 
clusion in so simple and positive a manner that no al- 
ternative assumption is readily imaginable. 

Owing to the absence of specific adsorption of mon- 
atomic cations, these must belong to the diffuse double 
layer exclusively. Thus it becomes possible to calculate 
y, the potential of the outer Helmholtz plane, by means 
of equations already presented.% The results of the 
calculation are shown in Fig. 11. This may perhaps be 
regarded as the most important result of the present 
investigation since it constitutes an evaluation of a 
quantity which has rather often been sought by other 
investigators in this and related fields. It is related to 
the zeta potential in the field of electrokinetics since it 


4 Reference 7, Eqs. (36), (45), or (50) depending upon valence 
type. 
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ELECTRICAL DOUBLE LAYER: 


is the most likely analog of the potential of the plane of 
shear. 

The results shown in Fig. 11 supercede the very simi- 
lar but not quite identical results obtained by us earlier'® 
using the same experimental data but a less objective 
mathematical treatment. 

The difference between the behavior of KF and that 
of all of the other electrolytes here investigated is very 
striking in Fig. 11 and is caused by the unique absence 
of chemisorption of fluoride ion on mercury, even when 
the latter is positively charged. It is worth remarking 
that the distinctive behavior of fluoride ion is believed 
to result from the fact that fluorine seldom if ever forms 
covalent bonds with metals. This, of course, is a conse- 
quence of its high electronegativity. The large hydration 
energy of the fluoride ion, associated with its small size 
in the unhydrated state, may also be a factor in its 
nonadsorption on mercury. 
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Fic. 12. Charge attributable to anions in the diffuse part of the 
electrical double layer. Tenth-normal aqueous solutions at 25°C. 


Except in the case of fluorides, and over a small 
range of potentials with sulfates and carbonates, the 
potential of the outer Helmholtz plane is always nega- 
tive. Potassium acetate dips very slightly into the region 
of positive values of ¥ also, however, according to 
Fig. 11, and thus constitutes another very slight excep- 
tion to the rule. In more dilute solutions it is likely that 
Y more often goes positive. 

Knowing the potential of the outer Helmholtz plane, 
we are in a position to calculate n_%, the contribution 
of anions to the diffuse part of the double layer. This is 
done by means of equations already presented else- 
where ;> the results are given in Figs. 12 and 13. Again 
KF is unique in its behavior. With the exception of the 
fluoride ion, it is remarkable that the charge attributable 





; * Reference 7, Eqs. (35), (46), or (51) depending upon valence 
ype. 
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Fic. 13. Charge attributable to anions in the diffuse part of the 
electrical double layer. Tenth-normal aqueous solutions at 25°C. 


to anions in the diffuse double layer seldom exceeds 1.5 
microcoulombs/cm?. Indeed, except for divalent anions 
and the fluoride ion, it almost never goes negative at 
all, which is to say that the contribution of anions to the 
diffuse double layer is almost always a positive charge 
resulting from their lower-than-normal concentration 
in the diffuse double layer. This is of course a direct 
consequence of the fact that y’ is generally negative. 

From our knowledge of T_ and n_4, it is clearly very 
easy to get n_' since 


2_FT_=n_¢+ ni. (27) 


n—' is the charge attributable to chemisorbed anions, 
or to be more exact, it is the charge attributable to 
anions which do not lie in the diffuse double layer. The 
results are shown in Fig. 14 and constitute our final 
objective in this work. These curves show, for example, 
that the nitrate ion is indeed adsorbed strongly and 
that the adsorption does not decrease, though it in- 
creases less rapidly, with increasing anodic polarization. 
The adsorption of nitrate ion seems rather different in 
kind from the adsorption of the other anions studied and 
is believed to be chiefly van der Waals adsorption. 
The results here for KF are a little uncertain under 
anodic polarization because it is necessary to take the 
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Fic. 14. Charge attributable to anions specifically adsorbed at the 
mercury surface. Tenth-normal aqueous solutions at 25°C. 





difference between two large and essentially equal quan- 
tities. This difficulty does not arise with the other 
anions. Because of this uncertainty, the results for KF 
are shown dotted on the left-hand side of the curve. 
The slightly positive values of n_* shown for K2SO, 
and K2CO; at certain potentials are to be attributed to 
experimental error. 

It would be of interest to carry the calculations one 
step further to obtain the specific adsorption potential 
of the adsorbed anions. Unfortunately this cannot be 
done in an unambiguous manner, since one has no way 
of knowing the potential of the inner Helmholtz plane. 
It now appears that these two quantities are not know- 
able separately, although their sum can be known if one 
is prepared to assume a value for the ionic radius. The 
equation for making the calculation has been given 
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previously, but the calculation is being held up 
pending a reexamination of the theoretical aspects of 
the problem. 

From the data contained in this paper it is easy to 
calculate the transference numbers of cations and anions 
in the double layer. As stated above, these are denoted 
74 and r_ and are given by C,/C and C_/C, respectively. 
They have the qualitative characteristics enumerated 
above. 

ACKNOWLEDGMENT 

The authors are grateful to the U. S. Office of Naval 
Research for the continued support of the research 
program of which this work has been a part. They are 
also grateful to Professor William T. Scott for the 
assistance mentioned in reference 19. 


6 Reference 1, Eq. (85). 
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Rotation in Solid Mixtures of Neohexane and Cyclopentane from 20°K 
to Their Melting Points*+ 
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Studies of the broadening of the proton spin resonance line have been made for solid solutions of neo- 


hexane and cyclopentane. 


A convenient apparatus for control of temperatures from 10°K to room temperature for such studies is 


described. 


The “complex” of one mole of neohexane with two moles of cyclopentane rotates in the solid state down 
to 65°K. In solid solutions with cyclopentane in excess of the complex, the complex rotates independently 
of the cyclopentane down to 66°K. The complex has no effect on the lower rotational transition of the cyclo- 


pentane which apparently nucleates. 


INTRODUCTION 


HE solid-solid and solid-liquid equilibriums in the 
system neohexane-cyclopentane have been fairly 
exhaustively investigated above 90°K.! 

The phase diagram as obtained from the thermal data 
is shown in Fig. 1. The pure components each have two 
transitions of the rotational type. These and the melting 
point are by a curious coincidence close to the same 
temperatures for the pair of compounds. It will be shown 
that the a to @ rotational transitions, though com- 
parable as to their heat, may bear little detailed 
similarity. 

Unfortunately, although x-ray studies have been 
made above the upper transition in both compounds 


* Contribution from the College of Chemistry and Physics of the 
Pennsylvania State University. 

¢ This research was carried out under Contract N6 Onr-269 
(T.O. III and X) of the U. S. Office of Naval Research. 

t Present address: Kamerlingh-Onnes Laboratory, University 
of Leiden, Holland. 

§ Present address: Physics Department, Uni versity of Delaware. 

1 Fink, Cines, Frey, and Aston, J. Am. Chem. Soc. 69, 1501 
(1947). 





which there show complete freedom of rotation,” no 
measurements were made in the region between the two 
rotational transitions. 

In keeping with the original nomenclature, for both 
compounds the form stable below the lower transitions 
will be denoted by a, that stable between the transitions 
by 6, and that stable above the upper transition by 7. 
There is certainly little rotation for either compound in 
the a form. The natures of the rotational motions in 
the 6 forms of the two compounds and of the a to 8 
transition are open to speculation. 

There are two notable features about the condensed 
phase diagram as obtained from the thermal data. One 
of these is that there were no thermal transitions above 
90°K in the solid for compositions richer in neohexane 
than corresponding to the “‘complex”’ of one neohexane 
molecule with two cyclopentane molecules. The first 
solid curve (marked d) in Fig. 1 shows the temperatures 
of the a to @ transition. The other notable feature is 
the small variation in equilibrium temperature together 
with the decreasing heat of the a to @ transition of cyclo- 


2? Post, Schwartz, and Fankuchen, J. Am. Soc. 73, 5113 (1951). 
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ROTATION 


pentane as neohexane was added. From these it could 
be inferred that the a to 6 rotational transition involved 
only cyclopentane molecules not in the complex. This 
conclusion is strikingly verified by the fact that the heat 
of the transition is proportional to the amount of cyclo- 
pentane in excess of the compound. Such an inference 
implies nucleation.’ It will take a careful study of the 
heat capacities below the a to @ transition to tell if 
there is bulk phase separation. 

Nuclear magnetic resonance has been used to study 
rotation in the solid state.**:>»° 

The present study by means of nuclear magnetic 
resonance follows previous methods. It has confirmed 
all conclusions from the thermal data and added to the 
knowledge of the extent of rotation in the solid system 
below the melting point. 


EXPERIMENTAL 
Nuclear Magnetic Resonance Apparatus 


The apparatus is essentially that described by Pound 
and Knight.® It is shown as a block diagram in Fig. 2, 
which is self-explanatory. 

The characteristics of the line were obtained from an 
oscillograph display with a 30-cps sinusoidal sweep on 
both the magnetic field and the horizontal axis of the 
oscillograph. Line widths were measured at half the 
height of the pattern appearing on the oscillograph face. 
In such a display the horizontal axis is linear in fre- 
quency (or magnetic field strength). This axis was cali- 
brated in kilocycles per second from the positions of 
sharp lines in the liquid state for various settings of 
the oscillator frequency which was measured with a 
BC 221 frequency meter. 

Relative intensity in the neighborhood of a transition 
could be obtained where desired by changing the vertical 
gain setting of the oscillograph to bring the peak to a 
previously chosen reference height. For very broad 
lines or for line shape derivative presentation, the 
oscillator was turned slowly through resonance by a 
clock motor and with a very small 280-cps modulation 
on the magnetic field. The derivative of the line shape is 
displayed on the recorder through the phase-sensitive 
lock-in amplifier in the limit of low magnetic modula- 
tion. 


Magnet 


A permanent magnet with a 2-in. gap between 6-in. 
pole faces giving a field of 5536 oersteds was used. This 
was manufactured specially by the Indiana Steel 
Company. By the use of three small iron strips on the 


*R. Smoluchowski, Phase Transformation in Solids (John 
Wiley and Sons, Inc., New York, 1951), Chap. 5. 
(1988 ai Alpert, Poss, Lehr, and Linn, Phys. Rev. 71, 738 
‘ N.L. Alpert, Phys. Rev. 72, 637 (1947). 
(1950), S. Gutowsky and G. E. Pake, J. Chem. Phys. 18, 162 
mm Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 
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Fic. 1. Neohexane-cyclopentane condensed phase changes. 


raised rim of the pole faces, a region of 1 in.? in the 
middle of the faces was obtained in which the field 
did not vary by more than 10~ oersted. (The original 
variation on the same area was about 40X 10~ oersted.) 


Cryostat and Temperature Measurements 


The sample holder (6-cc capacity), A (see Fig. 3), 
was mounted in an evacuated chamber B to which 
small quantities of pure helium could be added for heat 
conduction. This was fastened to its cover by Woods 
metal. A copper-constantan thermocouple C made 
from the same spools as the laboratory standard 
thermocouples S-1 to S-8, passed down through the 
filling tube D with its junction at the bottom.* Where 
the wires passed out of the tube the insulation was re- 
moved so that they could be soldered to caps through 
which they passed. These caps closed two “‘Kovar” 
tubes sealed onto Pyrex side tubes E. The samples 
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Fic. 2. Nuclear resonance assembly. 


( 6 Siam Willihnganz, and Messerly, J. Am. Chem. Soc. 57, 1642 
1935). 











could be poured in through the filling tube with a 
suitable funnel. The sample tube was equipped with a 
constantan heater F, with current and potential leads 
so that the assembly could be used as a crude calorim- 
eter of the Nernst type or as a heat-leak calorimeter for 
cooling or warming curves. For this reason, the coil G 
for detecting absorption in the radio region, surrounded 
the sample tube as closely as possible, without actually 
touching, so as to reduce heat leak by conduction down 
the heavy copper conductor in the coaxial cable H. 
The assembly was supported by the cap which closed 
the strip-silvered Dewar J. This cap was fitted with 
tubes for filling with liquid nitrogen or hydrogen J 
and for evacuation and connection to the hydrogen gas 
holder K. One filling of liquid hydrogen (2 liters for 
cooling and filling) lasted for about four hours. 

A deviation table, accurate to 0.10° from 20°K to 
273°K, for the thermocouple was obtained by means of 
fixed points including the normal boiling point of 
hydrogen. 

Samples 


The cyclopentane was the same sample as used in 
the thermal studies.! The neohexane, kindly supplied 
by the Phillips Petroleum Company, was purified by 
fractional melting and contained probably no more than 
0.3-mole percent impurity. 


RESULTS 


Line breadths in kc (4.26 kcps=1 gauss) obtained 
from the nuclear resonance along with thermal data 
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Fic. 3. Cryostat and cell for nuclear resonance. 
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TaBLe I. Summary of data for system cyclopentane-neohexane. 











Transition 
Probable temperature °K 
nature of from heat Trans. in nucl. Line width 
transition capacity res. °K in ke 
Cyclopentane 
rot. tr.a—-8 122.2 not found not found 
rot. tr. By 138.1 138.1 64.9- 6.6 
? not found 152.2 6.6- 5.5 
ytoliquid 179.7 179.7 4.8- 4.4 
79.7 mole percent cyclopentane 
rot. tr. see 65 50 -10 
rot. tr. . 101.5-105 10 -7 
{gradual tr. from | “4 26 
rot. tr.a—-6 121.3 (121-128.5 j 7.1- 3.5 
rot. tr.B—y 128.0 tee 3.5 
ytoliquid 128.2-131.3 3.5 
66.7 mole percent cyclopentane (complex) 
rot. tr. ove 65 50.5-11 
melting 136.5-137.7 130-141 11 - 3.5 
48.8 mole percent cyclopentane 
rot. tr. ee 66-70 30 -23 
{gradually from) 
170-126 ; a-n 
7.1 mole percent cyclopentane 
rot. tr. 108-115 25 -10 
‘gradually from | os 
1115-153 p wet 
melting 149.5-152.8  --- 1.7 


Neohexane 
? vee range 102-110 82 -37 
rot. tr.a—8 126.81 range 120-128 ata 
rot. tr.B—y 140.88 


y to liquid 174.16 oa} 10 - 1.7 


\ 128-174 








previously obtained are given for the pure compounds 
and mixtures in Table I. Widths below 23 ke (5.4 
gauss) in the solid are considered unusually narrow as a 
result of rotation. For convenience, dotted lines a, ), 
and c on Fig. 1 connect points corresponding to narrow- 
ing of the resonance line between corresponding limits 
(i.e., relatively sharp changes in line width) which can 
be ascertained by reference to Table I. It is not implied 
that these curves represent (other than by pure guess) 
what is to be expected at unstudied compositions. 
Because the lines did not change width at definite 
temperatures but rather over ranges in temperature, 
these ranges are indicated by the vertical heights of 
ellipses drawn for the various concentrations studied. 
In addition to the curves shown, there was observed a 
slight (and only slight) narrowing of the lines upon 
melting. On the neohexane side of the “complex,” 
warming curves were started at 20°K to be sure that no 
significant transitions were missed. The curve a, which 
exists only on the cyclopentane rich side of the ‘‘com- 
plex,” corresponds to further narrowing of an already 
narrow line. This curve is to be associated with the a 
to 8 transition for cyclopentane found in the thermal 
data and shown in curve d. The temperature of the a 
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ROTATION 


to 8 transition is hardly effected by composition. Since 
its heat depends on the amount of cyclopentane in 
excess of the complex,' only the excess cyclopentane is 
involved in it. This behavior must result from nuclea- 
tion. That the a to @ transition of the excess cyclo- 
pentane results in narrowing of a line already narrow 
because of rotation of the compound can be seen from 
Table I at 79.7-mole percent cyclopentane. At the 
8 to y transition of cyclopentane the line has become 
very narrow. 

On the neohexane-rich side, curves 6 and c (insofar 
as they are defined by two compositions) change with 
composition with sufficient regularity to indicate no 
similar nucleation in neohexane. This is further shown 
by absence of the curve a. It is quite likely that the 
pseudosymmetry of the neohexane is the cause of this 
difference. Curve } extends over the entire diagram with 
a minimum at 66.7 percent cyclopentane. It corresponds 
to rotation setting in for the complex. On the cyclo- 
pentane side of the complex the nucleated cyclopentane 
apparently does not partake. The surprising fact 
brought out by this study (confirming a conclusion 
from the thermal data) is the persistance of rotation 
of the complex found at 66.7 percent cyclopentane 
down to at least a temperature of 65°K and its ability 
to lower the a to @ transition of mixtures richer in neo- 
hexane. The transition at 65°K found by change in line 
shape for the compound at 66.7 percent cyclopentane 
was Clearly shown by a flat in the cooling curve asso- 
ciated with heat evolution. Its heat will be measured 
as part of an investigation now in progress to study its 
zero-point entropy. 

For compositions less than 67 percent cyclopentane, 
as well as for pure neohexane, line shapes showed hyper- 
fine structure which became resolved at temperatures 
indicated by the lowest dotted curve 6 in Fig. 1. 
Recordings of the line-shape derivatives gave four peaks 
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instead of the two which would be obtained for a line 
without hyperfine structure. Separations of the outer 
peaks of the derivatives were about 82 kc. This cannot 
be attributed to coupling of the protons in CH; groups 
which give separations of about 40 kc.’ For composi- 
tions greater than 67 percent cyclopentane, these 
“wings” were not observed. 

Inasmuch as this phenomenon occurs on the neo- 
hexane side of the diagram, one is tempted to associate 
this with the tertiary butyl group and/or the ethyl 
group. For pure cyclopentane the a to 6 transition re- 
sults in no narrowing of the nuclear spin resonance line 
whereas for pure neohexane the main narrowing occurs 
at the a to 8 transition. Thus it is not likely that the 
a to 6 and £ to y transitions in the two compounds can 
be paired off logically in any simple fashion. 
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The Third Virial Coefficient of a Lennard-Jones Gas by Kihara’s Method 


Leo F. Epstein, Ceresta J. Hippert, Marion D. Powers, AND GLENN M. ROE 
General Electric Company, Knolls Atomic Power Laboratory, Schenectady, New York 


Kihara has shown that the third virial coefficient of a Lennard-Jones 6-9 gas can be expressed as a con- 
vergent power series of the form 2; 8;(s)0~®4/* with @=«/kT. In this paper the coefficients 8;(s), which 
are rather complicated double integrals, are developed and applied to the case s=9. For j <20 the coefficients 
are obtained by numerical quadrature, using high-speed computing equipment. Asymptotic formulas for 
arbitrary s are used to extrapolate the numerical results for s=9 into the range 20<j<100. Values of the 
normalized third virial coefficient, C, (@) and its derivatives, computed from Kihara’s series, are tabulated 
for the range 0<@<2. An asymptotic expression for C, (0) is used to extend the tables to higher values of 6. 





HE third virial coefficient of a gas C(T) in the 
equation of state 


VOLUME 22, NUMBER 3 MARC'H, 1954 
with Tables for the 6-9 Potential*} 
(Received July 16, 1953) 
where . 
vo= (1/6) Nr95[60/ (s—6) }/* (3b) 
x= (s/12)[60/(s—6) ]°-®'* (3c) 
and 


PV/RT=1+B(1)/V+C(2)/V?+--- (1) 


has been computed approximately by de Boer and 
Michels,! and Montroll and Mayer,? and more ac- 
curately by Bird, Spotz, and Hirschfelder*® using the 
Lennard-Jones potential function 


U(r) = {€/ (s—6)}[6(r0/r)*§—s(r0/r)*] (2) 


with s= 12. Kihara‘ has shown that the triple integral 
for C(T) can, for the LJ potential, be expanded in a 
power series in 0=¢/k7 with the coefficients given by 
double integrals. His results may be written 


C,(T)= 100)? > y;(s)x.', (3a) 
7=0 














i 6i i(k) 

1 +1 1+R*+T* 
2 —1 1+R-* 

3 —1 1+7-* 

4 —1 R-*+-T-* 

5 +1 1 

6 +1 oe 

7 +1 ) i 








* Operated for the United States Atomic Energy Commission 
by the General Electric Company Contract No. W-31-109 
Eng. 52. 

t This paper is an abbreviated version of a more detailed study 
which will be published by the Technical Information Service of 
the U. S. Atomic Energy Commission (Oak Ridge, Tennessee) as 
Document AECU-2731, and will be available shortly through the 
Office of Technical Services, Department of Commerce, Washing- 
ton 25, D. C. The longer paper includes the derivations of many 
of the equations presented here, and a great many details of the 
computation. 

1 J. de Boer, and A. Michels, Physica 6, 97 (1939). 
ennai) W. Montroll, and J. E. Mayer, J. Chem. Phys. 9, 626 

3 Bird, Spotz, and Hirschfelder, J. Chem. Phys. 18, 1395 (1950). 

4T. Kihara, J. Phys. Soc. Japan 3, 265 (1948). 

5 T. Kihara, J. Phys. Soc. Japan 6, 184 (1950); see also Revs. 
Modern Phys. 25, 831 (1953). 
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vi (s)= (—72/5s) (27/7 )L (67/s)— (6/s)—1 JU; (s). (3d) 


In these equations 
1 l 
I ;(s)=2 f dR J RTA; (R,T)dT, (4a) 
0 1—R 


TABLE II. y;(9) for low 7 values. 














(Kihara’s % 

j 1j(9) vi(9) value) difference 
0 +0.2425 66 +1.5595 67 (+1.561) +0.09 
1 +0.9186 65° — 2.9397 28 (— 2.940) +0.009, 
2 — 0.2150 99 +0.9320 61 (+0.929) —0.3 
3 —0.3832 83 +0.7301 63 (+0.716) —1.9 
4 — 0.4765 42 +0.5083 11 (+0.503) —1.0 
5 — 0.4548 84 +0.2920 14 (+0.291) —0.3; 
6 — 0.2616 05 +0.1033 64 (+0.105) +1.6 
7 +0.1832 80 — 0.0446 854 (—0.04) —10 
8 +0.9921 17 — 0.1482 71 (—0.14) —5.6 
9 + 2.3222 00 — 0.2103 70 (—0.20) —5.2 

10 +4.3931 89 — 0.2380 23 (—0.23) —3.5 

11 +7.5112 27 — 0.2398 80 (—0.23) —4.3 

12 +12.1023 44 — 0.2244 41 

13 +18.7587 11 — 0.1990 04, 

14 + 28.3027 49 — 0.1692 25 

15 +41.8759 82 — 0.1390 74 

16 +61.0622 66 —0.1110 49 

17 +88.0587 88 — 0.0864 902 

18 + 125.9134 62 — 0.0658 988 

19 +178.8547 22 — 0.0492 324; 

20 +252.7499 69 — 0.0361 322 








® Lim (3(7 —1)] !17;(9). 
ji 


where 


AJ RT)=L 1L0(6) HANI", (F1) (4) 
Lim A /(R,T)L(6j/s)- (6/8) 1)! 


=-¥ 54,(6) nb(s), (j=1) (40 
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I ;(s)2 
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factor of 
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(4a) 


a 
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TABLE III. The coefficients 6;(9).* 



































i Bj; j B;®) j 6; j B;®) 
0 +3.481 395 ( 0) 26 — 2.140 (—3) 51 —2.019 ( —9) 76 — 5.619 (—17) 
1 — 6.200 988 ( 0) 27 — 1.354 (—3) 52 — 1.066 ( —9) 77 — 2.651 (—17) 
2 +1.857 816 ( 0) 28 — 8.475 (—4) 53 — 5.595 (— 10) 78 — 1.246 (—17) 
3 +1.375 254 ( 0) 29 — 5,254 (—4) 54 — 2.922 (—10) 79 — 5.837 (—18) 
4 +9.046 849 (—1) 30 — 3.226 (—4) 55 — 1.519 (—10) 80 — 2.723 (—18) 
5 +4,911 067 (—1) 
31 — 1.963 (—4) 56 — 7.852 (—11) 81 — 1.266 (— 18) 
6 + 1.642 656 (—1) 32 — 1.184 (—4) 57 — 4.039 (—11) 82 — 5.864 (—19) 
7 — 6.710 383 (—2) 33 — 7.080 (—5) 58 — 2.068 (—11) 83 — 2.706 (—19) 
8 — 2.103 984 (—1) 34 — 4.200 (—5) 59 — 1.054 (—11) 84 — 1.244 (—19) 
9 — 2.820 818 (—1) 35 — 2.471 (—5) 60 — 5.343 (—12) 85 — 5.703 (—20) 
10 — 3.015 874 (—1) 
36 — 1.443 (—5) 61 — 2.697 (—12) 86 — 2.604 (— 20) 
11 — 2.872 060 (—1) 37 — 8.363 (—6) 62 — 1.355 (—12) 87 — 1.185 (—20) 
12 — 2.539 252 (—1) 38 — 4.811 (—6) 63 —6.775 (—13) 88 — 5.375 (—21) 
13 —2.127 512 (—1) 39 — 2.749 (—6) 64 — 3.373 (—13) 89 — 2.429 (—21) 
14 — 1.709 534 (—1) 40 — 1.559 (—6) 65 — 1.672 (—13) 90 — 1.094 (—21) 
15 — 1.327 586 (—1) 
41 — 8.787 (—7) 66 — 8.250 (—14) 91 —4,913 (—22) 
16 — 1.001 703 (—1) 42 —4,919 (—7) 67 — 4.054 (— 14) 92 — 2.199 (—22) 
17 — 7.372 150 (—2) 43 — 2.736 (—7) 68 — 1.983 (—14) 93 —9.808 (—23) 
18 — 5.307 736 (—2) 44 — 1.512 (—7) 69 —9.663 (—15) 94 — 4.361 (—23) 
19 — 3.747 036 (—2) 45 — 8.307 (—8) 70 — 4.688 (—15) 95 — 1.933 (—23) 
20 — 2.598 578 (—2) 
46 — 4.536 (—8) 71 — 2.265 (—15) 96 — 8.538 (—24) 
21 — 1.773 (—2) 47 — 2.462 (—8) 72 — 1.090 (—15) 97 — 3.760 (—24) 
22 — 1.192 (—2) 48 — 1.329 (—8) 73 — 5.225 (—16) 98 — 1.651 (—24) 
23 — 7.903 (—3) 49 —7.129 (—9) 74 — 2.494 (—16) 99 — 7.225 (—25) 
24 —5.174 (—3) 50 — 3.804 (—9) 75 — 1.186 (— 16) 100 — 3.153 (—25) 
25 — 3.347 (—3) 
8 The numbers in parentheses indicate the power of ten by which the tabulated values are to be multiplied, e.g., 8s0 = —3.804 X1079, 


and #;(k) is given in Table I. The form of Eq. (4a) 
differs somewhat from Kihara’s original integral (3d) 
and is more convenient for numerical evaluation. 

The case s=9 is of particular interest for reasons 
which have been discussed elsewhere. The IBM com- 
puting equipment available at this laboratory has been 
used to recalculate Kihara’s values for y;(9) and to 
extend the results to j=20. The double integral (4a) 
was computed numerically, essentially using a_bi- 
quadratic integration formula and the mesh size 
AR=AT=0.025. The results are given in Table II. 

For large 7, the double integral may be evaluated by 
the method of steepest descents to obtain an asymptotic 
expression for J;(s). It has been found in this study that 


I j(s)S2+ {[2m/ (s— 6) ]30-9 s+ 6/)-4(4/ )} 
x [1+ { (2s°+-33s-+72)/18(s—6)} (1/j)+- ++]. (5) 


Kihara’s formulation includes an extra factor of 3 in the 
leading term, and omits the correction terms given 
above. In the range in which he used his asymptotic 
result (s=12, 12<j<17), the neglected correction 
terms amount to very nearly $. For larger 7 values how- 
ever, Kihara’s formula gives values of J;(s) which are 
too large.{ For the computation of J;(9) for j>20, 
Eq. (5) did not provide the required accuracy and was 
* Roe, Epstein, and Powers, J. Chem. Phys. 20, 1665 (1952). 
_} Professor Kihara has recently advised (private communica- 
tion, November 20, 1953) that he has discovered a mistake of a 
factor of 3 in his original article, so that his expression for the 


asymptotic form is now in complete agreement with the leading 
term of Eq. 5. 


replaced by 
I ;(s)=[2m/(s—6) ](1/7)30-9 +6" AF (7), (6) 


where £;(s) is a function which includes the correction 
term in (5), and in addition some higher terms empiri- 
cally fitted to the values of 7;(9) for 10< 7 < 20. 

The “normalized third virial coefficient” is defined by* 


C. (0)=C,(T)/ (24No 3/3)? (7a) 
= = B ;(s)0°—® al e+6/ 5 (7b) 


j7=0 

















Fic. 1. C, (6). 























b yg —_— — 
® o wom Dey om 
BSE Ao ©. 
= LJ 3 yo 
> 
NVANDet owron AaAMMAWG Lal 
BMNAAN ARACD AOMMeF COMSOSO HWNOCOCHW ANNAN OAD 
S MOMNaAroO DwovVdo CMe AO YAAED AM AN AVAGO BOND ANEOR AaAANe wTvOoro fCArMwH e2owo 
a DaAMaAD MOH ADSeHY ee ONoO ADe-awc ehMoon noornm DHOOM MMASA COMO COWMCSO AMEND ANONOD Vow 
xs COKE OEAAS YAVMM HMAWCw AOCOAwO OOWMOCwW SNMAK OBNNKAM CMOHMWA MOAM® wANoM TOTON BDOCVOKt BDOAMAW 
fo) WOoONNH TNANHO CoAMNMr AdwTro MeAHO HMFOMA WTNODO QAOANHM BAND ONTH OAM SCAMAA ONWOND OTewTo 
o eeeee eetes eeeet e*eee et®eee e008 eeere et eee $4086 60968 eettee eeete sf 008 e*eee 
©0000 SC9000 CO0OO Orit AAMNNE THHOO FORK ANCHO FACNM HEAdM HNHONY ANK ee AdTRNO BOHM 
Ae dda AANQNA AAAMNM Mower Toon egroor AMaAor 
ad ANQMnNY? Oeodna 
aid 
+e +++ erteene tanpee e464 O44 32106 Paks srete eenee ¢¢e9 serene senate treee sente 
~<CNHNe MNOWON NONTA CNOMe O<crenNA OOKADO AMaAHWN 
CMANAN DOrnwoO YONRAMNoO TTADO OnWVANe~ TAOeO OCOMTOK OODHAHW OMAMOD KWOwOMo oaarem Ad 
NMC oOr AmMoo NRDowuw TReone @Boarco OoOneo FOwWNN ABDMAA ACDOO YWMNOCKST MOCAD ornwwnm TORAMW OA 
= 
® WOMNATH ANAAW ACOVO AAMT CMNENE OME HMO NHOMNO FOAHRO WoOHAO YMYTOKN CHaeM CcADOH OOMNOHY OCOD 
=~ AcenHn WOWOWNH wINTO OwWMOLr Marton AoDHMN AaAAAMYH OAM ADAOCT Oedont MEMOO avon? TOnast AcOonr 
= AMrNAMAMN AMMAMmnm MMMMAM ANNAN cHCOOO AANMNS YWOFDaA OANMNMS DOKVMe ANHVOnd CTKHMD MOeOvoer MOCO MONTAG 

- a eeeee ef eee eeeee eeeee eeeee 8 eee eeeee eeeee e008 eres #8888 ere te eeeee eeeee 

n vo ©0000 2000S C0000 C00SD COO0S 09000 SCOOOO eriritiet AMANN ANN wenNH WOHMHO WMAMO HONDO 

Ss HAN AMNTHO BONO 
ty) eo deri 
ro a eee aeter eretaoe setee tte? e+e +e *++4+4 +e ++ +++ +++ +++44 +++ 

3 

cod SOLMM AOCAMR ANNONA COHONH CTOOm MATCH Adoem— AMNMMA SAHOO COMNKTO SHAH MOA 
1) = Aravo frond AMS OT TOC" AQeTcaw ACTOOT BHOUOeY MHWOODN AMWMOVTCH area&-AoO HMOMODA orwont canoon 

DMNONO BOCOAO AMAA OCNNHOO CANHH OFOHET ALEOOwW OEM OFCOM TOOTH ArNHOD TAOMNA aAGTAO COTO 
be wn _ 
Zz. vo @o MNAHOOM COMAOD NAEAR®D MEAMO OCAMMMN AAOANE AMHMM CWOONM ADMOW FTOMNMA OEMNOH KSHAHOMNE MOTTO AANTH 
> ae OFE-OA COANN AweONW OO ODODOD Off6°0 OM STMNN AAOVOYT WATCH OVTEM OBMNAON DOWANMA Trivew wHwroo 
Cot 3 Ss wwe YWHMHMHHW HWHHHVHM HYHwowHH ONWNHNH YHONNHNHN HWHHNNHNHN HTT ST CMNMMM ANN COOCOOCd ANMOUM MNAWEF ANeAD 
3 o eee ee ee tee eeeee eoeeree 6a e@. OO ¢ 9 eenee eeeee eeete eeeee eeete eenee eeesee eeeee 
5S © ©0000 ©0000 00000 00000 C0000 C0000 C0000 C0000 20000 C0000 90000 COMARN MEHEA NHOae 
- oo aAAANY 
WN 5 +++ +++ +++ +e e +eee084 eee ++ +e eee eee *oerte sree eeeee treeee 
4 
- @ 

3 
Q & 

no} @ MOFOA CANQMNST NHOEOH CHANGE NWOEOA CHANT HOLA OCHAAQMNST HOEFOHA Caane Horoa OMONO MONMOH CHONMO 
> = CETTT NOMMNN HNHHMHM COCOOUDOD OOOO SORE SOEEE DOHHHD DBOOOGD AAAAA AAAADA COddN ames NNVOE 
-_ Tatas €a56e. SOS CHES BRASS BEE © 2446886 CECBDEe 246060 £69306 29:39 eeree eeeee e058 
fo s ©0000 20000 80000 00000 C0000 000090 09000 C0000 20000 G0000 00000 ddd decide deteteie 

— 

cS 
A. oO 

— 

r= 

o 
} 

Sw «= 

_ 

3 CHHTOMNMNOY OHDONOWWAS MOAN CTEOMNO AYEEMN AETMOT WOAND ONHAKG TOHOm HNHHAN ATOHA ADVMNHA 
eal i = ARAENACTA OOTeCTaAnMND AOD SMAAD ATEN HHOKT ARATOH ALCOOM WOaATT FAHAN OAAWS YWOHNDN 
0 a o TARNMATNE CHORMEHMNE ET MNEMNM ANQAANM OCOMHED AAACO OfONO HOPON HS YTORA CAMO ATO OF Oba 

Pog DOMONOANT FCAHRNTHE OA HTOOAR AQCOAAR AOLOMW LMNANH ONAN COMNTO AMMAT KAOOT TTHMOK Shoe 
faa} i ~] s CARQMNTTTON MHMCOCOOWOOWOO— BEER E SOOKE SEEK FEES FOWWO OOEOH ONTOD OMHMOH TEOML ARHOH 

4 & ©00000000 0000000000 C0000 C0000 C9000 C0000 C0000 CO00O aAdieiried MAQAM MNCTST THHNHO 
— | eeere ret See tenn ese eoeee ©8088 © et eee eteee seeee 88 et © Ce eee £8 Fee Fete #8 Fee 
= “2 CCECSCDDO COCCCSDD0D C0000 C0000 G0000 SG0000 C0000 C0000 20000 Co000 SCC0O COC0O 

ao] 

oO 

a NN eee eeee teeeeeeeee +++ e+e e+e 4+e+4+44 ++ ++ eee eee ++ +e 

—_— 

Zz 3 
_ E 

to) WHOMOEHMOA MOLALAHONAT COLAND COEEN OMTAN HOOOM AdAeHA EMNMHTO OHMOMA MHOEA WAHER SMONKd 
ea) NOOTCOONHA OCOUMAMNHHOS QOMAO SLOTH MHOMA AKOMN SANOA COME A SHARMA ANSOW MOMAHM NONE o 
fa Z WAMARAMNM MOWKMBONMNM MEOOCO VORNO FMEAM HYEFODH FHAON OMAOT OMOHAO CHEOD HOMON EPNHOON 

= 

> © ASAMBDOMNHE AARTHOOAOCKH RNMOAM COLOR ACCOM aeidetet AHOAD SHEOO NHONK MAWMO AOrer LFoOnoN 
WY i CHARRAMMNMNM MeTTETTTHN WONMMOO OOWOOO OFREE SEEK FSEEOO OOWOOm KFEEFOOD AARON AMMO POA 

= Ko) ©OOSOS9SSDO GOCCCDDODSDD GCOC0S SCO000 S0000 C0000 C0000 CO0D0O CO0OO COddd Heri HHH 
A, a) co) eee tt ee ee see eeeseees eeeee Fe eee Fe eee Fee oe ee eee Fee ee Fe wee wee tee 
ro) | v COOCOCOOSOD 2000000000 C0000 C000S CO00O C0000 C0000 co000 ©0000 C0000 Gocco coCoCO 

foo 

Fe ererpetrene teeevreovnane s)eene tenon eretee sevens peepee eenee seeeen ereee settee eenee 

ANO—MHAAOO COAAMEMHTOO WARNO MOOD BOMOM CHOOH WONMOM AAOKE Heend CON NMAdEMN Owan 
CAHOLNAAOMN OCMOHME ONE HO NMDOCAH NHHOO OLHHAO MNOMHE COMOM OFKTHO AOMNO AOTOM FOANK WoNMo 
ADOMMEONM OT OHMBOHOHRO MHAOAN CLOTH MOHNO FNHEO SCHOKAO NOHMOK COME MOOrLO FOMAL wroOaT 
~ 
J QOOMNACATD wmoomwonmvooad TLMNOO HOARE NOAMA MOANH DANO FMANHO HATAMN ONEaAr- NOMNOT OvNoONH 
Bs CANMELHHOOG SHODBDAAAAG GHAMNM CHHOO SEOQDQD AAACGO OCAMEH MOOD BOAAGO CHHAAN MMNeTH OWoOreO 
s COCOCOSOSSD SCOOCKCCOCOCSH 93 aeiviniet Heteteied eteitivied Se ANN NAKA AAMANR KRAREN NMAMAM AMMMNM MAMNHM 
o ee ee “ee eee eree ecoee *8 eee eeeee eeoeer eeeree ©8088 ££ ee 28 tHe estes e828 eee 
o ©EOCOCCSSDSD COCOCSDSDDDSDOD COCCO CO00D SO00O C0000 C0000 C00Co GO000 CO000 SCE000 C0000 
OCEEHEH FHHHSEEE OE Sete FHF HHH FHO4F SHEE 44H HEHEHE FHEHHEH HHHHH FHH44 
MOMOMOMHOH SCHOMOHOHOH 
CHARNMMET MOMOCEEOOAA OCNCOD OCNCOO ONTOO ONevo 
© COSCOCCOSSSD SCOCCOOSCOSCO eieitivied ANQALNA MMNMNMM CHEST MOL OHA CHAMST HOSOHA OAAAMST HE OHA Cnane 
=) COSQOOCCOSD SCOCSCOCOSSS COCSS SCOCOD COCCOD SOCCO COOOCO eiritiricd cieieiried AAQNNN ARAAe MmAMMM 
vo) eereeee ee See eee eeee eeree eeeee eesee ee eee eee ee C2008 eetee sees te Fee Fe eee 
Boal ecoocoecoeo cooooococeo eoceo cooeeoo ecoooo ocoooo eccocoo ecooeoe escoeo coocoe coooo cooo°o 








wTonon¢d 
A-@ODow 








owner Onan 
ANOem ouronr 
Orde DOOAN 
YOreno TOrndo 
MOSAO atria 
wooor- eeerro 
eetete eeeee 
(-¥-7-7-1- 1-1-1 -1-) 
+++ e+e 
CInaHn aA-MEA 
NRONAA AADAO 
SeRvOVAAR NHN 
MNOED AcCoawv 
nwHor oQondan 
Reeae ammnmnm 
eoeeee eeeee 
©ecocooo oo°o°o°o 
sereet seeee 
AOOee Oaror 
AMMAN KWOK 
orwor anna 
AQOMARA oOTADo 
Avda AneeH 
nnwet eres 
eceee eeece 
©0000 e90900°0 
+e #48 
MOrOA oniane 
AMMMM wees 
eeeee e808 
eccooo cooco 





and 


& 
© 
a 
= 


79(6/s) [1/(s—6) ] 


o;= 


B,(s)= — (9/s) (s/6)*+8/(e-© (6/s—6) (#8 i/ + 6/s 


< 100 


Table III, and values of C(@) and the 


derivative functions? 


j 


0). The coefficients 6 ;(9) for O< 


(so that U,(c;) 


X{L(6j—6—s)/s}!/F1}I;(s) (8) 


are given in 


Co™ (8). 


ints in 


ing poin 


TABLE V. Zeros and turn 








—Co() (6) Co) (6) 


C9 (0) 


(1/0)dCy (0)/d(1/6) 


= 
> 
wm 
~o 
iS) 
a 
N 
oO 
N 
cS 
ioe) 
= 
o 
~ 
S 
"S 
S 
nN 
°8 
ok 
= 
Oo 
a 
2) 
oN 
S 
o 





=—¥ [8)(9)- (j+2)/3 0" 


0.071840 


0.071836* 
0.068818 


0.20330 
0.24434 
0.26215 


0.04635 


0.08279 


(10a) 


0.061168 
0.067539 
0.71912 
0.37479 


7=0 


0.067539 
0.30334 


0.10758 
0.41309 
0.51047 


and 


0.36239* 


0.43648 


0.50838 


+E [8,(9)- (j+2)(F+5)/9]0 


(1/€")a?C 5 (6)/d (1/8)? 


ao~, 
S 
ee 
eS 
nr 
© 
osn 
~ oO 
wi 
Dek) 
| 
| 
a 
=Orm 
nm # 
m2 S 
i) ie) 
| 
Belen 
As 
0S 
in 
oo 
Ota 
=i s+ 
ear 
tro 
Mmo”n 
ooo 


(10b) 








7=0 


® Extremum. 








Sol 


or Powwow NWOWWS 
or @2oOsano KON 


waren BePweXN wT 6 lCpk lla oo 
o 4uM 
wu aou 


ro FN HNYO WOONnW ooeo 


eo oFWONDO NRWWN 


ous 
MU 302 CIOSSR BNVOKO OAINO e 


e2on 


ADM DNA Ore 


< 100 
d the 


(10a) 


(10b) 





THIRD VIRIAL COEFFICIENT OF A LENNARD-JONES GAS 
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Fic. 2. C, (6). 


are presented in Tables IV and V. For comparison with 
the results* for s=12 these quantities are plotted in 
Figs. 1 to 3. 

For very low temperatures (6 large) the power series 
[Eq. (7b) ] is useless for direct computation. However 
the limiting form for the coefficients for large 7 is 
known, and the sum can be replaced by an integral to 
yield an asymptotic result valid for large @. It is found 


that 


C,© (0) — 6(s/6)*! © (2/35) 10-49 F, { 350/ (s—6)} 

X [1+ (1/216s) (s?+ 165s+900) (1/0)+ f.(8)], (11) 
where /,(@) is an empirical function fitted in the case 
s=9 to the region 1.5<@< 2. Table VI gives the low- 


temperature virial coefficients computed from this 
relation. 
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TABLE VI. Low-temperature third virial coefficients for a 6-9 gas. 











—C9() (0) —C (6) 

4 F9(98) [2/6 (x/3)2] @-2e+38) (Eq. 11) (Table IV) % diff. 
1.0 0.282 148 1.0762 X 10! 1.381107 1.874107 +36 
1.50 0.883 288 2.6254 10! 1.209 10! 1.225X 10! + 1.3 
L.So 0.929 543 2.9039 X 10! 1.514 10! 1.522X 10! + 0.53 
1.60 0.972 615 3.2170X 10! 1.873 X 10! 1.874 10! + 0.05 
1.65 1.014 559 3.5690 X 10! 2.299 10! 2.290 10! — 0.39 
1.70 1.053 282 3.9650 X 10! 2.795 X10! 2.781 X 10! — 0.50 
1.75 1.089 690 4.4106X 10! 3.376X 10! 3.356 X 10! — 0.60 
1.80 1.123 448 4.9124 10! 4.050 10! 4.029 X 10! — 0.52 
1.85 1.155 022 5.4776X 10! 4.833 X 10! 4.81510! — 0.37 
1.90 1.183 908 6.1145 10! 5.736 X 10! 5.731 X10! — 0.09 
1.95 1.210 563 6.8326 X 10! 6.777 X 10! 6.796 X 10! + 0.28 
2.0 1.236 252 7.6425 X 10! 7.984 10! 8.031 10! + 0.59 
2.5 1.395 373 2.4508 X 10? 3.55 X10? 

3.0 1.447 664 8.3557 X 10? 1.38 X10* 

3.5 1.447 153 2.9717 X 10° 5.14 X 10° 

4.0 1.422 226 1.0901 X 10! 1.89 X10 

4.5 1.387 676 4.0942 X 10! 6.945 X 10# 

5.0 1.351 150 1.5667 X 105 2.58 X10° 

5:5 1.316 372 6.0859 x 105 9.69 105 

6.0 1.284 920 2.3938 X 10° 3.69 10° 

6.5 1.257 246 9.5145 X 10° 1.42 X10? 

7.0 1.233 235 3.8155 X 10° 5.54 X10" 

15 1.212 533 1.5419 x 108 2.18 105 

8.0 1.194 699 6.2726 X 10° 8.67 X105 

8.5 1.179 311 2.5668 X 10° 3.48 10° 

9.0 1.165 978 1.0558 X 10° 1.40 10" 

9.5 1.154 367 4.3634X 10" 34) X10" 
10.0 1,144 198 1.810710" 2.30 MIO" 
10.5 1.135 250 7.5423 XK 10" 9.60 X10" 
11.0 1.127 298 3.1524 10” 3.96 X10” 








It is of interest to compare the leading terms in (11) 
with the corresponding expression for the low tempera- 
ture second virial coefficient®” 


B, (0) —3(s/6)3!*- (r/3s)4(O-le**) (12a) 


C, (0) —6(s/6)9—® (7/38)? (O-Fe**)3, — (12b) 
Note that, in this low-temperature form at least, C, (0) 
varies with temperature much more strongly than does 
B,© (6), i.e., as the cube rather than the first power of 
6-3¢**, It has been pointed out previously that it is not 
possible from experiments over a limited temperature 
range to determine the value of the repulsive exponent s 
from measurements of the second virial coefficient ;° 
from the results of this section, and the curves in Figs. 
1 to 3, it appears that it would require extremely pre- 
cise measurement to obtain s from third virial coefficient 
data. It is possible that if both the second and third 
virial coefficients are well known as functions cf tem- 
perature, a better estimate of the value of s can be made. 
In applying the relations for C, (@) for large @ above, 
care must be taken not to use them at temperatures so 
7L. F. Epstein, J. Chem. Phys. 20, 1670 (1952). 


8L. F. Epstein and C. J. Hibbert, J. Chem. Phys. 20, 752 
(1952). 


low that the assumption of a continuous energy spec- 
trum, made in Eq. (2), is invalid. For extremely low 
temperatures, the fact that the energy levels are dis- 
crete rather than continuous must be taken into ac- 
count, and proper quantum mechanical corrections 
applied. In the case of B,© (6), these terms are nearly 
proportional to (@/Meo*) or some power of this quan- 
tity,’ and while important for light gases such as Hz, 
De, and He, will usually be negligible for materials of 
higher molecular weight M. The same kind of limita- 
tions can be expected to apply to C, (6). 

It should also be emphasized that Eq.(2) and all of 
the subsequent equations in this paper assume that 
the potential field about each molecule is spherically 
symmetrical, and gross errors may result from the ap- 
plication of the results herein to polar molecules or to 
systems such as long chain hydrocarbons where the con- 
dition that the potential field is dependent only on 
distance, not on angles, would not be expected to apply. 
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The Development of a Quantum-Mechanical Model for the Lithium Fluoride Molecule+ 
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A quantum-mechanical model of the LiF molecule is developed using four different forms of wave func- 
tions. The most refined form (Sec. ITT, part iii) considers the transfer of electrons to an excited state of the F 
ion and possible covalency of the bond. This leads to values of the binding energy, internuclear distance, and 
dipole moment which are in reasonable agreement with available data. The inclusion of about 11 percent 
covalent character is essential for the success of the model proposed. 


I. INTRODUCTION 


A NUMBER of models to represent the properties 
of gaseous “ionic” diatomic molecules, such as the 
alkali halides, have been described in the literature. In 
most of these, a classical or semiempirical approach is 
adopted. The energy of interaction between the ions of 
the molecule is represented by certain forms which have 
been used in the Born-Mayer lattice theory of ionic 
crystals, with added terms to allow for the polarization 
energy of the ions. The expressions employed contain 
several adjustable parameters. Born and Heisenberg,! 
Verwey and de Boer® and others have identified the 
values of these parameters with those used in the calcu- 
lation of the lattice energy of the crystalline solid, which 
in turn were chosen to give agreement with the observed 
lattice spacing and compressibility of the solid. In a 
later paper, Verwey and de Boer® describe an improved 
model in which the internuclear distance in the molecule 
as well as the crystal lattice spacing was used to de- 
termine the values of the parameters. 

Recently, Rittner* has rejected the use of crystal data 
and employed the internuclear distance in the molecule, 
along with the force constant obtained from molecular 
spectra. In this way, a consistent picture can be given 
for most of the alkali halide molecules. Similar calcula- 
tions have been made for the alkali hydrides.* 

In all these “‘classical’’ models no attempt is made to 
portray directly the intramolecular electronic charge 
distribution. It is true that frequently terms are intro- 
duced to represent the polarization energy, but whether 
these are applicable in the inhomogeneous electric field 
occurring within a molecule is open to question. A more 
fundamental approach to the problem is to determine 
the wave functions representing the electronic charge 
density. A rigorous solution of such a problem is im- 
possible at present because of computational difficulties. 





* National Research Council! of Canada Postdoctorate Fellow 
1951-1953; present address: Research and Development Division, 
Polymer Corporation Limited, Sarnia, Ontario, Canada. 

} Issued as V.R.C. No. 3212. 

‘M. Born and W. Heisenberg, Z. Physik 23, 388 (1924). 
93g)? W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 431 
ase! W. Verwey and J. H. de Boer, Rec. trav. chim. 59, 633 

‘E. S. Rittner, J. Chem. Phys. 19, 1030 (1951). 

(1932) A. Klemperer and J. L. Margrave, J. Chem. Phys. 20, 527 
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However, admitting certain approximations, it is pos- 
sible to make some progress in this direction. The 
hydrogen halides have been treated quantum’ me- 
chanically by a number of authors,*~ but very little 
work appears to have been done on the alkali halides. In 
the present paper, the successive steps in developing a 
simple quantum-mechanical model for the case of the 
LiF molecule are described. 

As far as possible, the notation and assumptions used 
are consistent with a previous paper" on the LiF crystal. 
The essential features of that paper are summarized in 
the next section. Section III is divided into four parts. 
The first three of these demonstrate the effect on the 
binding energy, internuclear distance and dipole mo- 
ment of successive refinements in the wave functions. 
The fourth part of this section deals with another 
possible intermediate form of wave function. In Sec. IV, 
the energy-internuclear distance curve for the best 
wave function (i.e., Sec. III, part iii) is considered in 
more detail. Finally, in Sec. V, the results of the 
calculations are compared with those of other authors 
and available experimental data. 


II. DESCRIPTION OF THE MODEL 


The structure of the LiF molecule is assumed to be 
mainly ionic, in the sense that it is considered to be 
derived from Li* and F~ ions having helium-like and 
neon-like quantum configurations, respectively. The 
coordinate system used in the description of the mole- 
cule is shown in Fig. 1, where the origin of a Cartesian 
set of axes is taken at the F~ nucleus and called position 
“a.” The Lit ion is situated at position “b,” a distance p 
along the +2 axis. Distances of any point P from the 
origin and the Lit ion are denoted by 7, and ry». Atomic 
units” are used throughout the calculations unless 
otherwise stated. 

Only the outer shell of electrons around the F~ ion is 
considered. Details of the inner structure are discarded 
and the F— ion is simplified to a nucleus of charge +5 

6 J. G. Kirkwood, Physik Z. 33, 259 (1932). 

7 P. Gombas and T. Neugebauer, Z. Physik 92, 375 (1934). 

8D. Z. Robinson, J. Chem. Phys. 17, 1022 (1949). 

®D. Kastler, Compt. rend. 232, 2323 (1951). 

10 J. I. Horvath, Z. Physik 129, 56 (1951). 

11 G. C. Benson and G. Wyllie, Proc. Phys. Soc. (London) 64A, 
276 (1951). 

2D). R. Hartree, Proc. Cambridge Phil. Soc. 24, 89: (1928). 
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Fic. 1. The coordinate system. 
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surrounded by six 29 electrons. For a free F~ ion, these 
electrons are assigned in pairs with opposite spin to the 
orbitals 


W2= K,R(rq) sin6. cosda, (1a) 
W,= K,R(ra) sinO, singa, (1b) 
W.= K,R(ra) cos6a, (1c) 


where 7a, 9a, and ¢q are the polar coordinates of an 
electron relative to the F~ nucleus at “a.” The radial 
wave function R(rq) is given by 


R(ra)=Pal_A1 exp(—aira) +A2 exp(—arra) ], (2) 
with 
A,= 16.4459, a2=1.18. (3) 
The method of selecting these values, using Hartree’s 
self-consistent field data and Pauling’s diamagnetic 


susceptibility for the F~ ion, has been described in 
reference 11. It can be shown that 


ai=3.29, A2=0.70387, 


J [raR (ra) Pdro=1. (4) 


For normalization of the wave functions (1) 
Ki= (3/47)}. (5) 


In general, the Li* ion is treated as a point positive 
charge and account of the 1s electrons is taken only 
indirectly in the orthogonalization relations. For this 
latter purpose, an orbital of a 1s electron of the Lit ion 
at “‘b” is defined by the wave function 


= Kz exp(—6r»), (6) 
where, for normalization, 
K2= (6°/r)}. (7) 


In numerical calculations, 8= 2.69'*"4 is used. The wave 
functions (1) and (6) are the same as those used 
successfully in reference 11 to calculate the cohesive 
energy, lattice spacing and compressibility of the LiF 
crystal. 

8 F, A. Hylleraas, Z. Physik 63, 771 (1930). 


4 W. E. Duncanson and C. A. Coulson, Proc. Roy. Soc. (Edin- 
burgh) 62A, 37 (1944). 
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The Hamiltonian for a single 2 electron of the free 
F~ ion is 
H=—3V°+V(r.), (8) 
in which — V(r.) expresses the average potential field 
acting on a 2p electron in the free ion. The wave 
functions (1) satisfy equations of the type 


Hy=e. (9) 
If, by definition, 
f(ra)=V(ra)—«, (10) 


it can be shown (reference 11, p. 280) that 
aA 1 (air a— 4) exp{—air.} 
+azA 2o(aera—4) exp{—arra} 
f(ra)= . (11) 
2r al A1 exp{ —aira} + A2 exp{ —anra} | 


The single electron Hamiltonian for a 2 electron of 
the F~ ion, when it is in the molecule, is assumed to be 


H™=H+44, (12) 


where 7 is the energy of the electron due to the potential 
field of the metal ion. Thus 





y= ——. (13) 


ro 


In using H™, changes in the electron-electron interaction 
due to the introduction of the Li* ion are neglected. 


III. EQUILIBRIUM CONFIGURATION OF 
THE LiF MOLECULE 
In this section, the use of a number of different forms 
of wave functions for the 2 electrons of the F~ ion in 
the molecule is considered. 


i. Simple Orthogonalized Wave Functions 


The importance of assigning the electrons of the F~ 
ion to orbitals which are orthogonal to the orbitals of the 
1s electrons on the nearest neighbor Lit ions was noted 
in discussing the LiF crystal." This suggests, for the 
LiF molecule, the use of the wave functions 


y2“=y,, (14a) 
yyv= y) (14b) 
¥.“=C” (¥.—S¢), (14c) 
where 
C™’= (1-—S*)} (15) 


and SS is the overlap integral between the orbitals yz 
and ¢, 
S= (¥z|¢). (16) 


Assigning the electrons to these orbitals, the energy of 
the molecule relative to that of the free ions is given by 


UM=5/p+ {We |H™|¥.")+ Wi" |H lve") 
+ | HY) — (el H|V2) 
+ WulHlv.)+ Yel H|¥.)}]- (17) 
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This can be written as 


U™=5/p+Av(p)+2h(p), (18) 
where 


Av(p)= 2L(Wz|v\p2)+ (vy 








2|by)+ Wz 





¥)] (19) 


v 
and 


h(p) = (C”)?SS{2/2—B+ f(p) 
+ (W.|0|¥2)}—2(Wz|0|)]. (20) 


The quantities 5, Av(p), (Wz|»|¥z), and (Y.|v|@) are all 
two-center integrals and can be evaluated readily, as 
indicated in reference 11. 

Curve i of Fig. 2 shows the variation of U™ with 
internuclear distance p. A polynomial in p was fitted to 
this curve and the minimum located by equating the 
slope to zero. The energy and internuclear spacing 
corresponding to the minimum are listed in Table I. 
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Fic. 2. Energy of the LiF molecule as a function of internuclear 
distance. The four curves correspond to the calculations described 
in parts i to iv of Sec. ITI. 


The dipole moment of the molecule is given by 
w=ptu". (21) 


The first term on the right-hand side is the contribution 
of a pure ionic bond, while the second term yu“ represents 
the dipole moment arising from the deviation of the 2p 
electron shell of the F~ ion from spherical symmetry. A 
positive value of u* therefore indicates a shift of the 
electrons in a direction away from the Lit ion. 

From a consideration of the symmetry of the wave 
functions (14) it is apparent that only y,” contributes to 
uw, thus 


u'=—2 (y.™ | 2 ly.) 
= —2(C”)*S[Sp—2(vz|2|¢)]. (22) 


The values of u* and u corresponding to the minimum of 
curve i are given in Table I. It is not surprising that yp 
is positive since the distortion that has been allowed in 
the wave functions comes entirely from the orthogo- 
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nalization. Thus it represents a repulsion of the electron 
cloud of the F~ ion by the 1s electrons of the Lit ion, as 
demanded by the Pauli principle. 

From a classical consideration of a F~ ion polarized in 
the field of a positive charge, a negative value of u* 
might be expected. In the following parts of this section, 
several refinements of the wave function y,™ are intro- 
duced, in order to investigate their influence on the 
equilibrium configuration and in particular on the 
contribution of u* to the dipole moment of the molecule. 


ii. Inclusion of an Excited State of the F~ Ion 


In a recent paper developing equations to represent 
the interactions of closed shell ions, Montet, Keller, and 
Mayer’® remark that “the energy of the alkali halide gas 
molecules will not be given adequately by such equa- 
tions. The failure is due primarily to the failure of the 
assumption . . . that the one-electron functions of the 
assembly be made up of those of the isolated ions in 
their ground state.” Thus it is of some interest to con- 
sider the possibility that in the presence of the Li* ion 
the p, electrons of the F~ ion may be raised to a 3s state. 

A simple form of wave function for the 3s state of a 
free fluorine ion has not been described in the literature. 
For the purpose of this paper a normalized orbital 


1 (2y)"} 
x= —x—-| rige-7e (23) 
4r 6! 

is assumed. This has the correct symmetry but the radial 
nodes have been compressed into the origin as in a Slater 
type of function. The method of selecting y will be 
described at a later stage. 

By analogy with (14c), an orthogonalized 3s orbital 
for the F~ ion in the molecule is defined as 


x= EM (x— U6) (24) 
with 
E”= (1-—U?) (25) 
and 
= (x|¢). (26) 


x™ is orthogonal to ¢, yz”, and y,™. The overlap of x” 
with y.” is 
T= (x™ lp") = —C’%EYSU. (27) 
In calculation of the energy of the LiF molecule, a 
linear combination of (14c) and (24) 


Wa = Nyx") (28) 


TABLE I. Values corresponding to the minima of the 
curves of Fig. 2. 











pA esu? 
Curve UM Pe aN kK pe! “ g cm‘ 
(i) —0.25784 3.195 tee tee 0.033 3.228 1460 10-76 
(ii) —0.25786 3.202 0.0064 tee 0.021 3.223 1460 10-76 
(iii) —0.27505 2.999 —0.2447 0.3903  —0.523 2.476 768 X10-76 
(iv) —0.26488 3.180 tee 0.1478 —0.363 2.817 1100 10-76 








15 Montet, Keller, and Mayer, J. Chem. Phys. 20, 1057 (1952). 
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is used instead of (14c). The normalizing factor is 
Ny=[1+2AT+}-?. (29) 


The wave function V,,™ has cylindrical symmetry and 
allows for a varying degree of axial distortion, depending 
on the value of the parameter \. Coulson'® has discussed 
the use of this type of function for describing polariza- 
tion effects. 

The energy U,™ of the molecule is 


U,“=U"+26), (30) 
where 
b= (Wa™ | HA" |.) — Ve |W" ly"). (31) 


For any p, the value of d is selected to minimize 6), or in 
other words the energy U,™. It is easy to show that 6, 
and ) are solutions of 





b.=AL {We 5 x} — Ty] (32) 
and 
M.yM\_T% 
a, L{v. ~ J (33) 
Cos; x") rh 


where the bracket symbolf {¢; ¢} for any two wave 
functions ¢ and ¢ is defined as 


(5 H= C/A" |H)-ClHY"|A"|y."). (34) 


The two bracket symbols in Eqs. (32) and (33) may be 
written as 


{y™; x™} =CHENTSU(H/24-fi)—Ae—B) 
| ¢)—U(yz|2|4) ] 
(p)], (35) 


9) 


+ (¥z|0|x)—S(x|2 
—TL(y.|9 


{x5 x} = (E")?[(1—2U?)Ae+ lt 2 
+ f(p)—B}+ (x|2 
~EWslolve) + h(o))}. (36) 

















In these relations 
Ae= (x|H|x)— (2|H|W2) (37) 


and is identified with the energy of excitation 2p—3s for 
an electron in the free F~ ion. Bates!’ has estimated this 
energy to be 3.9 ev by an extrapolation of the ionization 
potentials of an isoelectronic series.{ 

Before solving Eqs. (32) and (33) in general for 6, and 
A, it is necessary to establish a value for the parameter 
y. This is done by considering the solution of the 
problem for very large values of p. In that case, S, 7, 
and U can be put equal to zero, and 


{v5 x}? (W2|2|x)? 
$= lim ————-= lim -————._ (38) 
p large {x; x} p large Ae 





'6C. A. Coulson, Valence (Oxford University Press, London, 
1952), pp. 84, 207. 

t No relation with Poisson brackets is implied here. 

17T). R. Bates, Proc. Roy. Irish Acad. 51A, 151 (1947). 

t On the basis of a comparison of this energy with the electron 
affinity of fluorine given by Mayer and Helmholz, Bates concludes 
.that the excited state is real in the free ion. However, in the light 
of recent work (see references 18 and 19) on the dissociation energy 
‘of F; and the experimental determination of the electron affinity, 
such a conclusion may be open to question. 
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This last expression has the form of a second-order 
perturbation term and on evaluation gives 














30 720 7 Ay A 2 
pn | | (39) 
p' Ae Ga (a+)? 
In a similar way, 
5 1 
U”= lim |-+aew) |= --. (40) 
p large p p 
Hence, 
1 230 720 7’ A, Ag 
OER. Oe 
p p* Aed(aity)’ (a2+y)’ 


Equation (41) displays the energy of interaction for 
large values of p as the sum of a simple Coulomb term 
and a second which varies as the inverse fourth power of 
p. A value of y=0.7055 is obtained by equating this last 
term to the classical polarization energy — 3 (ar-/p*) and 
using a polarizability ar-=0.96X 10-* cm*.18- 
Finally, 6, is calculated by solving the quadratic 
equation formed on elimination of \ from (32) and (33). 
The resulting energy U,™ is shown in curve ii of Fig. 2. 
The second row of Table I gives values of U,™, p, ua” 
etc., for the configuration corresponding to the minimum 
of this curve. For the purpose of calculating the dipole 
moment of the electrons, formula (22) is modified to 


p= —2(Wa" | 2] Wa"). (42) 


A comparison of the first two rows of Table I shows that 
the energy has decreased very slightly and uw, <y” but 
u* is still positive. Apparently the Pauli principle is 
strong enough to keep the electrons away from the Li* 
ion even when the possibility of an excited 3s state of the 
F~ ion is considered. 


iii. Inclusion of an Excited State of the F~ Ion and 
of Covalent Bond Character 


A more drastic distortion of the electron distribution 
is envisaged in this part. The p, electrons are assigned to 
a molecular orbital 


¥2.f= Ny baM+Ax! + kw ], (43) 
where 
=[ 1+? P+ 2AT + 2eV+2NW | (44) 
and 
1 \3 
w= (—) N4(r,—0.878)e 70, (45) 
4a 


represents a 2s wave function for an electron in a 
lithium atom. The constants used in (45) are taken from 
the work of Coulson and Duncanson.” N, is a suitable 
normalizing factor, and V and W are overlap integrals 


( 18R. B. Bernstein and M. Metlay, J. Chem. Phys. 19, 1612 
1951). 
oP W. Gilles and J. L. Margrave, J. Chem. Phys. 21, 381 
(1953). 

2” K. Fajans, Z. physik. Chem. B24, 118 (1934). 

21C. A. Coulson and W. E. Duncanson, Proc. Roy. Soc. 
(London) A181, 378 (1943). 
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defined by 

V= (¥.™|w) (46) 
and 

W= (x™|w). (47) 
The inclusion of w in (43) recognizes the possibility that 
the transfer of the electron from the Li atom to the F 
atom may not be complete in the molecule and that the 
bond may be partly covalent. 

The values of \ and « are chosen to minimize the 


energy 
Uy,“ = U"+26, (48) 


for any given separation of the nuclei. Thus, \, «, and 
6,, must satisfy the equations 


Buc =AL (We 5 xX} — Tox J+"; w} — Vox], (49) 

NL (%5 x} — Gre HERE {x4 ; o} — Wore] 
+L{he"5 x — Tb. J=0, (50) 

Mix"; wo} — Wx J+KL{o; wo} —bre] 
+L{v."; 0} - Vix. J=0. (51) 


The three new bracket symbols in these equations are 
written as 


ye"; w} =O" (Pz! 0|w)— VL (Y.|0|¥.)—A(p) ], (52) 
{x3 w} = E” (x|0|w)+ Wade 
—WLW.z|2\ve)+A(e)], (53) 
(005 o} = (@| Ho) — Ye" | EM pe) 


1 | 
= (« —3V?+ V(r.)-— (0) 
rh| 


—e—L(y.|0|p.)+h(p) ] 


1 | 
= (« — v——|u ) 
’b 


+V(p)—e—L(yz| 0] p2)+h(p) ] 
=evit f(o)—Lz|0/p.)+h(p) ]. (54) 


Derivations of these expressions are straightforward ex- 
cept in the case of {w; w} where more detail is indicated. 
In the computations (w| —}V°— (1/r,)|w) is put equal 
to exi, the ionization potential of the Li atom, and a 
numerical value of 5.37 ev” used. 

Equations (49), (50), and (51) can be solved by 
iteration ; the results are used to calculate U),™ in curve 
iii, Fig. 2, whereas values for the minimum are listed in 
the third row of Table I. The new minimum falls below 
the results of parts i and ii. The dipole moment pa,” is 
hegative now, indicating a displacement of the electron 
cloud towards the Lit ion. 





2R. F. Bacher and S. Goudsmit, Atomic Energy States 
(McGraw-Hill Book Company, Inc., New York, 1932). 
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iv. Inclusion of Covalent Character Alone 


For the sake of completeness, the calculations are 
repeated using a wave function of the form 


Wa =[14+2V +e} + kw | (55) 


in which the excited state x” is omitted. The work 
follows closely that outlined in the preceding parts of 
this section. The results are shown in the last curve iv of 
Fig. 2 and in Table I. The minimum of the energy plot 
is higher than that of curve iii but noticeably below the 
minima of the first two curves. 


IV. THE EFFECT OF VIBRATIONAL MOTION 


The minimum of the energy-internuclear distance 
curve calculated in Sec. III corresponds to the equilib- 
rium configuration of the LiF molecule when there is no 
vibrational motion. In this section, a correction is made 
for the effect of vibrational energy on the molecular 
configuration. The calculations are carried out, only for 
the case of the orbital V.,,.“ (Sec. III, part iii), which 
gives the lowest energy. The values given in Table I 
corresponding to the minimum of this curve are re- 
peated in more conventional units in Table II. 

The energy U),.™, which is the sum of the nuclear and 
electronic interactions, acts as a potential function for 
the vibrational motion of the nuclei. An analytical 
expression 


Ux — Ue" = 5p (0— pe)? +C3(0— pe) 
+C4(p—p.)'+Cs5(p—pe)’ (56) 


is fitted to the energy curve around the minimum U,”. 
The coefficient of the quadratic term determines the 


force constant 
d2U,,™ ) 
p= j =I : 
dp” P= pe 


and the frequency v, of the harmonic oscillator with a 
reduced mass of 4.5700 MU corresponding to LiF" is 
given in Table II. 

The calculation of the effects of anharmonicity is 
described in standard texts on quantum mechanics. The 


Jt 
~~ 


TaBLeE II. Correction for vibrational motion of Li§F using 
potential curve iii. 














UM = —7.4826 ev wa (reduced mass Li*F%) =4.5700 atomic 


weight units (physical ) 
pe= 1.587A ve =3.1172 K 1018 sec™! 











Vibrational state Vibrational state 
v=0 v= 
harmonic term 
anharmonic term 


0.0644 ev 


Energy correction 0.0006 er 


Corrected energy [ULir() ): —7.4188 ev 
Internuclear distance correction an O.013A 0.034A 
harmonic term 

Corrected internuclear distance [pp], 1.600A 1.621A 

Corrected dipole moment [y]: 6.354 d 6.471d 
[u2A J, 784 X 10-76 834 X10-76 

esu? g cm* esu? g cm‘ 

[A], —0.2370 
fx Jo 0.3827 
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Fic. 3. Electron density along internuclear axis due to an electron 
in the orbital ¥,).*". 


wave functions for the harmonic oscillator are Hermite 
functions. The last three terms of Eq. (56) are treated as 
a perturbation of this oscillator, and the average value 
of the energy and (p—p,) may be evaluated for any 
vibrational state. Table II shows the corrections ob- 
tained in this way for the vibrational quantum states 
v=0 and v=1. 

A correction could also be introduced for the rota- 
tional motion of the molecule. However, the effect 
proves to be small for low rotational states and is not 
considered here. 


V. DISCUSSION OF RESULTS 


There is very little direct experimental information 
about the configuration of the LiF molecule. Neither the 
internuclear distance nor the dipole moment have been 
measured. However, Swartz, and Trischka,” using a 
molecular beam electric resonance method have ob- 
tained a value of 


(uA )o= (747.240.9) X 10-76 esu? g cm! 


for Li®F” in the vibrational state »=0. A is the moment 
of inertia of the molecule in this state. 

Values of w?A for configurations corresponding to the 
minima of the curves of Fig. 2 are given in the last 
column of Table I for comparison. Of the four forms of 
wave function considered, the most refined one, corre- 
sponding to curve iii, gives the best agreement with the 
observed result, as well as the lowest energy. In Table IT 
the internuclear distance and dipole moment for this 
case are corrected for vibrational motion of the nuclei 
and used to calculate (uA), for the first two vibrational 
states v=0 and v=1. The final value 784x10~-% 
esu” g cm! for (u?A)o is about 5 percent higher than 
that measured by Swartz and Trischka. This agreement 
is quite good, in view of the fact that w?A varies ap- 
proximately as the fourth power of the internuclear 
distance. 


*3 J. C. Swartz and J. W. Trischka, Phys. Rev. 88, 1085 (1952). 
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From Table IT it follows that 
(u?A)1— (u?A)o 
(uA )o 


Although this is somewhat larger than the value 0.043 
+0.001 determined by Swartz and Trischka, it does 
indicate that the anharmonic character around the 
minimum of curve iii is approximately correct. 
Recently Rittner* and Trischka** have discussed LiF 
from a theoretical point of view. Rittner, using an esti- 
mated value of 7.73 ev for the binding energy, calculated 
the internuclear distance in LiF” to be 1.53A at 300°K 
and the dipole moment 5.04 d. These values give about 
500X 10-*6 esu® g cm‘ for the quantity y?A. Trischka 
considered a classical model similar to that used by 
Rittner but introduced the experimental value of y?A. 
By comparing theoretical and measured results for 
other alkali halides, he estimated upper and lower limits 
for the internuclear distance p in the LiF molecule to be 


1.444 <p<1.65A. 


0.065. 





His calculations also indicated that probably the dipole 
moment should be greater than 6.0 d. 

A check on the consistency of the present calculation 
on the LiF molecule with previous work on the LiF 
crystal is obtained by comparing the difference of the 
binding energy of the molecule Uz ir;,,) and the cohesive 
energy of the crystal Uzir.) with the heat of sublima- 
tion Sir. The cohesive energy of the LiF crystal at 0°K 
is —10.32 ev. This is taken from Benson and Wyllie" 
with an added correction of 0.17 ev for the zero-point 
energy as given by Mayer and Helmholz.” Thus at 0°K 


Urircg — Urir(en = — 7.42+10.32= 2.90 ev. 


The heat of sublimation calculated from data in the 
compilation of Bichowsky and Rossini” is Syir= 2.76 ev 
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Fic. 4. Dipole moment y as a function of internuclear distance. 


*4 J. W. Trischka, J. Chem. Phys. 20, 1811 (1952). 

*5 J. E. Mayer and L. Helmholz, Z. Physik 75, 19 (1932). 

26F. R. Bichowsky and F. D. Rossini, The Thermochemistry 
of the Chemical Substances (Reinhold Publishing Corporation, New 
York, 1936). 














at 
Si. 
of 
suk 
(se 
is g 
y: 
mol 
CoV 
mot 
due 
Fig. 


of t 


TH} 


I’ 
cr 
surfa 
comp 
indice 
syste} 
two | 
plane 
of ea 
2UVhen 
new { 
The 
the re 
have 
and G 
pendic 
the ck 
on pr 
contril 
distort 


* Tsst 
t Nat 
1951-16 
Polyme 
1E, N 
2A. FE 





43 
eS 


AF 
sti- 
ted 


out 
ika 
by 
for 
nits 
» be 


role 


tion 
LiF 

the 
sive 
ma- 
O°K 
lie” 
oint 


0°K 


the 
'6 ev 


stance. 


j 
mistry 
1, New 














at 291°K. Mayer and Helmholz estimated a value of 
Stir=2.71+0.16 ev at O°K. Since energy calculations 
of the type described in the present paper may be 
subject to errors of the order of an electron volt or more 
(see reference 16, page 140) the result obtained for Stir 
is gratifying. 

Although LiF is usually considered to be an “ionic” 
molecule, it is apparent that the inclusion of some 
covalent character is an essential feature of the present 
model. The electron density along the internuclear axis, 
due to an electron in the W,,, orbital, is shown in 
Fig. 3 for a nuclear separation of 1.60A. The covalence 
of this orbital is approximately [.V),« ?=0.11. 
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No measurements of infrared intensities have been 
made for LiF. However, the variation of the dipole 
moment with internuclear distance predicted by the 
present model may be of some interest and is given in 
Fig. 4. The slope of the curve at p=1.60A is 5.20 
X 10-” esu. 

Judged on the basis of the rather meager information 
available and summarized in this section, the model 
proposed in part iii of Sec. III gives a reasonably 
satisfactory representation of the LiF molecule. 
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A Quantum-Mechanical Calculation of the Surface Energy 
of Crystalline Lithium Fluoride* 
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A quantum-mechanical model for calculating the surface energy of a LiF crystal is described. This work 
is an extension of previous papers on the energies of the LiF crystal and molecule. A simple form of dis- 
tortion is permitted in the surface region. The value of the surface energy of a {100} face obtained from 
these computations is 557-erg cm~ at 0°K and is appreciably higher than results based on classical con- 


siderations. 


I. INTRODUCTION 


T is convenient to define the surface energy of a 

crystal in terms of the process of forming a new 
surface. Consider an infinite or “holo”-crystal at 0°K, 
composed of ions arranged on a NaCl-type lattice as 
indicated on the left side of Fig. 1. The energy of this 
system is denoted by Unoio. If the crystal is divided into 
two identical infinitely separated hemicrystals by a 
plane parallel to a {100} plane of the lattice, the energy 
of each part becomes Ujemi. The increase in energy 
2 hemi—Unhoto iS associated with the formation of two 
new {100} surfaces and is called the surface energy. 

The lattice of the crystal after division is distorted in 
the region of the surface. Several forms of distortion 
have been assumed by previous authors. Madelung! 
and Glauberman’ allowed the interplanar distance per- 
pendicular to the surface to vary. It was shown that 
the change in lattice spacing decreases exponentially 
on proceeding inwards from the surface. The main 
contribution to the surface energy arising from this 
distortion is due to the change in spacing between the 





* Issued as N. R. C. No. 3211. 

t National Research Council of Canada Postdoctorate Fellow, 
1951-1953. Present address: Research and Development Division, 
Polymer Corporation Limited, Sarnia, Ontario, Canada. 

'E. Madelung, Physik. Z. 20, 494 (1919). 
*A. E. Glauberman, Zhur. Fiz. Khim. 23, 124 (1949). 





surface and the second layer. Models in which only this 
last change is considered have been investigated by 
Lennard-Jones and Dent* and Dent.‘ Different dis- 
placements perpendicular to the surface for positive 
and negative surface ions have been considered by 
Madelung! and Verwey.® Lateral displacements within 
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Fic. 1. Formation of two new surfaces by division of 
a holocrystal into two hemicrystals. 


3 J. E. Lennard-Jones and B. M. Dent, Proc. Roy. Soc. (London) 
A121, 247 (1928). 

4B. M. Dent, Phil. Mag. 8, 530 (1929). 

6 E. J. W. Verwey, Rec. Trav. Chim. 65, 521 (1946). 
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the surface layer have been treated by Moliére, Rathje, 
and Stranski,® who found a tendency for ion-doublet 
formation. Recently Patterson’ has disproved this 
picture for the alkali halides. 

Another effect which has been considered by a 
number of authors,*~’ is the change in polarization of 
the ions upon formation of the surface. In the holo- 
crystal, the charge distribution of the ions may be 
approximated quite well by point charges. Creation of 
the surface results in a loss of symmetry and the point 
charge approximation requires modification since each 
ion now has a dipole moment. 

Born and Stern,* Lennard-Jones and Taylor,® and 
Shuttleworth” have performed classical calculations of 
the surface energy 2Uhemi—Unho1. by adding up the 
interactions of the ions before and after the division 
process and assuming certain forms for the laws of 
force. These forms usually contain two parameters 
which have been adjusted in calculations of the cohesive 
energy of the crystal to give the observed lattice spacing 
and compressibility. The application of these force laws 
which have been derived in the symmetrical field within 
the holocrystal to the surface region of a hemicrystal 
may be questioned. Some support of this criticism can 
be adduced from the extreme case of their application 
to single ionic molecules. Rittner"™ has calculated the 
energies of the alkali halide molecules “‘in the spirit of 
the Born-Mayer approximation” but has used proper- 
ties of the molecules rather than of the crystalline state 
to adjust the parameters of the force laws. The param- 
eters derived in this manner are different from those 
used in the crystal case. 

Recently, several quantum-mechanical calculations 
of the cohesive energies of ionic crystals have been 
made.”—5 In these the interactions between ions are 
related directly to the electronic structure of the ions 
and it is unnecessary to employ properties of the crystals 
to adjust force law parameters. It is of interest to con- 
sider a similar calculation of the surface energy of an 
ionic crystal. This is done in the present paper for LiF 
and forms an extension of previous quantum mechanical 
calculations on the energies of the LiF crystal,'* and 
molecule.!® As far as possible, the notation used will 
parallel these previous papers. 

The model is described in the next section. An out- 


§ Molitre, Rathke, and Stranski, Discussions Faraday Soc. No. 
5, 21 (1949). 

7D. Patterson, Trans. Faraday Soc. 48, 877 (1952). 

8 M. Born and O. Stern, Physik-math. KI. Sitzber. preuss. Akad. 
Wiss. 48, 901 (1919). 

9J. E. Lennard-Jones and P. A. Taylor, Proc. Roy. Soc. 
(London) A109, 476 (1925). 

10R. Shuttleworth, Proc. Phys. Soc. (London) 62A, 167 (1949). 

"E. S. Rittner, J. Chem. Phys. 19, 1030 (1951). 

2 P.O. Lowdin, dissertation, Uppsala (1948). 

3G. C. Benson and G. Wyllie, Proc. Phys. Soc. (London) A64, 
276 (1951). 
4 P, O. Lowdin, J. Chem. Phys. 19, 1570 (1951). 
15 J. Yamashita, J. Phys. Soc. Japan 7, 284 (1952). 
6G. C. Benson and B. M. E. van der Hoff, accompanying 
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line of the calculations is given in Sec. III, followed by 
a discussion of the results in Sec. IV. 


II. DESCRIPTION OF THE MODEL 


The main features of the model are similar to those 
described in references 13 and 16, and are mentioned 
only briefly here. The Li* ion is treated as a point 
charge. The F~ ion is represented as a nucleus of +5 
with a shell of six electrons. 

Two types of distortion at the surface of the hemi- 
crystal are taken into account. The spacing ap between 
the surface and the second layer is allowed to vary and 
the electron distribution of F~ ions in the surface is 
permitted to deviate from spherical symmetry by 
introduction of an excited state and covalent bonding 
with the nearest neighbor Li* ions of the second layer. 
The asymmetry of the electron cloud of F~ ions in non- 
surface layers is neglected except that arising from the 
influence of the orthogonality relations. Polarization of 
the relatively small Li* ions is also neglected. On the 
right side of Fig. 1, the distortion of the hemicrystal 
due to polarization of surface F~ ions and change in 
lattice spacing has been indicated diagrammatically. 
A more general distortion of the hemicrystal is not 
considered since the computational work is unjustifiably 
increased. 

The limiting classical form of the electrostatic field 
within the crystal is defined as that arising from unit 
positive and negative point charges arranged at the 
lattice points, together with the contributions from a 
set of dipoles. These latter, each with moment uy are 
situated at the F~ sites of the first layer and directed 
perpendicular to the surface, the inward normal being 
considered positive. 


III. CALCULATIONS 


A typical F~ ion of the mth layer, surrounded by its 
nearest neighbors is shown in Fig. 2. For any value of », 
Pi=p2=p3=pi=p. If n=1, ps=p’=ap and pp=@™;; if 
n= 2, ps=p and ps=p’ =ap. For all other layers p= ps=p. 
A value 

p=3.80 A.U.t (=3X4.02A) 


taken from reference 13 is used for the crystal lattice 
spacing. 

For the purpose of the present calculation each F~ 
ion is considered to be situated in a potential field 
—V_™ (x,y,z) due to the rest of the crystal and repre- 
sented by its limiting classical form. Thus — V_™ (x,y,2) 
at position x,y,z relative to a negative ion site of the 
nth layer taken as origin, may be written as 


—V_ (x,9,2)=P_ (x,y) +0 (ny,5), (1) 


where P_™ (x,y,z) and Q_ (x,y,z) are the contributions 
arising from point charges at all other lattice sites and 


t Atomic units are used throughout the calculations unless 
otherwise stated. 
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dipoles » at F~ sites of the first layer, respectively. 
In the calculations it is convenient to write P_™ (x,y,z) 


as the sum of nearest neighbor contributions —})‘”2; 


and P_™ (x,y,z)+)>_»; arising from non-nearest neigh- 
bors. In this, the potential field at a distance ” from a 
single isolated Lit ion, labelled “7” is written as 
—v;=1/n, following the notation of reference 13. The 
non-nearest neighbor contribution and Q_“ (x,y,z) are 
approximated by the first two terms of their expansion 


in Taylor’s series about the origin. Thus, 


~F (x,9,2) = 2, act PO (x,y,2) +22; 
+o0_™ (x,y,2) = —>™y,+P_™ (0)—>- 1/p; 
+2p_™ (0) +0_™ (0) +2g_™ (0), (2) 


where P_™ (0)—3°™1/p; and — p_™ (0) are the poten- 
tial and electric fields at the origin arising from ‘non- 
nearest neighbor charges. Q_(0) and —q_™(0) are 
corresponding quantities arising from the dipoles u. 
Hence, 


V (”) (x,y,z) = V™ O)+D 1/p: +> 2, 
—aLp_-™ (0) +g-™(0)], (3) 


where 


V_™(0)= nik [P_™ (0)+Q_™ (0) }. (4) 
By analogy, the potential field at a positive site is 


—1V, (0), where 


V4 (0)= —[P.™ 0)+0,™ (0). (S) 
From the symmetry of the problem it can be seen that 
P™ (0)=—P,™ (0). (6) 


Using methods similar to those described by van 
der Hoff and Benson,'’ the following relations can be 
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Fic, 2. Coordinate system of a F~ ion in the nth layer. 
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{. E. van der Hoff and G. C. Benson, Can. J. Phys. 31, 
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established— 


Ps (0)— PP, (0)=p“L2S(1)—S(@) J, (7) 


P,™ (0)— P,@ (0) = (— 1)"p “LS (n— 1) —S(n—1+a) 
—S(n—2+a) ], forn>2, (8) 


0, (0)—Q_® (0) =0, (9) 


0. (0)—Q_™ (0) = (—1) "pu D(n— 1+) 
+D(n—2+a)], forn>2, (10) 


p_ (0) =p? |D(a)—a ], (11) 
g—) (0) = (2v2p%)“'uT, (12) 


where 


S(u)=S—2 Do (— 14 CRP (mtu)? 
k,l 


m 


x exp[ —7u(R?+P)!] 





foru>O (13) 
dS (1) 2% 


expl —7u(k?+P)? 
D(u)= —-———=8r > xpL mi 1 


— - (14) 
du eatt 1-bexp[—1(P+P)!] 





T=). (RP +P)-?=9.0336217 
k,l 
(see reference 17). (15) 


The cohesive energy of a holo- or hemicrystal is re- 
garded as made up from a classical electrostatic term 
plus a contribution associated with each F~ ion and 
representing the energy of the F~ ion in the crystal, 
in excess of that calculated from the classical treatment. 
Thus 


Uhemi=* D1 LV_™ (0) — Vi. (0) ] 


io 2) 
+21 Ler an (quantal) — er” (classical) |, (16) 
" 


gives the energy of a hemicrystal relative to the free 
ions and stated per ion pair in the surface of the hemi- 
crystal. Similarly, 


Unoio= 204 1 [(V_™ (0) — V0) ] 


oo 
+21 Ler-@ (quantal) — €F" () (classical) | ] (1 7) 
n 


is the energy of a holocrystal relative to the free ions 
and stated per ion pair in a {100} plane. In Eqs. (16) 
and (17) er-™ (quantal) is the energy of a F~ ion in the 
nth layer, relative to a free F~ ion and calculated 
quantum mechanically while er-™ (classical) is the corre- 
sponding classical expression. 








478 Bs me. 


The surface energy per ion pair in the newly formed 


surface is $(2Uhemi—Uhoto). The factor 4 enters this 


expression because two new {100} surfaces are formed. 
Since the surface area occupied by an ion pair is 2p’, 
the surface energy per unit area is 


o= (2p?) "LU nemi— 3 U noo]. (18) 
Using Eqs. (4), (5), (6), (16), and (17) gives 
a= (26°C$ Es (2(Px 0) Px (0)) 
+ (Q4(0)—Q_™ (0))} 
+, { (er-™ — er-™) (quantal) 
a (er-™ —ep-™) tassican} J. (19) 
It can be shown that 


¥1 (P (0)—P, (0))=p>[B+2(S(1)—S(a))], (20) 


where 


B=; (-1)"15(n) 


n 


= - 


k,l 


1 {(-— 1)*tl+my, (?+2-+-m?)-} 


7Ms 


2 expl—1(#+2)!] 
Koad (+P) 1-+expl—e(#+P)!]}? 
=0.06524647.§ (21) 





=8 


Also, 
¥1 (04 (0)—Q_(0))=yp-2D(a). (2 


Hence, 


171 
o=—| -(B+2(S(1)-S(a))} + DC) 
2p*Lp 2p” 


eo 
+21 { (ep-™ wa ep-™) (quantal) 
n 


_ (ep — er) ic) | (23) 


To calculate €r-™ (quantat) the six electrons of a F~ ion 
in the mth layer are assigned in pairs to the orbitals 


¥, =y, =C[Y.—Soit+Sd2], all n, (24a) 
Vv, =," =C@[,—So3+Sds], all n, (24b) 
VM =p, =C@y,—Sds;+S¢6], forn>3. (24c) 


§ B is the same as B,’” defined in reference 10; however, the 
series of exponential terms given in the last part of Eq. (21) is a 
more convenient way of obtaining its value than the direct 
numerical summation used by Shuttleworth. 
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For n=2 the last orbital is replaced by 


V,%=y,% =C©ly,—Sbs+S"be'], (24d) 
while if ~=1, the orbital used is 
V0 = Ny lh. +2x + ne05"], am) 
where 
yp =C[y.—S'os' ]. (25) 


In Eqs. (24), C™, and \V,, are appropriate normal- 
izing factors. The wave functions y and ¢ represent 
2p orbitals for F~ and 1s orbitals for Lit ions, respec- 
tively. The exact analytical forms of these are the same 
as used in the calculation of the cohesive energy (13) 
and are also summarized in reference 16. The orbital 
Ww. used in the second layer is analogous to y.‘* but 
has been modified to maintain orthogonality with the 
orbital ¢’ which now represents a 1s-wave function 
for Lit in position “6” at a distance ps=p’=ap. The 
overlap integral S’ is defined by 


S’= f os dr. (26) 


Orbitals (24a), (b), (c) give rise to no dipole moment 
for F- ions in layers 7 >3. In layer 2 (VW. |s|W,°) is 
not zero unless a= 1; however it is very small for values 
of a near 1 and hence the 2nd layer F~ ions are also 
considered as having no dipole moment. The use of ¥,“’ 
for F~ ions in the 1st layer is an attempt to allow for 
the polarization of the surface ions in the same way as 
in the LiF molecule.'® Thus 


x = EOL y—U(b1+¢2+63+¢64)—U'ds’] (27) 


is an orthogonalized wave function based on the 3s-ex- 
cited state orbital x for the free F~ ion, while w is a 
2s state for a Li atom and permits covalency of the 
bond. The expressions used for x and w are described in 
reference 16. The dipole moment of a surface F~ ion is 


p= —2(9,| 5] ¥,©), (28) 


The Hamiltonian for an electron of a F~ ion in the 
nth layer is written as 


H™=H+ V_™ (x,V,2). (29) 


H is the single electron Hamiltonian for the free F~ ion 
as used in references 13 and 16. 


er-™ (quantal) = —5V_™ (0) +2[ (v2 | H© |W”) 
+ (vy | H® |W) + (Y,™ | Hw |W.) 
—{(ve|H | Pe) + | T\W)+ W-|A|¥-)} J. (30) 


This simplifies to 


€r-™ (quantal) =V_™ (0) +60 1/p; 

+4 (Ye | H+ 0i|¥2)— Ye| Hz) J 

+20 (U2 | H+ L2;|¥.)— Ye T|¥2) J 
+u(p_ (0) +g (0))5(n—1), (31) 
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where 6 is the usual Dirac function defined by 
5(x)=0 for x0 and 6(0)=1. 
For ” very large (31) becomes 


ep-™ (quantal) = V_@) (0)+6>> ()1/p; 
+4[ (ve | H+ ;|y2) — (Y2| 1 | 2) ] 


+2[(y. | H+),|y.)— (¥.| |.) ]. (32) 
Thus, 
(ep-™ 4 er-™)) (quantal) = VS (0) 7 (0) 
+6(2)1/p:—2) © 1/p;) 
+4(y. | 0 0,— Yo, | Ye) 
+2 (0. [H+ 0, | 0.) 
— H+ Dry.) 
+u(p_© (0)+g_ (0))6(n—1). (33) 


Similarly, 


(er-™ = ep-™) (classical) = V_™ (0) = 7 (0) 
m 1 
+2( p.0)-+9- 0) +— 6(n—1). (34) 
2 (ap)? 
Combining (33) with (34) and summing over the index 
n gives 
y1 [(er-™ — er-™)) (quantal) — (er-™ — ep-™)) (classical) | 
6/2 
--(--3) +49.1E0 v+>. 9, 
pa j 
—2>°@ 9;|¥2)+20 (0, | H+ o;|,) 
+. |H+X® vi|¥.) 
= 2(v. |H+>°@) v;|p2) ] 
+2( 2-0) +90) —). (5) 
ja » 0 q- -—). 
2 J (ap)? 


Substituting (35) in (23) and using Eqs. (11) and (28) 
leads to the expression 


-—|-{2+21s«)-s@)+6(=-3) 
2p°Lp a 
+4 (ye | o,4+5 0,-2-@ 9, |p) 
+2{(H. |H+D v,— (p(0) 
+3q_ (0))z|¥.)+ (Y,@ |H+>- v;|y.) 


~2, |H4I© nv) | (36) 


For any value of a the parameters \ and « must be 
chosen to minimize oc. This means essentially that 
and x are chosen to minimize 


E=(¥, | H+D,— (p_ (0) +4q_ (0))z]¥.). (37) 
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Both ¥,™ and g_™(0) depend on d and x; however it 
can be shown that E will be a minimum if 


A=E+(1/4)q- O)u— WY. |H+Dr, 
— (6-0) +9- (0))s|¥.) 
= (¥. |H+D%D,— (P_ 0)-+4- (0))2] ¥.) 
— | HFL%.—= (P 0)+4¢- 0))s|¥.) (38) 


is minimized with respect to A and x, with g_(0) 
treated as independent of A and x. Differentiating A 
partially with respect to A and «x on this basis and 
equating the results to zero gives two equations which 
can be solved along with (38) to yield A, x, and A. 
Solution of this problem by iteration is similar to the 
calculations for the LiF molecule.'* The matrix elements 
formed on expanding (38) are evaluated by the methods 
described in references 13 and 16. In general, integrals 
involving 3 centers are negligibly small but two, 
(W.|v1|ws’) and (x|v|ws”) are evaluated by suitable 
approximations. 
Finally, the surface energy is given by 


171 2 
r= {4asaisty-stap+6(2-s)| 


2p"Lp a 
+4(¥2|F 94+ o,-2F-@ 0,;/y2) 
+2. |H+D® vilve) 

+2 |H+E® vi] v2) 

2, |H+L© ove) 

—2(p (0) +g (0) Ye || ve) 


—1- Ou+2a (39) 
In this expression, B/p is the usual classical Coulomb 
energy necessary to separate the two parts of the 
crystal when the spacing remains unchanged. The term 
2(S(1)—S(a))/p is a classical correction for the change 
in spacing at the surface. The remaining terms of (40) 
arise from the quantum-mechanical approach and re- 
place the usual repulsive, dipole-dipole, . . . etc. con- 
tributions, found in classical calculations. 

The surface energy o is plotted as a function of 
p’=ap in curve i of Fig. 3. The minimum occurs at 
p’=3.82 A.U.=2.02A where o=0.01034 A.U.=557 erg 
cm~ and n=0.031 A.U.=0.079d. 


DISCUSSION 


The surface energy of LiF has not been determined 
experimentally. In the case of NaCl, experimental 
values|| appear to be about 2 to 3 times larger than 
those predicted by classical calculations.*:*-” 


|| Lipsett, Johnson, and Maass [J. Am. Chem. Soc. 49, 925 
(1927) ] obtained a value of 400-erg cm~ at 25°C by measuring 
the difference in the heat of solution of coarse and fine salt. 
G. E. Boyd and W. D. Harkins [J. Am. Chem. Soc. 64, 1190 
(1942) ] repeated these experiments and found 395 erg cm~. 
The surface areas of the fine salt in both of these sets of determi- 
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Fic. 3. Surface energy o plotted as a function of the spacing 
p’=ap between the first and second layers. Curve i calculated as 
described in Sec. III. Curve ii calculated by putting p_ (0) 
=g_(0)=0 in Eq. (33). 


The surface energy 557-erg cm~ obtained for LiF in 
Sec. III is 2.9 times larger than the value 194-erg cm~™ 
computed for this substance from a classical method 
used by Shuttleworth.” 

An empirical method for calculating the surface free 
energy of liquids from the density and coefficient of 
thermal expansion has been given by Edser'* and used 
by him for some solids.’® According to Sutherland”? 
application of this method to crystalline LiF yields a 
value of 570-erg cm~ at 25°C. A positive energy term 
must be added to this value in order to compare it with 
the theoretical surface energy at 0°K.4 


nations were estimated by microscopic examination and are 
generally considered to be too small [G. E. Boyd, “Surface 
Chemistry,” Publ. Am. Assoc. Advance Sci. No. 21, 128 (1943); 
see also reference 22]. In a preliminary experiment in our labora- 
tory, a value of 290-erg cm~ was obtained. The area of the fine salt 
used in this measurement was determined by low temperature 
nitrogen adsorption. It is unlikely that the discrepancy between 
experiment and classical theory can be explained by the difference 
of the temperature of the experiment from 0°K. 

18 FE. Edser, Fourth Report on Colloid Chemistry, British Assoc. 
Advance Sci. Rept. (H.M.S.O. London, 1922), p. 40. 

19 E. Edser, reference 18, p. 263. 

2 y L. Sutherland, Australian Chem. Inst. J. & Proc. 14, 268 
1947). 

4 If y is the surface free energy, then yo= y20s— fo" (dy/dT)dT, 
where —0y/0T is the surface entropy. A crude estimate of the 
magnitude of this quantity for a crystalline solid can be obtained 
from the work of Jura and Garland [J. Am. Chem. Soc. 74, 6033 
(1952).] These authors state that the surface entropy of MgO 
at 298°K is 0.28-erg cm~ deg. This means that 7’ may be about 
80-erg cm™ larger than 29s. 
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The surface free energy of liquid LiF at the melting 
point 844°C is 255 erg cm~’.*! The temperature coeffi- 
cient of this surface free energy is negative. Hence the 
value of the surface free energy (and surface energy) 
of liquid LiF at 0°K should be larger than 255-erg cm~. 
A questionable linear extrapolation of Jaeger’s results 
to 0°K gives 396-erg cm~*. To compare this value with 
that calculated in Sec. III and with the classical value 
(194-erg cm™) requires a knowledge of the difference 
in surface energy between the solid and liquid state. 
Conflicting estimates concerning even the sign of this 
difference occur in the literature. However, in making a 
similar comparison for NaCl Harkins” states “‘it is 
evident that there is a serious disagreement between 
(classically) calculated and experimental values . . . .” 

The surface energy 557-erg cm™~ obtained in this 
paper appears reasonable and more in accord with the 
information presented in the above paragraphs than 
the classically calculated value. 

The results of Sec. III also indicate a slight increase 
(0.5 percent) in the spacing between the surface and 
second layer, and a dipole moment which is opposite in 
sign to the classically calculated value of —0.33d. 
However, in view of the assumptions and approxima- 
tions involved, too much significance should not be 
attached to these results, other than the facts that the 
distortion proves to be small and that the dipole mo- 
ment of a surface F~ ion is considerably smaller than 
expected classically. Furthermore, the surface energy is 
not very sensitive to the magnitude of yu. This is 
illustrated in curve ii of Fig. 2, which shows the results 
of recalculating the surface energy with the second 
terms in the Taylor’s series for P_™ (x,y,z) +). 0; and 
Q_™ (x,y,z) omitted (ie. p(0) and g_(0) are put 
equal to zero in Eq. (33.) The dipole moment in this 
case is —0.25d, but the surface energy has not been 
changed appreciably. 
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Vibrational Intensities in Diatomic Infrared Transitions. 
The Vibrational Matrix Elements for CO* 


Ropert C. HERMAN AND Kort E. SHULER 
A pplied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
(Received August 17, 1953) 


Second-order perturbation theory has been employed to obtain general formulas for the (rotationless) 
vibrational matrix elements of diatomic molecules in infrared transitions. The mechanical and electrical 
anharmonicities have been taken into account by expanding the potential function in a power series through 
quartic terms and the electric dipole moment through cubic terms in the internuclear separation. The 
formulas obtained in this manner are shown to be quite accurate for the fundamental and the first two 


overtones. 


These expressions were then employed to evaluate the vibrational matrix elements for CO (‘Z*) up to 
v’=4 using the experimental integrated absorption coefficients as auxiliary data for the determination of the 
electric dipole moment expansion coefficients. A comparison of the vibrational matrix elements for CO in- 
volving the use of perturbed harmonic oscillator wave functions with those obtained using Morse wave 
functions with both linear and quadratic expansion of the electric dipole moment indicates that the Morse 
treatment is applicable through higher vibrational quantum numbers and higher transitions than the 
perturbation treatment. The comparison furthermore shows that the simple Morse expression with a linear 
expansion of the electric dipole moment yields vibrational matrix elements which would appear to be suffi- 


ciently accurate for many purposes. 


The anharmonic oscillator wave functions obtained would also prove useful in the evaluation of vibra- 
tional matrix elements in electronic transitions if the array for the harmonic oscillator overlap integrals were 
extended through higher vibrational quantum numbers. 





I. INTRODUCTION 


HE calculation of vibrational transition prob- 
abilities in infrared transitions has assumed a 
renewed importance with the advent of improved ex- 
perimental techniques for the accurate measurement of 
the intensities of vibration-rotation bands. A knowledge 
of the vibrational matrix elements in conjunction with 
accurate intensity measurements will permit, for in- 
stance, a detailed study of the distribution of the radiat- 
ing or absorbing molecules among their vibrational 
energy levels and thus yield some information on the 
distribution and exchange of internal energy. The com- 
parison of calculated vibrational intensities with those 
measured for equilibrium systems, such as hot gases in 
furnaces, leads to information regarding the variation 
of dipole moment with internuclear distance and is 
thus of interest in the fields of molecular structure and 
chemical valence. 
The vibrational matrix element R°’”” for infrared 
electric dipole transitions in diatomic molecules is 
given by 


Re’e’’ = f%etMondr, 


where W,, and W,,, are the wave function for the upper 
and lower vibrational states (in a given electronic state) 
and M is the (variable) dipole moment expressed as a 
function of the internuclear distance. This integral is 
usually evaluated by expanding M as a power series 
about r,, the equilibrium internuclear distance, and 


— 


* This work was supported by the Bureau of Ordnance, Depart- 
ment of the Navy, under Contract NOrd-7386. 
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representing the W’s either by Morse or by perturbed 
harmonic oscillator wave functions. 

An approximate evaluation of R’’*’”’ for the 0—1 and 
0—2 transitions using Morse wave functions and the 
linear term in the dipole moment expansion was first 
carried out by Dunham.! In a later paper, Dunham? 
extended these approximate calculations to include 
quadratic and cubic terms in the dipole expansion. An 
exact expression for R°’*”’ for all transitions v’>v”’ using 
Morse wave functions with a linear variation of the 
dipole moment was derived by Rosenthal.* This paper 
also contains exact expressions for the vibrational 
matrix element with the quadratic term in the dipole 
expansion for certain specific transitions. Heaps and 
Herzberg‘ have recently re-evaluated R°’*”’ with Morse 
wave function for both the linear and quadratic terms 
in the dipole expansion, the latter for the progressions 
with v’’=0, 1, 2, and 3. They were able to reduce the 
Rosenthal triple summation for the matrix element with 
the linear dipole expansion term to a much simpler 
expression which can be evaluated more readily. An 
even simpler closed expression for this matrix element, 
which is equivalent to that found by Heaps and Herz- 
berg has also been derived by us.' There have been so 
far no exact calculations for R’’’”’”’ using Morse functions 
with higher than quadratic terms in the dipole moment 
expansion. It appears from an inspection of the above 
quoted papers that the inclusion of these higher terms 


ty! 


1J. L. Dunham, Phys. Rev. 34, 438 (1929). 

2 J. L. Dunham, Phys. Rev. 35, 1347 (1930). 

8 J. E. Rosenthal, Proc. Natl. Acad. Sci., U.S.A. 21, 281 (1935); 
see also K. Scholz, Z. Physik 78, 751 (1932). 

4H. S. Heaps and G. Herzberg, Z. Physik 133, 48 (1952). 

5 R. C. Herman and K. E. Shuler, J. Chem. Phys. 21, 373 (1953), 











482 


would lead to formidable mathematical and computa- 
tional difficulties. 

The matrix elements R”’*”’ were evaluated with per- 
turbed harmonic oscillator wave functions by Dunham? 
for the specific transitions 0-1, 0-2, and 0-3 with 
the inclusion of the cubic term in the dipole expansion. 
His formulas for the fundamental and the ist overtone 
include some second-order correction terms. This work 
was extended by Crawford and Dinsmore® who used a 
second-order perturbation treatment to derive general 
formulas for the intensities of the fundamental and the 
first two overtones through the cubic term in the dipole 
expansion. Eggers and Crawford’ have also applied the 
perturbation treatment developed in the preceding 
paper® to calculate the intensities of some of the funda- 
mental and overtone bands of the linear polyatomic 
molecules CO, and N.O. 

The work to be reported in the present paper is an 
extension of the previous perturbation treatments, a 
comparison of this treatment with that employing 
Morse wave functions, and an evaluation of the relative 
importance of the various terms in the electric dipole 
expansion. We have derived, by second-order per- 
turbation methods, general expressions for the vibra- 
tional matrix elements of the fundamental and first 
two overtones using a power series expansion for the 
molecular potential function through the quartic term 
and a dipole moment expansion through the cubic 
term. These expressions contain second-order correc- 
tion terms previously not evaluated. These formulas 
have been applied to the calculation of the matrix 
elements for the fundamental and first two overtone 
transitions of CO in the '=+ ground state and to the 
evaluation of the first three coefficients of the dipole 
moment expansion. It should be emphasized that the 
formulas obtained for the vibrational matrix elements 
in this paper are for transitions involving states with 
J=0 since vibration-rotation interactions have not 
been taken into account. We have finally discussed at 
some length the serious limitations on the use of per- 
turbation methods with power series expansion of both 
the potential function and the dipole moment for the 
accurate calculation of vibrational transition probabili- 
ties for higher overtones and higher transitions in a 
given sequence. 


II. THE ANHARMONIC OSCILLATOR 
WAVE FUNCTIONS 


In order to evaluate the vibrational matrix elements 
R’’*”’ with second-order corrections it is necessary to 
obtain the wave functions V,- and WV,» for the anhar- 
monic oscillator by means of second-order perturbation 
methods. 


6B. L. Crawford, Jr., and H. L. Dinsmore, J. Chem. Phys. 18, 
983, 1682, (1950). 
9515 F. Eggers and B. L. Crawford, Jr., J. Chem. Phys. 19, 1554 
1951). 
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The second-order corrected wave function Y, is given 
by the well-known expression 


7 
mo 





¥,=¥,"+D/ ——"_4,9 
m (E,°—E,,’) 
> lz FP call as 
+ , , 
k = (E,°—E,°) (E,°—E,,”) 
yy kv 
best, (1) 
(E,°— E.)? 
where 
H'mo= { Val (QH'W.(Qda (1a) 


with m¥v and kv. The potential function for the 
anharmonic oscillator may be written as a power series 
in terms of the dimensionless normal coordinate q as 


U/he=kog?+BG+y¢'+ :-:, (2) 
where 
q=a'r.é, (2a) 
a= (42°w,cu/h) cm, (2b) 
and 
t= (r—r,.)/re=U/Te, (2c) 


r. being the equilibrium internuclear separation.*.*® The 
correction to the zero-order Hamiltonian, H’, employed 
in Eq. (1a) is taken as 


H'/he= 6G +74 (3) 


and the Y,°(g) are the unperturbed harmonic oscillator 
wave functions given by 


‘) 1 } 
(- 2°v! 
XH,(g)exp(—@/2). (4) 


The second-order perturbation calculation for the an- 
harmonic oscillator wave functions gives 





V,°(qg)=a*¥,°(u) = 





+8 
V,= :® C,, vk ng ks (5) 
k=—8 


8 The constants a, 8, and y employed in Eq. (2) should not be 
confused with the spectroscopic rotational constants a, Be, and Ye 

® The coefficients in the potential function used in this paper 
(Eq. (2)] are related to the coefficients of the Dunham potential 
[J. L. Dunham, Phys. Rev. 41, 721 (1932) ], 


U = heagt*(1+-a1t-+ a2t+a3t+ - - -) 
according to 
ko=ao(atr.)?, B=aoa;(air,)= 
and 
y= 4002(atr.)~4. 
The coefficients ao, a1, and a2 are related to the spectroscopic 
constants as follows [see J. L. Dunham, Phys. Rev. 41, 713, 72! 
(1932) and H. M. Hulburt and J. O. Hirschfelder, J. Chem. Phys. 
9, 61 (1941) ]: 


ao= (w2/4B.), 
—a,=1+(aw./6B2) and a2=5a;2/4—(2xe./3B-). 
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where the coefficients C,,.,, expressed in terms of the 
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The wave functions V, given by Eq. (5) are normalized 
through terms in 2? and g*. A similar calculation was 
carried out by Hutchisson” through terms in 8? and g. 
The results of Hutchisson have been extended in the 
above calculations to include higher-order correction 
terms in dg and g’ in order to obtain more accurate 
wave functions for the evaluation of the matrix elements 
for both infrared and electronic transitions." 


III. MATRIX ELEMENTS FOR THE 
ANHARMONIC OSCILLATOR 


The intensity of an emission line for the transition 
”, Tem’, is given by 


q- >7) 


IT vv yt 
em v v ty’ 


| Re ylyll [3, (6) 
and the intensity of an absorption line for very thin 
absorbing layers for the transition vv’, Iaps’”’’, is 
given by 

Taps?’ ~ pry" | ai 1 (6a) 
where R*’*’’, the vibrational matrix element of the 
electric dipole moment M, is given by 


fw. WV, *MV, 0dr 


and y,y is the frequency of the line. In order to evalu- 
ate the integral R’’’’”’ one must have, in addition to an 


10 E. Hutchisson, Phys. Rev. 37, 45 (1931). It might be noted 
that in the coefficient C,,,-2, given in this reference, the numerical 
factor 8 in front of (2v0—1) should read kc, and that the coefficients 
C»,»46 Should have been listed in the approximation given because 
they contain terms in c;?. 

1! The integrals required in the above perturbation calculation 
can be obtained from the recursion formulas for the harmonic 
oscillator wave functions given in reference 10 or from the 
formulas given by E. Fues, Ann. Phys. 80, 367 (1926). 


Re’? = (6b) 








adequate set of wave functions, an expression for the 
electric dipole moment as a function of internuclear 
distance. It has so far not proven possible to derive an 
analytical expression for the dependence of M on inter- 
nuclear distance from independent quantum mechanical 
considerations.” 

For the foregoing reason it has been customary! ?+*® 
to approximate the dependence of the electric dipole 
moment on internuclear distance by a Taylor expansion 
about the equilibrium internuclear distance r,. Such an 
expansion will give an adequate representation of the 
functional form of the dipole moment only in the im- 
mediate neighborhood of the equilibrium internuclear 
separation. The matrix elements calculated using this 
expansion will therefore be accurate only in the event 
that the contribution to R””’ arises mainly in this 
region. It is clear that this type of approximation will 
be best for molecules having small anharmonicity and 
large force constants as well as for transitions between 
low-lying vibrational states. This question is discussed 
in more detail in Sec. IV. 

Since the analysis in the present paper is given in 
terms of the dimensionless normal coordinate qg [see 
Eq. (2)], we expand the electric dipole moment, 
p=M, as 

P= P(q) = Pot pigt pog’+ psgt -:-, (7) 


where /p is the equilibrium electric dipole moment and 
where the expansion coefficients p; are to be determined 
from the experimental intensity measurements. Using 
Eq. (7) for the dipole moment and the wave functions 
of Eq. (5) in the vibrational matrix element given by 
Eq. (6b), one obtains” 


RY*"=¥ pi 


i=1 


V* (q)gW or (g)dg= x PR’. (8) 


The matrix elements in Eq. (8) can be evaluated readily 
using the recurrence relations between the harmonic 
oscillator wave functions." Writing Eq. (8) in the form 


R= py Ri’ + poRo”’”’’+ psRgr’?’”’+- + -, (9) 


one finds, using s=v’—v” and replacing v” by » for con- 
venience, that 


Rta f Vrx.*(q)q¥o(q)dq 


v+s+j+1y\? 
Pr ; a Cots, neti C,, in( ———) 


j=-3 2 


vt+st+j 3 
+C,, v+s+ j—1 ( 9 ) ’ (9a) 


2 For a discussion of this question see, for example, C. A. Coul- 
son, Valence (Oxford University Press, London, 1953), pp. 
102-105. 

13 Since the integral /°¥*(7)¥(r)dr is a dimensionless quantity 
the matrix element R*’*”’ is always given in the same units as the 
electric dipole moment. 





484 R. C. HERMAN AND K. E. 


SHULER 


Rte f Vos." (ghgv. (gag 


8 
ss a Cops, r¢e+i{Cr, oper it2 
rm 


XL(o+s+j+1)(e+s+j+2)]} 
+C,, r+e+4L2 (v+s+j)+ 1] 
+C,, vte4j-2L (v+-S+ 7) (v+s+ j—1)}}}, (9b) 


and 


Ryt! "= J ven" (g)gv,° (q)dq 





ly a} (3—s)/2 Qre-h 
7 h=o (v—h)! 


3 s+2h 
x ( ) ( )Kr on, (9c) 
s+2h sth 


[P00 ++ (n—1) ]/(2””), n = 


Drv+s 


where 


=0, n odd 
=1, n=0. / 


The coefficients Cy+s, 4243, etc., are given by Eqs. (5b). 
It should be pointed out that R;°t*” is evaluated in 
Eq. (9c) with the unperturbed harmonic oscillator wave 
functions since the use of second-order wave functions 
for this matrix element leads to a very small correction 
which does not warrant the large amount of labor 
necessary for its evaluation. 

It has been pointed out by Dunham? that for the 
transition (0—v’) it is necessary in the perturbation 
calculation to evaluate terms up to and including i=?’ 
in Eq. (8). This result can be generalized into the state- 
ment that in Eq. (8), 7 must be taken up to s for all 
transitions v’—v’’=s. Dunham’ has also called attention 
to the necessity of employing a higher-order perturba- 
tion treatment as higher terms are included in the po- 
tential function and dipole moment expansion. In the 
second-order perturbation treatment given here the 
potential function was expanded through terms in ¢. 
Terms higher than gq‘ in the potential function however 
should have been included to obtain all of the contribu- 
tions in the second-order perturbation treatment but 
the coefficients of these higher terms in U/hc are not 
known at present. In view of the above discussions the 
results given in Eq. (9) will hold for s=1, 2, and 3 only. 

Equations (9) can be rewritten in a more tractable 
form by introducing the values of the coefficients 
Co4s,r424j; from Eq. (5b) and performing the indicated 
summations. For the transitions s=1, 2, and 3 one ob- 
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“Tt has been pointed out from general considerations that the 
results stated in Eq. (9) are valid for s=3. The extent of the break- 
down of this approximation for s>3 is demonstrated numerically 
in Sec. 4 using the following expressions for s=4 derived in the 
same manner as Eqs. (10): 
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In the next section the above results are applied to 
the calculation of vibrational transition probabilities 
for the CO molecule in the '2* ground state. In order to 
compare the results obtained with the above perturba- 
tion method using anharmonic oscillator wave functions 
with those obtained using matrix elements employing 
Morse wave functions, the necessary formulas for the 
latter method which have been derived by Heaps and 
Herzberg‘ are given below. If in Eq. (6b) one employs 
Morse wave functions designated by W(u), where 
u=r—r,,and writes for the dipole moment an expression 
equivalent to that given in Eq. (7), namely, 


M=Mot+Myw4t+Ma+-::-, (11) 


one obtains [compare with Eq. (8) ] 
R’?’=> Mf Yo wuGen(u)d (12) 
i=1 


= M,8,"""+MS8."'"'+---. (12a) 
It has been shown‘ that 
§,"= (— 1)”’+"’'Ta (o’— v’’) (k— = af! 1)}" 


v !(k—2v’—1)(k—2v"’—1))! 





, (13) 


v’—v’’—] 


v’! YT] 


t=0 


(k—v'+1) 


where ar.= (w.«,/B,)} and k=1/x,. In the approxima- 
tion (v’+0")x <1 and taking v’=v"+s, and v’’=»9 as 
earlier, one obtains 
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According to Heaps and Herzberg‘ the matrix element 
S_"t*-? is given by 


(— (pen ya nn v 
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where C’,;;,, and H’,,,, are known expressions in- 
volving the quantum numbers and ,. 

In order to facilitate a comparison of results obtained 
by the perturbation and Morse treatments, the relation- 
ship between the electric dipole moment expansion 
coefficients in Eq. (7) and (11) is given below. Since 
M (u)= p(q) one has!® 


M;= pia”, (15) 
where a is defined in Eq. (2b). 


15 Tf the dipole moment is expanded as in reference 6, namely, 
P(E) = pet pel E+ (1/2) pe 2+ (1/3 pe" B+ +++, 
then 
pe'=abrepi, pe" =2arepr, pe =6alr,§ps, etc. 
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TABLE I. Molecular constants for CO (#3*). 

















we(cm™)  wexe(cm™) Be(em™) ae (cm) re(A) 
2169.84" 13.3014 1.93130> 0.017543> 1.1281° 
ao(cm~!) a) a2 b =B/we & =y/wWe 
609,4444 —2.70088 4.53293 —5.69778XK10- 4.02955x10-3 








® Reference 19. 

> Reference 18. Values of By obtained from this paper also. 
© Reference 20. 

4 See reference 9. 


As mentioned earlier it has not yet proven possible 
to determine the coefficients in the electric dipole 
moment expansion, i.e., the electrical anharmonicity, 
by a direct quantum-mechanical calculation. These 
quantities must therefore be obtained from a compari- 
son of experimental intensity data with the theoretical 
expressions obtained above for the vibrational matrix 
elements. This is in contradistinction to the mechanical 
anharmonicity which can be determined readily from 
the positions of the band origins. 

It has been shown® that the total intensity or inte- 
grated absorption A”’’”’ of a vibration-rotation band is 
given by 
Ave as Fe Sx (Sa N gre/3hc)a”’””’ | Re’*’’ |, (16) 


J's’ 


where R*’*”’ is given by Eq. (8), a”’’’Y’4”’ is the absorp- 
tion coefficient, N,-- is the concentration of molecules 
in the vibrational level v”’, and 


ao?” =[w’?”’’+ (By, —B,)(1+Z) ] 
X[1—exp(—hew”’””’/kT) | 
+ (By +By)[1+exp(—hew’’’’/kT)] (16a) 


with the rotational partition function Z expressed in 
the form 


Z=> grexp(—Ey/kT)~kT/hcB,. — (16b) 
J=0 


Since the integrated absorption coefficients can be de- 
termined experimentally'®” and the R,*’*”’ calculated, 
one can employ Eq. (16) to evaluate the dipole expan- 
sion coefficients i. 

It should be noted that the above analysis can also 
be carried out for individual vibration-rotation lines 
rather than for an entire band. However, this necessi- 


TaBLE IT. Integrated absorption coefficients 
A” © (cm™ atmos) for CO (12*). 








v’ 1 2 3 4 
Avo 237 1.64 9.31073 ~5X 10-5 











16 my B. Wilson, Jr., and A. J. Wells, Jr., J. Chem. Phys. 14, 578 
(1946). 

17 See for example, S. S. Penner and D. Weber, J. Chem. Phys. 
19, 807 (1951). 
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tates obtaining spectra at high resolution and taking 
into account the effect of line shape on the line intensity. 
A detailed discussion of this question has been given by 
Wilson and Wells.!®. The vibrational matrix elements 
R’’’” as given in Eq. (9) have been calculated for the 
rotationless state J=0. Strictly speaking Eq. (16) 
should be modified so that the vibrational matrix ele- 
ment as well as the integrated absorption coefficient 
contain the influence of vibration-rotation interaction. 
This interaction should also be taken into account 
when dealing with the intensities of individual vibra- 
tion-rotation lines. 

In the next section the above formulas obtained for 
the vibrational matrix elements are applied to the par- 
ticular case of the CO molecule in order to obtain both 
more accurate values of these matrix elements and to 
compare the results obtained using the perturbation 
and Morse treatments. This calculation also yields im- 
proved values for the electric dipole expansion coeffi- 
cients which are of interest in connection with problems 
of molecular structure of the CO molecule. 


IV. VIBRATIONAL INTENSITIES IN CO(!=*) 


The results developed in the foregoing sections are 
now applied to the CO molecule in the '>°+ ground state. 
This molecule has been chosen because there exists 
relatively good intensity data for some of the vibration- 
rotation bands!’ and also because the fundamental 
spectroscopic constants are well known.'* In addition 
a knowledge of vibrational matrix elements for the CO 
molecule is of great importance owing to the frequent 
occurrence of this molecule in various flame reactions. 
A knowledge of the relative vibrational transition 
probabilities is required in order to obtain information 
regarding questions of equilibrium and the equiparti- 
tion of energy.”! 

The spectroscopic constants for the CO molecule 
employed in the present calculations are given in Table 
I. The experimental values of the integrated absorption 
coefficients A’’’’”’ for the CO molecule are given in 
Table II. The coefficients A!° and A? are those reported 
by Penner and Weber" and were obtained by measuring 
intensities of pressure broadened vibration-rotation 
bands. The value of the coefficient A” is that reported 
by Plyler, Benedict, and Silverman.'* This coefficient 
was determined by a measurement of the relative in- 
tensity of resolved lines in the (0Q—3) and (0—2) bands 
of CO taken together with the value of the integrated 
absorption coefficient A?.° given by Penner and Weber. 
The value A‘ is a rough estimate made by us using the 
date of Herzberg and Rao.” 

18 Plyler, Benedict and Silverman, J. Chem. Phys. 20, 175 
COR E. McCulloh and G. Glockler, Phys. Rev. 89, 145 (1953). 

*” G. Herzberg, Specira of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950), second edition. 

21 See, for example, K. E. Shuler and H. P. Broida, J. Chem. 
Phys. 20, 1383 (1952), and Benedict, Plyler and Humphreys, 


J. Chem. Phys. 21, 398 (1953). 
® G. Herzberg and K. N. Rao, J. Chem. Phys. 17, 1099 (1949). 
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IN INFRARED TRANSITIONS 


TABLE III.* Squares of the vibrational matrix elements, | R*’*’”’|? (debye),? and dipole moment expansion coefficients, 


pi (debye), (3-constant fit) for CO (42+) using anharmonic oscillator wave functions. 











(v’’ +s) ! 
vy’ | Re’v’’| 4? | Re’o’’| 2 | Re’e’’| 2 | Re’e’"| 4? |$r’e”’ |? =x,e-1—__ 
sty"! 
Q-1» 1.074X 107? 1.074 107 1.074 107 1.074 10-? 
(1.000) (1.000) (1.000) (1.000) (1) 
1—2 2.134 10-2 2.359 X 10°? 2.320X 10 2.096 X 10°? 
(1.987) (2.197) (2.161) (1.952) (2) 
2—3 3.177X 10 3.907 X 107? 3.784X 107 3.066 X 10 
(2.959) (2.885) (3.524) (2.855) (3) 
3—4 4.196107 5.853 10 5.594 107 3.976X 10 
(3.907) (5.451) (5.210) (3.703) (4) 
Q-2» 3.741 X 1075 3.741 10-5 3.741X 10-5 3.741 10~ 
(3.484 107%) (3.484 107%) (3.484 107%) (3.484 1073) (3.065 X 10°) 
1-3 1.205 10-4 1.006 X 1074 1.006 1074 1.207 K 10-4 
(1.123 K 107?) (9.374 10-3) (9.366 X 10-3) (1.124 107?) (9.195 X 107%) 
2-4 3.493 X 1074 1.190 1074 1.183 1074 3.507 X 1074 
(3.253 X 107?) (1.109 107?) (1.012 10-2) (3.267 X 1072) (1.839 X 107?) 
0-3» 1.423 1077 1.423 1077 1.423 1077 1.423107 
(1.325 10-5) (1.325 10-5) (1.325 10-5) (1.325 K 10-5) (2.505 X 1075) 
1-4 6.657 X 1077 1.143 10-8 1.974 10-6 4.956 1077 
(6.200 X 10-5) (1.064 10-6) (1.839 10-4) (4.615 X 10-5) (1.002 X 10~*) 
0-4 1.505 10-6 1.621X10-* 1.225 10-* 1.124 10-6 
(1.401 x 10-4) (1.510 10~) (1.141 10~) (1.047 XK 10~*) (3.454 1077) 
pi 1.470107 1.396 107 1.409 107 1.483 107 
pe — 1.307 10-3 1.586 1072 1.592 107? — 1.244 10-3 
ps — 3.540 10-4 1.450 10-3 5.793 XK 104 — 1.22410 
A4(calc) 0.1303 0.1404 0.1060 0.09731 














® Certain apparent inconsistencies in the last place of the relative values of the squares of the matrix elements are caused by rounding after normalization 
> The integrated absorption is known experimentally for these three transitions which have therefore been used as fitting points. 


Table III which gives the results of the calculations 
of intensities for vibrational transitions of CO with a 
three constant fit in the electric dipole expansion has 
been constructed in the following manner. The quanti- 
ties R,”’”’’ were evaluated using Eq. (10). The squares 
of the matrix elements | R*’*’’|? in terms of the dipole 
coefficients p; and the R,*’””’ given by Eq. (9), were 
used in Eq. (16) together with the experimentally de- 
termined values of A*’’’’ for (0O—1), (O—2), and (O—3) 
[see Table II] to evaluate the p;. The values of 1, po, 
and 3 obtained in this fashion were then used in 
Eq. (9) to obtain the set | R*’*’’|? given in Table III. 
The various sets of values for the | R*’”’’|? in Table III 
arise because the solution of Eq. (16) for the #,’s in- 
volves solving 7 equations of second degree. For i=3, 
there are 4 independent sets of p;, each of which is given 
in the appropriate column in Table III. The results 
given in Table IV for the anharmonic oscillator approxi- 
mation have been obtained in the same manner for a 
two constant fit in p(i=2). The results using Morse 
wave functions are also given in Table IV. These were 
obtained in an analogous manner using Eqs. (11-16). 





In both Tables III and IV we have given for comparison 
the quantity 


| 88°" |2== | Sy" |2(@./r2B,) = xe1(0" +5) /s40"| 


from Eq. (13a) which is essentially the first term in the 
Morse treatment for v’’~,<1. The entries in parenthesis 
are relative values of | R’’’’’|? normalized to the (0—1) 
transition. Finally, we have given the values of the 
integrated absorption coefficients A*° and A‘ calcu- 
lated from Eq. (16) using the appropriate values of 
| R’’*’’|? as found in Tables III and IV. 

Since both the foregoing theory and experimental 
results are not exact, one obtains a number of sets of 
values for the vibrational matrix elements given in 
Tables III and IV. This raises the question as to which 
set is most nearly correct. The most direct test would be 
given by comparison of calculated intensities with 
experimenally determined values of the A*’”” for a large 
number of transitions. In the absence of sufficient data 
of this type it is necessary to explore another criterion. 
One such criterion is the physical reasonableness of the 
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TABLE IV. Squares of the vibrational matrix elements, | R*’*’’|? (debye),? and dipole moment expansion coefficients, 
pi (debye), (2-constant fit) for CO (2*) using Morse and anharmonic oscillator wave functions. 

















Morse wave functions Anharmonic oscillator wave functions (v’’ +s) | 
v’”’ —y’ | Re’e’"|2 | Re’e’’|2 | Re’e’"|2 | Re’e’’|2 |Sv’e’’ |2 =xe8~ 
sty’! 
Q-1° 1.073107 1.07310 1.07310 1.073107 
(1.000) (1.000) (1.000) (1.000) (1) 
1-2 2.157 107 2.303 X 107? 2.149 107? 2.294 107? 
(2.009) (2.145) (2.001) (2.137) (2) 
2-3 3.249 107? 3.706 X 10 3.222 10? 3.703 X 10 
(3.026) (3.452) (3.001) (3.449) (3) 
3-4 4.35110 5.283 X 107? 4.286 10°? 5.424X 107? 
(4.052) (4.920) (3.992) (5.052) (4) 
0-2" 3.741 1075 3.741 X 1075 3.741 10-5 3.741 1075 
(3.485 X 107%) (3.485 X 10-3) (3.485 X 107%) (3.485 X 10-3) (3.065 X 10%) 
1-3 1.134 10-4 1.069 X 1074 1.206 10-4 1.028X 10-4 
(1.057 X 10-?) (9.957 X 10-3) (1.123107?) (9.576 X 107%) (9.195 K 107%) 
2-4 2.294 10-4 2.042 1074 3.489 X 10-4 1.178 10-4 
(2.136 X 10-*) (1.902 X 10-) (3.250 107) (1.097 X 107?) (1.839X 10-?) 
0-3 3.291 1077 1.198 107 4.675107 7.739X 1077 
(3.065 X 10-5) (1.116 10+) (4.354X 10-5) (7.207 X 10-5) (2.505 X 10-5) 
1-4 1.339 10-6 4.766 X 10-6 2.022 10-6 5.815 10-6 
(1.247 X 1074) (4.439 X 10-4) (1.883 XK 10~4) (5.416 X 10-4) (1.002 X 10-4) 
0-4 4.822 10° 2.988 X 10-8 1.676X 10-6 9.914 1077 
(4.491 X 107") (2.783 X 10-8) (1.561 X 10) (9.234X 1075) (3.454 1077) 
pi 1.462107 1.414107 1.465X 107 1.417X107 
pe — 4.86110 1.67610 — 1.336 10-3 1.597X10* 
A3°(calc) 2.150 107? 7.826X 107 3.055 X 10 5.056X 107 
A*9(calc) 4.175 1074 2.587 X 10-3 1.451107! 8.585 X 107? 








® The integrated absorption is known best for these transitions which have therefore been used as fitting points in this case. 


general behavior of the dipole expansions as given by 
the various sets of p; in Tables III and IV. While it is 
true that the expansion p=) i-o pig‘ is valid only in 
the vicinity of r=r,, it might be expected that such an 
expansion through the cubic term, if valid, would at 
least approximate the known asymptotic behavior 
p-0, when 7-0 and r—~. However, it might be 
pointed out that the detailed behavior of the electric 
dipole moment as a function of internuclear separation 
is not known for any molecule at the present time. 

We have examined the behavior of the various ex- 
pansions obtained for p by using the four sets of p; given 
in Table III. In Fig. 1 are given the four electric dipole 
moment expansions as a function of internuclear separa- 
tion r as well as the potential curve for CO in the "(+ 
ground electronic state with the lower vibrational energy 
levels. Figure 2 shows the potential curve on an en- 
larged scale together with the portion of the dipole 
expansion curve (a) from Fig. 1 which lies in the 
vicinity of r,. The potential function was obtained from 
the Dunham expansion® using the constants given in 
Table I. The magnitude of the permanent electric 


dipole moment, 0, which is used to fix the curves was 
taken as —0.118 debye.” The sign of the moment was 
taken negative as suggested by Mulliken.** An examina- 
tion of Fig. 1 indicates that curve (a) has the most 
reasonable physical behavior.** For this reason we be- 
lieve that the corresponding values of | R’’*’”’| ,? given 
in the first column of Table III are perhaps the best. 
The other columns are given in the event that future 
experimental values of A’’’ may prove the above 
conclusion to be incorrect. 

In Table IV the first columns for both the Morse 
and perturbation treatments are considered to give the 
better set of | R’’*’|*. This suggestion is based on the 
fact that the set of p’s in the first column for the per- 
turbation trestments agrees most closely with the set 
of #,’s in the three constant fit in Table III. 

An examination of Table IV shows that the results 
obtained using Morse wave functions and anharmonic 
oscillator wave functions are in very good agreement 


1. G. Wesson, Tables of Electric Dipole Moments (The Tech- 
nology Press, Cambridge, Massachusetts, 1948). 
*R.S. Mulliken, J. Chem. Phys. 2, 400 (1934). 
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VIBRATIONAL INTENSITIES 
for all transitions with s<3. It should furthermore be- 
noted that the values of |R*’’|? given in Table III 
(3-constant fit) also agree well with the values given in 
Table IV for transitions with s$3. 

For transitions with s>3 the matrix elements calcu- 
lated using the perturbation treatment give values of 
A*° which are at great variance (factor 10*) with the 
experimental values listed in Table II. On the other 
hand, the values of A*° calculated with the two-con- 
stant fit (see Table IV) are in good agreement with 
experiment. This breakdown of the perturbation calcu- 
lation for s>3 was predicted on theoretical grounds in 
Sec. III and is so complete as to vitiate the use of 
the formulas for s=4 given in footnote 14. On the other 
hand, inspection of the results in Table IV obtained with 
Morse wave functions shows that the A*’® calculated 
for both v’=3 and 4 are in moderately good agreement 
with the experimentally determined integrated absorp- 
tion coefficients. 

The quantities | $*’*’’|* listed in the last columns of 
Tables III and IV are the squares of the vibrational 
matrix elements for Morse wave functions and a linear 
dipole expansion normalized to the 0—1 transition. 
These values are to be compared with the normalized 
|R’*’’|? given in parentheses. It is evident that the 





a ie i aie | | | i = 
' 
' 
I 
4.0}— ' , 12- co | - 
\ (‘5*) 
/ 10- 
: = _ v=4 
ee ag S et F ail 
3.0 : z ¥e3 
1 ae i 
: 2° v=2 | 
2.0 -— \ > ab | — 
vel ff 








p (debyes) 


o f 
re=1282A \ 
P,7-0.118D 






-30;— / 








re. ee 
0 02 04 06 08 10 12 14 #16 18 20 22 


r(A) 





Fic. 1. Electric dipole moment expansions, p=Zp,a‘/?(r—r,)*, 
as a function of internuclear separation 7. The curves labeled 
a, b, c, and d correspond to the sets of p; associated with the matrix 
elements | R*’*’’|,2, etc., in Table III. The potential curve for 
CO in the 12+ ground electronic state is included to indicate the 
telative extent of the vibrational wave functions as compared with 


the essentially linear regions of the various dipole curves in the 
Vicinity of r,. 
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Fic. 2. The potential curve for CO in the '=* ground electronic 
state and the electric dipole moment (curve a) in the vicinity 
of r. on an enlarged scale. 


agreement is quite good. Therefore, unless the experi- 
mental data required to determine the higher dipole 
expansion coefficients are very accurate, the labor re- 
quired to compute the | R”’”’’|? of Eqs. (8) and (12) is 
not justified considering the close agreement of | $”’*”’ |? 
with | R*’*’’|*.. It would appear that for the lower-lying 
transitions the use of the simple form | 8”’*’’ |? will yield 
reasonable results of sufficient accuracy for many 
purposes.”® 

The above result can be understood readily in view of 
the fact that p:>>p2 and 3, so that the dipole expansion 
is essentially linear for a considerable distance about 
re. Furthermore, examination of Fig. 1 shows that the 
wave functions up to »=4 for CO do not extend beyond 
this essentially linear region of the dipole moment with 
any appreciable amplitude. 








V. DISCUSSION 


It would appear that one of the principal needs in the | 
field of intensity spectroscopy is extensive and accurate 
data on the intensities of vibration-rotation bands for 
many more diatomic molecules. These data should be | 
obtained for equilibrium systems in order that they 
can be compared with theoretical calculations of rela- 
tive intensities. In addition, data on transitions involv- 
ing the higher vibrational quantum numbers would 


* A comparison of | $*’*’’|* with | R’’*’’|* obtained using Morse 
wave functions with a two constant fit [see Table IV shows 


agreement to better than 1 percent for s=1 and ~25 percent for 
s=3. 


















provide the information required to determine how well 
the Morse treatment represents the experimental in- 
tensities when the electric dipole expansion is carried 
through the quadratic term only. 

Accurate data are also required to determine the 
electric dipole moment expansion coefficients, a study 
which may prove to be of interest for its own sake in 
connection with problems of molecular structure. It 
would prove highly desirable if it were possible to 
represent the electric dipole moment as an analytic 
function of the internuclear separation. Such an em- 
pirical function if properly chosen might make the 
matrix elements integrable in closed form for either 
the Morse or anharmonic oscillator treatments dis- 
cussed above. While at present there are no experi- 
mental data bearing on this point it would appear from 
general considerations of the electronic structure of 
various diatomic molecules that such a function or 
functions would have to be capable of representing a 
wide variety of p= f(r) curves.”® 

It may be noted that the wave functions for the 
anharmonic oscillator given in Eq. (5) can be used to 
evaluate some of the overlap integrals required in the 
study of vibrational intensities in electronic transitions. 
These wave functions are slightly improved over those 
employed by Hutchisson” in studying this problem. 
The overlap integral, M’’’’’"" required to evaluate 
the probability of a transition between the vibrational 
levels v’ and v” in the two different electronic states m 
and is given by 

8 8 


Me'r’’mn — > > a C™,» 94.5 TP re yt tg bel nts 5, of ek (17) 


j=—8 k=—8 
where 


2) 


| ae otk J VY, +3, m4, nf, (1 7a) 
0 


26 Some attempts along these lines which have been made by 
Mecke [see e.g., R. Mecke, Z. Elektrochem. 54, 38 (1950) and 
previous papers quoted there] bear out the above analysis. See 
also reference 24 for the different behavior of p(r) for the hydrogen 
halides at CO. 
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the C™,-,»4;, etc., are given in Eq. (5b) and the 
are the harmonic oscillator wave functions. The evalua- 
tion of Eq. (17) is tedious but straightforward provided 
the integrals [°,-+;,.-4, are known. Recently the har- 
monic oscillator overlap integrals 1°,-4;,o4% were 
evaluated for a large number of diatomic molecules on 
the Mark I Calculator.”’ Unfortunately, these integrals 
were obtained only through v’S7 and v’S7. From 
Eq. (17) it is clear, however, that even for the 0,0 
transition using second-order corrected wave functions 
one must have overlap integrals up to and including 
7°, s, and in general for the transition v’m—v''n one re- 
quires overlap integrals evaluated through v’+8 and 
v’’+8. Since the evaluation of the harmonic oscillator 
overlap integrals by the method suggested by Manne- 
back?* appears to be relatively simple for modern elec- 
tronic computing machines”’ it is to be hoped that the 
results of the Harvard Computation Laboratory are 
extended to higher values of the vibrational quantum 
numbers. This extension will permit a comparison of 
the overlap integrals obtained using perturbed oscillator 
wave functions and those recently obtained by Wu” 
from Morse wave functions. 

We wish to thank Mrs. Kathryn P. Stevenson for 
her invaluable assistance in carrying out many of the 
calculations and Dr. W. S. Benedict for several profit- 
able discussions. In particular we thank Dr. G. Herz- 
berg for his interest and a number of valuable sugges- 
tions. 


Note added in proof.—The influence of the interaction 
of vibration and rotation on the vibrational matrix 
elements has been studied by Herman, Silverman, and 
Wallis and will form the subject of a future communica- 
tion. See Bull. Am. Phys. Soc. 29, 15 (1954). 


27 H. Aiken, ef al., “Computation of the intensities of vibrational 
spectra of electronic bands in diatomic molecules,” Problem Re- 
port No. 27, the Computation Laboratory, Harvard University 
(1951). 

28 C, Manneback, Physica 17, 1001 (1951). 

* T. Y. Wu, Proc. Phys. Soc. (London) 65A, 965 (1952). 
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THE JOURNAL OF CHEMICAL PHYSICS 


The ionization of premixed hydrogen-oxygen and acetylene- 
oxygen flames burning at atmospheric pressure was studied by a 
microwave method. The attenuation of electromagnetic radiation 
by the flames was employed to determine the free electron concen- 
iration. To obtain a high sensitivity for these measurements, a 
microwave bridge operating slightly off balance was employed, 
with the flames positioned between two electromagnetic horns in 
one of the bridge arms. This method permits the determination of 
electron densities down to about 5-108 electrons per cm? at 
atmospheric pressure. 

In interpreting the data obtained in this study it was found 
necessary to take a quantitative account of the “background 
ionization” resulting from the presence of alkali salts as con- 
taminants in the air and the flame gases. After the appropriate 
background measurements and corrections were made, it was 
found that the ionization of the hydrogen-oxygen flames and of 
lean and stoichiometric oxy-acetylene flames was thermal and 
agreed well with the electron concentration values obtained from 
equilibrium calculations using the adiabatic flame temperatures. A 
complete equilibration and equipartition of the internal energy for 
H,—Oz flames is indicated by the good agreement between the 
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and Acetylene-Oxygen Flames* 


Kurt E. SHuter, Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 


AND 


JosEpH WEBER, U.S. Naval Ordnance Laboratory, White Oak, Maryland and Glenn L. Martin College of 
Engineering and Aeronautical Sciences, University of Maryland, College Park, Maryland 


(Received August 31, 1953) 








VOLUME 22, NUMBER 3 


MARCH, 1954 


effective ionization temperature and the rotational, vibrational, 
and electronic temperatures determined previously. 

The background corrected ionization of the rich acetylene- 
oxygen flames (C2H2/O2=1.5/1 to 4/1) was found to be higher by 
a factor of 10 to 100 than that calculated for a purely thermal flame 
ionization. This can very plausibly be accounted for on the basis 
that the high electron concentration in these rich hydrocarbon 
flames is primarily due to the thermal evaporation of electrons 
from the carbon atom aggregates (soot particles) formed in these 
flames. A calculation showed that a work function of 8.5 ev for the 
small carbon particles in the flame accounts well for all the 
observed electron concentrations. This value stands in a reasonable 
relationship to the ionization potential of gaseous carbon atoms 
(11.265 ev) and the work function of graphite (4.35 ev). 

It is suggested on the basis of these results that the ionization in 
hydrogen-oxygen and acetylene-oxygen flames, at least as far as 
the hot combustion gases are concerned, is an equilibrium process 
which can be accounted for by purely thermal considerations. 
Whether or not this holds true also for the reaction zone proper 
must remain open to question for the present, since the measure- 
ments described here pertain by necessity to an ionization density 
averaged over a rather extensive region of the flame. 





‘I. INTRODUCTION 


HERE exists now a voluminous and widely dis- 

persed literature on the electric and magnetic 
properties of flames and on ionization in premixed 
burner flames. This literature, which has recently been 
reviewed and evaluated by Calcote! with special refer- 
ence to the problem of ionization, appears to demon- 
strate that the concentration of ions (and thus of 
electrons) in flames is in general several orders of 
magnitude higher than would be expected from purely 
thermal considerations. 

This result, if correct, is of considerable interest in 
connection with the general problem of the distribution 
of internal energy in fast reacting, high temperature 
systems of which flames are a conveniently studied ex- 
ample. Previous work on the rotational, vibrational, and 
electronic distribution of internal energy has shown that 
there exist in some flames nonequilibrium and/or non- 
equipartition distributions of energy in the various 
degrees of freedom.?* It would thus appear not too 





*This work was supported by the Bureau of Ordnance, De- 
partment of the Navy, under Contract NOrd 7386 and NOL FR-8. 

H. F. Calcote, Technical Paper No. 37, Project Squid, Prince- 
ton University, Princeton, N. J., June 15, 1948. 

* See, e.g., A. G. Gaydon and H. G. Wolfhard, Proc. Roy. Soc. 
(London) 205A, 118 (1952), and previous papers in this series; 
K. E. Shuler and H. P. Broida, J. Chem. Phys. 20, 1383 (1952), 
and previous papers in this series. 

*K. E. Shuler, J. Phys. Chem. 57, 396 (1953). 
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surprising at first glance that similar conditions should 
obtain with regard to ionization. A factor which argues 
against the extension of previous arguments’ to the case 
of excess ionization is the very large amount of energy 
required (about 9-11 ev) for the specific ionization of 
the various atomic and molecular species present in 
hydrocarbon and hydrogen-oxygen flames. It is difficult 
to see how this much energy, which compares with 
about 4 to 6 ev for electronic excitation, can be produced 
in combustion flames by elementary chemical reactions 
whose exothermicity in all but the most favorable case 
is only of the order of 4 to 6 ev. 

We have, therefore, reinvestigated the extent of 
ionization in premixed and accurately metered oxy- 
hydrogen and oxy-acetylene flames of various fuel- 
oxygen ratios. We have attempted to obtain improved 
quantitative data for simple reaction systems whose 
thermal properties could readily be calculated for com- 
parison with the experimental results.‘ These studies 
were carried out by directing a beam of microwaves 
through the flame and measuring the attenuation re- 
sulting from the free electrons with a microwave bridge.® 


*Calcote (reference 1) has characterized most of the previous 
work along these lines as being of “‘a qualitative nature only,” and 
a study of the pertinent literature quoted in his review shows that 
this characterization is indeed an apt one. 

5 The attenuation of microwaves by free electrons was ap- 
parently first used for the study of ionization in flames by Andrew, 
Axford, and Sugden, Trans. Faraday Soc. 44, 427 (1948). 




















This method gives a direct measure of the electron 
concentration without disturbing or distorting the flame 
and, in addition, eliminates many of the complications 
and uncertainties inherent in the more commonly used 
conductivity measurements.® It may be expected that 
the data obtained by this method will be sufficiently 
accurate to give, in conjunction with detailed calcula- 
tions of the thermal equilibrium properties of the 
corresponding systems, more definite indications as to 
the nature and origin of the ionization in these flames. 


Il. THEORY OF THE MICROWAVE MEASUREMENTS 


The concentration of free electrons in a flame can be 
determined from measurements of the absorption of 
electromagnetic radiation by the flame.’ The presence of 
the free electrons introduces conductivity and affects 
the dielectric constant of the region occupied by the 
flame. It can be shown from classical electromagnetic 
theory® that the complex propagation constant for 
electromagnetic waves in a medium with conductivity o 
is given by (in mks units) 


y= {ieoulo,+i(wet+o;) }}}, (1) 


where ¥ is the propagation constant (meters), w is the 
angular radiofrequency, u is the permeability, ¢ is the 
dielectric constant, o, is the real part of the conductivity 
(mho meters), and o; is the imaginary part of the 
conductivity (mho meter~). If the conductivity is 
small, (1) may be written in the form 


= (0,/2) (u/e)!+-iLw(ue)!+ (o;/2)(u/e)*], = (2) 


where the attenuation constant a and the phase con- 
stant 6 are given by 


a=(¢,/2)(u/€)*; B=w(ue)'+(o,/2)(u/e)*. (3) 


The real and imaginary parts of the conductivity, o, and 
o;, appearing in Eq. (3) have been evaluated for an 
ionized gas by Margenau,’ who found that 


4e°°N 


-=———_—_K,.(zx), (4 
‘ 3(2rmkT)} ” , 


4e°r°N, 


o;=—————2'K (x 5 

3(2umkT)! ai ” 
where ¢ is the electronic charge, \ is the mean free path 
of the electrons, V, is the number of electrons per unit 
volume, m is the electronic mass, & is Boltzmann’s con- 
stant, T is the absolute temperature, and x= m(wd)?/2kT, 
where w is the angular radio-frequency and where K2(x) 








6H. A. Wilson, Revs. Modern Phys. 3, 156 (1931); Modern 
Physics (Blackie and Son, Ltd., London, 1944). 

7H. Belcher and T. M. Sugden, Proc. Roy. Soc. (London) 
201A, 481 (1950). 

8 See, e.g., S. A. Schelkunoff, Electromagnetic Waves (D. Van 
Nostrand Company, Inc., New York, 1943), p. 243. 
®H. Margenau, Phys. Rev. 69, 508 (1946). 
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and K;(x) are given by 
K2(x)=1—x—2°e*Ei(—x), (4a) 
K;(x) = (—x)m'+-aex'e7[1—erf (x)! ]. (5a) 


To determine NV, the concentration of free electrons 
in the flame, one measures the attenuation constant a 
of the flame. Equation (3) is then used to find o, and 
Eqs. (4) and (4a) are used to evaluate ,. In order to 
employ this procedure, \, the mean free path of the 
electrons in the flame, must be known. This can be 
calculated if the collision diameters of the molecules in 
the flame have been measured previously. We have used 
in this study the values determined by Belcher and 
Sugden’ for the collision diameters for coal gas-air 
flames. Even though our flames (oxy-hydrogen and oxy- 
acetylene) had a somewhat different composition from 
theirs, the use of the Belcher and Sugden collision 
diameters should be quite accurate for this purpose 
since it is known from kinetic theory data that the 
variation of the collision diameters is quite small among 
the various gases employed in these experiments. 

The measurement of the attenuation constant a 
presented some difficulty since the attenuation of the 
flames used in this investigation was quite small, being 
only about 3-10~ neper for a hydrogen-oxygen flame 
with a 2-cm attenuation path. Various techniques of 
microwave spectroscopy have been developed in recent 
years which make it possible to measure attenuations as 
small and smaller than this. Most of these techniques 
are, however, not applicable here because the attenua- 
tion resulting from the free electrons in a flame is almost 
independent of frequency so that sweep detection 
methods, which show the contour of a narrow absorption 
line, cannot be used. Since it was considered undesirable 
to modulate the flame," it was not possible to utilize 
various modulation techniques which could have en- 
hanced the sensitivity of the measurements. The further 
requirement for an absolute value of the attenuation 
constant ruled out some other methods which may be 
employed when only relative attenuation measurements 
are required. 

One simple way to measure the flame attenuation is to 
transmit microwaves over a path which includes the 
flame (see Fig. 1) and observe the change in detector 
current as the flame is moved in and out of the micro- 


FLAME 


KLYSTRON |___/ : |} 
OSCILLATORF—\_ } } 








= DETECTOR 


Fic. 1. Block diagram of simple apparatus for measuring large 
attenuation of microwaves by a flame. 


























1 Any mechanical modulation scheme which would have 
interacted directly with the flame, such as chopping the flame with 
a rotating sector disk, could conceivably have given rise to 
extraneous ionization in the flame by thermionic emission from the 
hot chopping disk. This could have seriously affected the accuracy 
of the desired data on flame ionization. 
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Fic. 2. Block diagram of microwave bridge used to measure 
attenuation in premixed burner flames. 





wave beam. For small attenuation this change is, 
however, a relatively small one and a large amount of 
power would be required for its detection. Under these 
conditions the random fluctuations in the power output 
of the klystron mask the small changes in power re- 
sulting from introduction of a hydrogen-oxygen flame. 
In addition, the crystal noise is great when the power 
incident on the crystal detector is large. 

These difficulties in measuring a can be overcome to a 
large extent by the microwave bridge illustrated in 
Fig. 2. Radiation from the klystron travels down the 
wave guide into the first magic tee, then divides among 
the two arms. If the bridge were approximately bal- 
anced, the amplitude and phase of the radiation from 
both bridge arms into the second magic tee on the right 
end of the bridge would be nearly the same, and there 
would be a small crystal current representing the 
difference of the outputs of the two bridge arms at the 
crystal detector. If the flame is now introduced in one 
arm, the attenuation of the microwaves in that arm will 
affect the balance of the bridge and change the crystal 
current. The detector reading will then depend only 
upon the difference of the electric fields in the two arms 
of the bridge. The klystron fluctuation will tend to 
balance out under these conditions as both arms are 
affected more or less equally. In addition, the power to 
the crystal, which is due to the difference in the fields in 
the two bridge arms, will always be small and the 
crystal noise will be reduced." The two bridge arms will 
usually not be identical, so that random changes in 
klystron frequency and amplitude do not completely 
cancel. The over-all operation is, therefore, greatly im- 
proved by using a very well regulated power supply. An 
electronically regulated beam voltage supply was em- 
ployed. In addition, 14 VR 150A tubes were connected 
in series across the beam voltage. Batteries were used for 
the reflector and focusing potentials, and a Sorenson 
regulator was employed for the 110 v supply. With this 
arrangement an attenuation of 10~ neper could be 
detected with certainty and an order of magnitude 
measurement of the attenuation could be obtained. 
Larger attenuations could be measured with more 
precision. 





”? It will be shown later that it is desirable to operate the bridge 
slightly off balance in order to linearize its performance. This re- 
uces to some extent the tendency of the fluctuations to balance 


out but improves the performance of the bridge by increasing its 
Sensitivity. 
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The operation of the bridge is as follows. With the 
flame off, the attenuation in arm A is increased by 
means of an attenuator in arm A until virtually all of 
the observed crystal current is due to power transmitted 
through arm B. The crystal current ip is then given by 


to= kEZ", (6) 


where Ez is the electric field at the center of the wave- 
guide input of arm B to the second magic tee, ” repre- 
sents the power law of the crystal, and & is a constant of 
the apparatus. The attenuation in arm A is now de- 
creased so that the bridge approaches a condition of 
balance. The line stretcher (phase shifter) is then 
adjusted to give a minimum crystal current correspond- 
ing to an out-of-phase combination of the electric fields 
at the magic tee. This minimum crystal current 7; is 
given by 


i:=k(E,—Esz)", (7) 


where Ez, is the electric field at the center of the wave- 
guide input of arm A to the magic tee. E,4 is adjusted so 
that Ex>Ez. 

The flame is now ignited. The free electrons in the 
flame will attenuate the radiation going down arm B 
and, to a lesser extent, also shift its phase. The crystal 
current will then change to a new value, 72, given by 


io= {[ E,—Ep exp(—al) cosAg |? 
+[Ez exp(—al) sindg P}"", (8) 


where a@ is the attenuation constant of the flame,” / is 
flame thickness (i.e., the path length through which the 
radiation is attenuated) and Ag=/- Af is the phase shift 
introduced by the flame. It will be noted from Eq. (3) 
that Ag, the change in the phase due to the free 
electrons, is proportional to o;, the imaginary part of the 
conductivity of the flame. Since ¢; is also proportional to 
N,, the electron density (Eq. (5)), it follows that Ag is 
proportional to the total attenuation al, and by com- 
bining Eqs. (2) to (5) it can be shown that 


Ag= (¢;/e,)al=Cyal, (9) 


where o; and a, are given by Eqs. (4) and (5). For a1 
and C;>1, which holds true for the flames employed in 
this investigation, Eq. (8) reduces to™ 


EsE pC (al) * 
lo=k E,—E,(1-—al)+ (10) 
2[E4—Epx(1—al) ] 





after substitution of the value of Ag given in Eq. (9). 


12 Since a flame is not a homogeneous system but has concentra- 
tion and temperature gradients across its dimensions, the attenua- 
tion constant as used above is an averaged quantity which is 
defined by the condition that the total attenuation equal a-l. 

3 In passing from Eq. (8) to (10) it is necessary to retain terms 
in (al)? in the trigonometric expansion in order to obtain a proper 
correction for the phase shift. 
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Combining Eqs. (6), (7), and (10) finally leads to 
r—2o+{[2e—7P 


—2¢Le—7][Cr(1+¢)+2]}! 
al= , (11) 
[C2(i+¢)+2] 


g= (is/io)!™, r= (i2/io)*, 


and where iy is the crystal current with infinite attenua- 
tion in arm A, 7; is the crystal current with the bridge 
slightiy unbalanced and with the flame turned off, and 
42 is the crystal current with the bridge slightly un- 
balanced and with the flame present in arm B. Equation 
(11) was employed to calculate the attenuation a/ for all 
the flames discussed in Sec. IV. 

As was mentioned earlier, there are certain advantages 
in operating the bridge slightly unbalanced, particularly 
for the measurements of extremely small attenuations. 
For such small attenuations the terms in (a/)* can be 
dropped. Equation (10) then reduces to 





where 


ig= kl E,—Ep(1—al) ]", (12) 
and Eqs. (6), (7), and (12), when solved for al, give 
al= (i2/i)""™— (41/0). (13) 


If the bridge is now balanced so that 7; is zero, then 72, 
the unbalanced current arising from the introduction of 
the flame into arm B, is given by 


i2=io(al)", (14) 


where represents the power law of the crystal. Since 
n~2, it is evident that the current 72 which has to be 
measured in these experiments is approximately quad- 
ratic in the attenuation. For very small attenuation this 
current is then too small to be measured conveniently 
and accurately. If the bridge is operated slightly un- 
balanced so that 7,0, then the change in the current 72 
for small flame attenuation can be made linear rather 
than quadratic in the attenuation. If 7, is made suff- 
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Fic. 3. Top and front view of the burner—electromagnetic horn 
arrangement in bridge arm B. 


ciently large so that 72 is only slightly larger than 1, 
Eq. (13) becomes 


al =[(i:-+A)/t0 !"— (th/t0)"", (14) 


where A is the change in current resulting from the 
introduction of the flame into arm B. If A is small, 
Eq. (14) reduces to 


al= (i1/io)™LA/ (nis) ], (15) 


and the change in current, A, resulting from the intro- 
duction of the flame into the bridge is now seen to be 
linear in the attenuation al. 

In the preceding discussion it has been assumed that 
the attenuation and phase shift brought about by the 
introduction of the flame into one arm of the bridge are 
due principally to the presence of free electrons in the 
flame. A phase shift accompanying the insertion of the 
flame into the microwave bridge could also be brought 
about by the change of the dielectric constant, magnetic 
permeability, and temperature, as the hot flame gases 
displace the air in the bridge arm. A calculation, as- 
suming for the flame the extreme conditions of magnetic 
susceptibility equal to zero and electric susceptibility 
corresponding to that of an ensemble of dipoles with a 
moment of 1 debye at 3000°K, showed that the change 
of phase resulting from the above factors is too small to 
contribute significantly to the bridge balance."® 

In deducing Eq. (11) it was furthermore assumed that 
the radiation traverses the transition region between the 
air and the flame without reflection. This is a reasonable 
assumption, since it is well known that no reflection 
normally occurs if the transition between two media of 
slightly different electrical properties is a gradual one. 
This is the case here, since there is a transition region of 
the order of a quarter-wavelength between the air at 
room temperature and the hot flame gases. 


Ill. EXPERIMENTAL 
Microwave Measurements 


The microwave bridge was operated in the manner 
discussed in Sec. II. The arrangement of the electro- 
magnetic horns and the burner shown schematically in 
Fig. 2 is shown in more detail (and to approximate 
scale) in Fig. 3. The dimensions of the horns (at the 
mouth) were 2} in. X 2} in. for the signal horn and 1 in. 
3 in. for the receiving horn. The distance between the 
horns was about 9 in., and the distance between the 
center of the burner and the receiving horn was about 


4 An alternative way to linearize a bridge is to employ two 
detectors, one in each arm of the bridge, and to subtract the 
detector currents. This method was tried but found to be unsatis- 
factory because of large output fluctuations. These large fluctua- 
tions were probably due to the high-power levels at which the 
detectors had to be operated. 

16 In making the measurements, care must be taken to burn the 
flame in such a way that no water films form on the burner. Since 
the electrical constants of water films are very different from those 
of air, the formation of such films affects the bridge balance much 
more than the introduction of a flame. 
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1? in. The center of the receiving horn was about 3 in. 
above the top of the burner. The final measurements 
were made by observing the crystal current with a 
sensitive mirror-type galvanometer. This type of de- 
tection system proved to be the most satisfactory of a 
number of techniques that were tried. 

Since the klystron output changes slightly in the 
period between observations with the flame on and off it 
was necessary to minimize this interval between readings. 
This was achieved by measuring the galvanometer 
current initially with the flame on; the flame was then 
quickly turned off and the galvanometer was read again 
after it had come to rest in its new position. The time 
elapsed between the two readings was usually of the 
order of 2-5 sec. 

It was found during the course of the experiments 
that the very small changes in the burner temperature 
occasioned by the ignition, the burning and the extinc- 
tion of the flame during each run introduced some diffi- 
culties in obtaining an accurate measurement of the 
flame attenuation. The radiation arriving at the re- 
ceiving horn may be considered to be the sum of the 
radiation which proceeds directly through the flame and 
that scattered by the burner. As the temperature of the 
burner changes during a cycle of flame off, flame on, 
flame off, there is a concomitant expansion and contrac- 
tion in the burner dimensions. The effect of this change 
in burner dimensions is to change the amplitude and 
phase of the radiation scattered from the burner. Since 
the change in current observed on the galvanometer 
during each run is thus due both to flame attenuation 
and to the change in the radiation scattered from the 
burner, it was necessary either to account for or to 
eliminate the scattered radiation in order to obtain an 
accurate measurement of the attenuation. 

This problem was solved in the following manner. 
First the scattering itself was minimized by placing a 
microwave absorber material around the burner to 
within a short distance of the burner slots. The effect of 
the change of burner temperature on the radiation 
scattered from the burner alone without a flame was 
then studied by observing the change in detector current 
as the circulating cooling water in the burner was 
changed from cold (~30°C) to hot (~80°C) and back 
to cold again. At some klystron frequencies the detector 
current increased when the burner temperature was in- 
creased ; at other frequencies the current decreased with 
an increase in burner temperature. This implied that the 
change in the scattered radiation, depending upon its 
frequency, was sometimes in phase and sometimes out 
of phase with the direct radiation. Two frequencies 
were then chosen at which these effects were equal and 
opposite, i.e., for one frequency the effect of burner ex- 
pansion on the bridge balance was in the same direction 
as the effect due to flame attenuation; for the other 
frequency the burner expansion ‘effect was in the oppo- 
site direction to that of flame attenuation. By making all 
the measurements for each flame at both of these fre- 
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Fic. 4. Stoichiometric acetylene-oxygen flame issuing from the 
triple-slot burner. 


quencies and then averaging the galvanometer deflec- 
tions obtained, the effect of the burner expansion was 
reduced. The averaged change in the current is then a 
true measure of the attenuation of the radiation by the 
flame alone. It is believed that the probable error of 
these attenuation measurements is about +25 percent. 


Burner Construction and Flame Measurements 


The burner used in this study was a slot burner 
designed to give a sufficiently long flame path for the 
attenuation measurements. It was machined out of 
brass and contained three parallel burning slots 1 in. 
long by 0.003 in. wide, spaced ? in. apart. The slot width 
was kept to this small dimension in order to prevent 
flashback. The burner was water-cooled by means of six 
cooling ducts drilled through the burner walls as shown 
in Fig. 3. The individual sheets of flame which issued 
from the three slots merge about j to } cm above the top 
of the burner (depending upon the flow rates and the 
fuel-oxygen ratio) to give a solid column of flame about 
2 cm thick. This is illustrated in Fig. 4 which gives a 
front view of a stoichiometric oxy-acetylene flame 
issuing from the slot burner. 

Commercial gases of high quality were used for this 
study without further purification. The hydrogen was 
specified by the supplier to be 99.9 percent pure (main 
impurity H,O), the oxygen 99.7 percent pure (main 
impurities Ne, A and H,O), and the acetylene 99.0 
percent pure (main impurities are other hydrocarbons 
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Fic. 5. Densitometer tracing of a portion of the vibration-rotation lines of water in an oxygen-methane flame 
showing the K doublet at 7665 and 7700A. (Courtesy of Dr. R. C. Herman.) 


and 0.2 percent O2). The gases were metered through ac- 
curately calibrated'* rotameters and premixed in a com- 
mercial torch butt which was attached to the burner 
proper by means of a flexible hose. 

As will be noted from Fig. 3 and from the dimensions 
given above, the signal and receiving horns cover a 
rather extensive area of the flame. The results obtained 
for the flame ionization thus pertain to a region of the flame 
which contains both the inner cone (reaction zone) and 
parts of the outer cone (hot combustion gases). Since flames 
are nonisotropic and nonhomogeneous reaction systems, 
a certain amount of such averaging and integration is 
unavoidable in measuring their properties even if the 
region under study is made quite small. The use of 
smaller electromagnetic horns would have been of no 
advantage in this connection since there would have 
been a large accompanying decrease of the directivity of 
the radiation as well as a loss of sensitivity in the 
measurements.” 

In order to determine the concentration of the ions in 
the flame, it is necessary to know /, the length of the 

16 The calibration were performed by the Fischer and Porter 
Company, Hatboro, Pennsylvania. 

1 The use of ion probes inserted into the flame would permit the 
study of very small regions so that the ionization in the flame 
could be studied as a function of the flame geometry. The inter- 
action between the flame and the ion probes would, however, 
introduce other complications which would leave the interpretation 


of the results obtained in this manner open to considerable 
uncertainty. 


flame path through which the radiation is being at- 
tenuated. An unambiguous measurement of this quantity 
is rather difficult since the boundary between the air at 
room temperature and the hot attenuating flame gases 
is not a sharp one but rather a gradual transition region. 
Any measurement of the extent of the attenuation path/ 
thus carries with it some arbitrariness. The result ob- 
tained depends to a large extent upon the method used 
to determine this parameter. This is, however, not too 
serious a problem since the critical factor in these experi- 
ments is the accuracy with which the total attenuation 
al has been measured. Once this quantity has been 
determined accurately, an uncertainty of even 50 per- 
cent in the measurements of the flame path / would not 
significantly affect the order of magnitude of the 
electron concentration. We have chosen for the attenua- 
tion path / the thickness (i.e., the width) of the luminous 
part of the flame as measured from photographs of the 
type shown in Fig. 4. This procedure, which was 
employed to some extent on the basis of simplicity and 
convenience, can be justified on the grounds that the 
luminous part of the flame is presumably the hottest one 
and thus should contain most of the electrons which 
bring about the attenuation of the microwave beam." 


18 For another method of measuring the attenuation path see, 

e.g., L. Rudlin, National Advisory Committee for Aeronautics, 
NACA Research Memorandum E51G20, Washington, September, 
1951. 
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oxygen flame showing the K doublet at 7665 and 7700A. (Courtesy of Dr. R. C. Herman.) 


OH Radicals in Flames 


| During the course of this work, the Columbia micro- 
wave group found the OH radical absorption lines at 
23 826.9 Mc/sec and 23 818.2 Mc/sec.'® This raised the 
question whether the attenuation observed in our ex- 
periments, which were carried out at a frequency of 
around 23 800 Mc/sec, might be due, at least in part, to 
the OH radicals in the flame rather than to the free 
electrons. In order to check this point, some of the 
measurements were repeated at a frequency of about 
20 000 Mc/sec. These measurements gave substantially 
the same results as those obtained previously at 23 800 
Mc/sec. This showed that the attenuation observed in 
our experiments is not due to the OH radicals in the 
flames. This is also in agreement with the theoretically 
predicted behavior, since a calculation indicates that the 
OH absorption in these flames should be at least an 
order of magnitude less than the absorption by the free 
electrons. Since the detection techniques employed in 
measuring absorption of microwaves in molecular transi- 
tions can be made quite selective and are distinct from 
those used to measure attenuation due to free electrons, 
there should be no difficulties in extending molecular 
microwave techniques to a study of the concentration of 
radicals in flames. 


IV. “BACKGROUND” IONIZATION IN FLAMES 


Before the results of this study can be properly 
evaluated it is necessary to consider a possible extrane- 


® Sanders, Schawlow, Dousmanis, and Townes, Phys. Rev. 89, 
1158 (1953). 





ous source of ions and electrons in flames which may 
increase the electron concentration above that calculated 
for the adiabatic flame. In spectroscopic studies of 
flames carried out at the Applied Physics Laboratory it 
has been noted that all spectra, regardless of the type of 
fuel, the fuel-oxygen ratio, and the burning condition, 
always show the K doublet at 7665A and 7699A as one 
of the most prominent features. This is illustrated in the 
tracings of hydrocarbon flame spectra shown here 
(Figs. 5 and 6) which were taken from the compilation 
of G. A. Hornbeck and R. C. Herman.” The corre- 
sponding Na doublet at 5890A has not been noted as 
such in the hydrocarbon flame spectra taken at our 
laboratory. This is most probably because they have 
been masked by the strong Swan bands of C2 which fall 
in the same spectral region (4500A to 6500A). The 
occurrence of the Na doublet at 5890A in flames is quite 
common; as an example, one may refer to its strong 
appearance in the Bunsen flame spectrum shown in 
Plate 9 of Pearse and Gaydon’s compilation of spectra.”!; 

A rough calculation indicates that the observed in- 


20 G. A. Hornbeck and R. C. Herman, Ind. Eng. Chem. 43, 2739 
(1951). We are very much obliged to Dr. Herman for making these 
tracings available to us. 

21R. W. B. Pearse and A. G. Gaydon, The Identification of 
Molecular Specira (John Wiley & Sons, Inc., New York, 1951), 
second edition. 

2 Evidence for the presence of considerable amounts of sodium 
in the air, and in gases obtained therefrom, such as N2 and A, is 
also provided by shock tube experiments where a large part of the 
luminosity which accompanies the shock wave has been shown 
spectroscopically to be due to the sodium D lines. See, e.g., R. N. 
Hollyer, Jr., et al., Nature 171, 395 (1953). 
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tensity of the K lines relative to those of OH and H,0 in 
a flame at about 3000°K corresponds to a concentration 
of about 10°— 10" K atoms/cm’. This concentration of 
potassium atoms (or its equivalent as alkali halide salts) 
would in turn give rise to an electron count of about 10° 
to 10° per cm? in a flame at about 3000°K. Since this 
concentration of electrons is of about the same order of 
magnitude as that produced by the thermal ionization 
of hydrogen-oxygen and acetylene-oxygen flames, it is 
clearly advisable to study this “background”’ ioniza- 
tion” in flames in somewhat more detail. 

A study of the rather extensive literature on the 
concentration of alkali salts in the air*4 has shown that 
this concentration, recalculated for purposes of ready 
intercomparison in terms of Na atoms per cm’, is quite 
uniformly of the order of 10" to 10" Na atoms/cm*. The 
source of these alkali salts in the air is to be found in 
volcanic activity, industrial effluent including gasoline 
exhaust fumes, and in the action of the wind in carrying 
inland the salt sprays swept up in its passage across the 
ocean. The possible appearance of the salt particles in 
the flame gases may be attributed to (a) their presence 
in the oxygen, which is usually obtained by the lique- 
faction of air; (b) their presence as adsorbed particles on 
various surfaces such as hoses, valves, burners, etc., 
from which they may be swept along by the passing gas 
streams which feed into the flame; and (c) their diffusion 
into the flame from the air envelope which surrounds it. 
The concentration of these alkali salts (and that of 
other airborne nuclei) in the flame may thus be expected 
to be about equal to their concentration in the air 
within the laboratory. 

We have determined the concentration of contaminant 
salts in the flame and the electron concentration pro- 
duced by their ionization in the following manner. A 
previous study of the atmospheric pressure hydrogen- 
oxygen flame”> has shown that equilibrium conditions 
obtain in the hot gaseous products of combustion which 
form the outer cone. It is reasonable to assume that this 
equilibrium behavior in the outer cone will also extend 
to the ionization of the combustion products. This is 
particularly true if the ionization measurements are 
made a distance of several centimeters above the inner 
cone reaction zone so that any excess concentration of 
ions which may have been produced in the reaction zone 
by chemi-ionization will have had a chance to return toa 
thermal distribution by recombination and other types 
of equilibrating collisions. We have measured the ioniza- 
tion in the outer cone of a 4/1 hydrogen-oxygen flame 
13.5 cm and 27 cm above the burner by the method 
described in Secs. II and III and found that NV,, the 
number of electrons per cm*, was 2.53- 10° and 1.94- 10°, 
respectively. The temperature of the hot combustion 


% The term “background ionization” as used in the above 
context has, of course, no connection with the background 
ionization of the air due to the bombardment of cosmic rays or 
other nuclear radiation. 

*R. M. Moyerman and K. E. Shuler, Science 118, 612 (1953). 
26H. P. Broida and K. E. Shuler, J. Chem. Phys. 20, 168 (1952). 
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gases at these heights above the burner (and the inner 
cone) can be estimated from Broida’s and Lalos’ work 
on the gross temperature profile of flames*® to be, at 
most, about 2400°K. At this temperature the thermal 
ionization of a 4/1 hydrogen-oxygen flame as calculated 
from the Saha equation®’ gives rise only to about 10° 
electrons/cm*, so that the observed flame ionization is in 
considerable excess (by a factor of 10*) over that 
calculated for thermal equilibrium. 

If the observed excess concentration of electrons is 
attributed to the thermal ionization of alkali salts in the 
flame, one finds that this ionization corresponds to a 
concentration of alkali salts, expressed in equivalents of 
Na atoms/cm’, of 5.0-10" Na atoms/cm’ at STP. The 
good agreement of this value with the above quoted 
data (10°—10" Na atoms/cm’)™ obtained by more 
conventional analytical methods in meteorological 
studies lends credence to the interpretation of the high 
electron concentration in flames in terms of contamina- 
tion by airborne alkali salts. The data presented in the 
following section have all been corrected for background 
ionization using the aforementioned value of 5.0-10' Na 
atoms/cm’ at STP as the base figure.?§ 


V. RESULTS AND DISCUSSION 


The results of this study are presented in Tables I and 
II below. Table I gives the data for the hydrogen- 
oxygen flames and for the lean and stoichiometric 
acetylene-oxygen flames. Table II contains the results 
for some rich acetylene-oxygen flames which require, as 
will be evident below, a separate discussion.” 


; TABLE I. Electron concentrations (V.=electrons/cm*) and 
ionization temperatures in hydrogen-oxygen and lean and stoichio- 
metric acetylene-oxygen flames. 











Elec- 
Elec- Elec- ny T(°K) T(°K) 
trons/cm? trons/cm? Ne (cor- adia- ioniza- 
Fuel mixture Ne(calc.) Ne(exp.) rected) batic tion 
H2/02.=2/1 1.69X10® 3.1310° 0.6310® 3000 2900 
H2/O2.=4/1 1.71108 2.89109 2.3 108 2850 2830 
H:/0.=6/1 2.06X10° 2.46109 a 2420 . 


C2H2/O.=1/4 9.62X10® 1.6610" 1.4210" 3210 3250 
C2H2/O2=2/5 2.12X10" 1.8910" 1.66K10" 3360 3320 








® The background ionization corresponding to T =2420°K is 2.53 X10° 
electrons/cm?, It is, therefore, not possible to determine Ne (corrected) for 
this flame within the sensitivity of our measurements. 


26 H. P. Broida and G. T. Lalos, J. Chem. Phys. 20, 1466 (1952). 

27 M. Saha, Proc. Roy. Soc. (London) 99A, 135 (1921); consult 
the appendix for a more detailed discussion on the calculation of 
thermal ionization of flames. 

28 Somewhat more accurate results could probably have been 
obtained by continuous day-by-day monitoring during the per- 
formance of all the experiments. The small internal variation of the 
background concentration as a function of time, i.e., of atmos- 
pheric conditions, should, however, not seriously affect the results 
and conclusions of this study. 

2 It was not found possible to extend these measurements to 
lean hydrogen-oxygen flames since the flame path / for these flames 
was so small (<0.5 cm) that the attenuation al could not be 
measured with our bridge. 
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MICROWAVE STUDY OF 


Hydrogen-Oxygen Flames and Lean and 
Stoichiometric Acetylene-Oxygen Flames 
(Table I) 


The values listed in the 2nd column of Table I are for 
the thermal electron concentrations (in electrons/cm*) 
calculated from the Saha equation using the adiabatic 
flame temperatures listed in column 5. These calcula- 
tions and the data required to carry them out are given 
in the appendix. The experimentally determined elec- 
tron concentrations are listed in the 3rd column. They 
were obtained from Eq. (11) in the manner discussed in 
Sec. II. These values were then corrected for back- 
ground ionization and the corrected electron concen- 
trations are to be found in column 4. Column 6 lists the 
‘“fonization temperatures” 7';.,, obtained from the Saha 
equation under the assumption that the (corrected) 
electron concentration corresponds to thermal -ioniz- 
ation. 

In order to apply the background correction to the 
data of column 3, it is necessary to know the variation of 
the background ionization with temperature. If it is 


TABLE II. Electron concentrations (N.=electrons/cm?) in rich 
acetylene-oxygen flames. 








Elec- 
Elec- trons/cm’ Elec- 
trons/cm? Ne(calc.) Elec- trons/cm? T (°K) 
Fuelratio Ne(calc.) (C as trons/cm?* Ne(cor- adia- 
C2H2/Oz (Casatoms) graphite) Ne(exp) rected) batic 





1.5/1 8.10X10® 1.7410" 3.7010 3.4710" 3285 


1.75/1 vee 1.45X10" 3.55X10" 3.3210" 3250 
2/1 6.55108 1.1810" 2.9810" 2.74xK10" 3210 
2.25/1 cee 1.09X10" 1.66X10" 1.4210" 3195 


3/1 see 7.14X10% 9.35% 10° 
4/1 2.12108 6.0310" 8.88 X 10° 


6.96X10® 3135 
6.44X10° 3090 











assumed, as a convenient basis for calculation, that the 
observed background ionization is entirely due to the 
thermal ionization of Na atoms, it is possible to calcu- 
late the temperature dependence by applying the Saha 
equation to the (single) ionization of Na. The results of 
this calculation are shown in Fig. 7, which is a plot of 
log(NV .) vs T for a range of sodium atom concentrations, 
V4°, at STP.*® The base figure of V4°=5.0-10" Na 
atoms per cm? of air at STP (see Sec. IV) was used to 
obtain the appropriate background corrections from 
Fig. 7 which were then subtracted from the gross ex- 
perimental data (column 3) to obtain the corrected 
electron concentrations for the uncontaminated flames. 

The background correction obtained in this manner is 
subject to considerable uncertainty. In the first place, 





The decrease of the electron concentration with increasing 
temperature appears at first to be a somewhat surprising result. 
This behavior (for single ionization) is brought about by two 
opposing temperature effects, namely, the increase in the fraction 
of atoms ionized with increasing temperature and the decrease in 
the concentration of the atoms as the temperature is increased at 
constant pressure. If the plot were made for the total number of 
electrons rather than for the electron concentration, i.e., number of 
electrons per unit volume, one would find that the total number of 
free electrons increases monotonically with the temperature. 
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Fic. 7. Calculated electron concentrations (NV .=electrons/cm*) 
due to the thermal ionization of Na atoms as a function of tempera- 
ture for a range of Na atom concentration at STP. N4°=Na 
atoms/cm? at STP. 


there may be daily and seasonal variations of the 
background which have not been taken into account 
here. Secondly, it is an oversimplification to attribute all 
the background ionization to that of Na, as has been 
done above in order to calculate the temperature de- 
pendence. It is felt, however, that the corrected electron 
concentrations listed in Table I are sufficiently accurate 
for purposes of interpretation and comparison, particu- 
larly as regards their order of magnitude. This belief is 
strengthened, a posteriori, by the result obtained for the 
6/1 hydrogen-oxygen flame, where the background 
ionization accounts correctly for the observed electron 
concentration. 

The ionization temperatures Tj, were determined 
from the corrected electron concentrations and Figs. 8 
and 9 which give calculated thermal electron concentra- 
tions as a function of temperature for the (uncon- 
taminated) flames. The curves were obtained by ap- 
plying the Saha equation to the data listed and referred 
to in the appendix. 

It is interesting to note here the difference in the 
calculated temperature dependence of the thermal 
ionization curves for the uncontaminated flames (Figs. 8 
and 9) as compared to that of the background (Fig. 7).*! 
For the thermal ionization of an uncontaminated flame 
there should be a considerable variation of the electron 


31 This difference in appearance over the temperature range 
investigated is primarily due to two factors (1) the higher 
ionization potentials of the flame constituents as compared to that 
for Na (10-12 ev vs 5.14 ev) and (2) the higher concentration of the 
atmospheric pressure flame constituents (fuel and oxygen) as 
compared to that of Na in the air (10'* molecules/cm* vs 10" 
atoms/cm). 
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Fic. 8. Calculated electron concentrations (V.=electrons/cm*) 
due to the thermal ionization of hydrogen-oxygen flames as a 
function of temperature. 


concentration with temperature, as also shown in column 
2 of Table I. It is found experimentally, however, that 
there is very little variation of electron concentration 
with temperature (column 3, Table I). While this 
experimentally observed lack of temperature depend- 
ence may be attributed to chemi-ionization, which 
would be largely independent of the adiabatic ‘‘temper- 
ature”’ of the flames, it is equally well accounted for by a 
thermal ionization of the background (with NV 4° equal 
5-10° to 1-10" atoms/cm*), as shown in Fig. 7. Since the 
reality of the background, i.e., the presence of a con- 
siderable concentration of alkali salts in the air, has been 
demonstrated repeatedly by various independent meas- 
urements,” we consider that the interpretation of our 
data in terms of these background effects is more firmly 
based on experimental evidence than is the alternative 
interpretation in terms of “chemi-ionization.”” 

A comparison of the data in columns 2 and 4 of 
Table I leads to the conclusion that there is a thermal 
concentration of ions and electrons in these (uncon- 
taminated) flames. A similar comparison of the data in 
columns 5 and 6 bears out this result, the ionization 
temperatures Ton being in good agreement both with 
the adiabatic flame temperatures and the rotational and 
vibrational temperatures determined in a previous 
investigation.” 


2 It may be noted in this connection that the temperature effects 
on the conductivity of flames (or rather the Jack of these effects) 
quoted in Calcote’s review (see, e.g., references 11, 87, and 106 
quoted in reference 1 of this paper) can also readily be understood 
on the basis of background ionization involving the thermal 
ionization of species with low-ionization potentials. 
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Rich Acetylene-Oxygen Flames (Table II) 


Column 2 in Table II contains the calculated thermal 
electron concentration for these flames obtained by 
using the Saha equation and the data listed and referred 
to in the appendix. These calculations were carried out 
on the basis that the carbon present in these fuel-rich 
flames is in the gaseous, atomic state with I ¢(g) = 11.265 
ev. Column 3 lists the thermal electron concentrations 
calculated for I¢(s)=4.35 ev, the work function of 
graphite, corresponding to the possible existence of the 
carbon particles in that form. The experimentally de- 
termined electron concentrations are listed in column 4; 
column 5 contains the experimental electron concen- 
tration as corrected for the background ionization. The 
adiabatic flame temperatures which were used for some 
of the above calculations are given in column 6. 

It will be noted from columns 2 and 5 that the back- 
ground-corrected electron concentration is larger by a 
factor of about 30 than that calculated for purely 
thermal ionization of the (uncontaminated) gaseous 
combustion products. This is in line with the observa- 
tion of other investigators who found, as a general rule, 
that the ionization in rich hydrocarbon flames is much 
higher than in lean or stoichiometric ones.** A possible 
explanation for this apparently abnormally high ioniza- 
tion of rich hydrocarbon flames has been put forth by O. 
Stern.* One of the characteristic features of rich hydro- 
carbon flames is the presence of free carbon in the hot 
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Fic. 9. Calculated electron concentrations (V.=electrons/cm’) 
due to the thermal ionization of acetylene-oxygen flames as 4 
function of temperature. 


33 No values for the thermal electron concentrations have been 
given for fuel-oxygen ratios for which the prerequisite thermo 
dynamic data were not at hand. It is evident that they fall in the 
range of 2-108 to 8-108 electrons/cm‘*. 

4 See, e.g., B. Lewis and G. von Elbe, Combustion, Flames and 
Explosions (Academic Press, Inc., New York, 1951), p. 206. 
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combustion products. Studies of the size distribution 
and structure of carbon particles (soot) in flames have 
shown that they are submicroscopic aggregates with a 
diameter of between 100A to 1000A and a graphitic type 
of structure.*® Since the ionization potential decreases 
from 11.265 ev for atomic carbon to 4.35 ev for graphite, 
which can be considered as an infinitely large aggregate 
of carbon atoms, it is reasonable to assume that the 
small carbon aggregates and polymers formed in flames 
will have a work function intermediate between the two 
above quoted values. If this is the case, it is quite 
possible that a large fraction, if not all, of the electrons 
found in rich, sooty hydrocarbon flames are produced by 
the thermal ionization of these carbon atom aggregates 
with relatively low work functions. 

The experimentally determined values of the electron 
concentrations (as corrected for background ionization) 
are of the right order of magnitude to be in accord with 
the aforementioned hypothesis. If it is then assumed 
that the electrons in the rich oxy-acetylene flames are 
due to the thermal ionization of the carbon particles in 
the hot flame gases, it is possible to calculate the work 
function of these carbon aggregates. By a straight- 
forward application of statistical mechanics it is found 
that for the equilibrium 


Cn(s)SC,+(s)+e (16) 


the number of electrons per cm? is given by 


_ 2(2xm kT)? 
i aml vaa exp(—x/kT), (17) 
1 





where x is the work function of the carbon aggregate 
C,. If it is now assumed that (a) x is temperature- 
independent over small temperature intervals, and (b) 
independent of the state of aggregation, and thus in- 
dependent of (or shows only a very small dependence 
on) the fuel-oxygen ratios over a rather wide range of 
burning conditions, one should obtain a straight-line 
relationship with slope equal to (—x/k) when plotting 
In(NV ./T3) vs 1/T. 

Such a plot of the data of columns 5 and 6 in Table II 
is shown in Fig. 10. The approximate straght-line re- 
lationship found by this analysis would seem to indicate 
that the above assumptions are valid and that the 
observed (corrected) electron concentrations can be 
explained on the basis of a thermal ionization of the 
carbon aggregates in these fuel-rich flames. The work 
function x as determined by a least-square fit is 8.5 ev, 
a value which is quite reasonable in comparison with the 
lonization potentials of free carbon atoms and of 
graphite. It is interesting to note that Calcote** suggests 





* See, e.g., H. Senftleben and E. Benedict, Ann. Physik 60, 297 
(1919); U. Hofmann and D. Wilm, Z. Elektrochem. 42, 504 
(1936); H. G. Wolfhard and W. G. Parker, Proc. Phys. Soc. 
(London) 62B, 523 (1949); W. G. Parker and H. G. Wolfhard, J. 
Chem. Soc. (London) 2038 (1950). 

* See reference 1, p. 12. 
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Fic. 10. A plot of In(N./T}) vs 1/T to determine the work func- 
tion x of carbon particles in rich acetylene-oxygen flames. A least- 
square fit shows x=8.5 ev. 


this same figure as an average ionization potential to 
account for the ion concentration in the outer cone of a 
coal gas-air flame.*’ 

It is suggested on the basis of the results obtained in 
this study that the ionization of hydrogen-oxygen and 
acetylene-oxygen flames, at least as far as the hot 
combustion gases are concerned, is a purely thermal 
ionization in that the observed concentration of elec- 
trons in these flames can adequately be accounted for by 
the appropriate equilibrium calculations. 
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APPENDIX 
Calculation of the Equilibrium Ionization of Flames 


For the single ionization of the atomic or molecular 
species A one can write, at equilibrium, 


AzAt+e. (18) 


The equilibrium constant K ; for ionization is then given 


by 
[At][e] F(A*)F() 
K i= = é 
[4] F(A) 


37 The treatment given above for the thermal ionization of the 
carbon aggregates is based on the assumption that the carbon 
particles are in temperature equilibrium with the hot flame gases. 
There is conflicting evidence regarding this point [see, e.g., H. G. 
Wolfhard and W. G. Parker, Nature 162, 259 (1948); H. Behrens 
and F. Réssler, Z. Naturforsch. 5a, 311 (1950) ] which will have to 
be resolved before the treatment given here can be accepted as 
valid. The uncertainties inherent in the above method point up the 
need for independent and direct measurements of the work 
functions of small particles as a function of size and structure. 





velar (19) 
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TABLE III. Ionization potentials of the combustion products of 
oxy-hydrogen and oxy-acetylene flames. 











Species I (ev) Reference 

H 13.595 (a) G. Herzberg, Atomic Spectra and 

Cgascous 11.265 Atomic Structure (Dover Publications, 
New York, 1944), p. 200. 

O 13.615 (b) See reference (a). 

H> 15.922 (c) G. Herzberg, Spectra of Dialomic 

O» 122 Molecules (D. Van Nostrand Com- 
pany, New York, 1950), second edi- 
tion, p. 459. 

OH 13.6 (d) Mann, Hustrulid, and Tate, Phys. 
Rev. 58, 340 (1940). 

H.O 12.6 (e) W. C. Price, Chem. Revs. 41, 257 
(1947). 

CO 14.1 (f) H. D. Hagstrum, Revs. Modern Phys. 
23, 185 (1951). 

CO, 13.85 (g) R. E. Honig, J. Chem. Phys. 16, 105 
(1948). 

Cusamhite 4.35 (h) G. Glockler and J. W. Sausville, J. 


Electrochem. Soc. 95, 292 (1949). 








where the F’s are the partition functions per unit volume 
and V; is the ionization energy. The evaluation of the 
partition functions of Eq. (19) within the quite accurate 
approximation 


Fir (A *)F rot (A +)Fy ibr (A +) 








=] (20) 
Fi,(A \F rot (A \Fyivr(A) 
leads to 
+ iy +)\F ; 
We [A dle] FalA n(n) ver (Qt) 
[A ] F(A) h 
Using 


Fea=Q, gee Bell, (22) 
el 


where g-: is the electronic statistical weight, and making 
the further reasonable approximation that 


Fe(A*)Feale) gei(A*)gei(e) 

Fu(A) ——galA) 

one can rewrite Eq. (21) in its final form as 
[At][e] 2ge(At+) 2am kT 
[4] ar! fi 


(23) 








) eo Vier (24) 


where the factor 2 for g.:(e) corresponds to the spin 
degeneracy of the electron. 
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The principal assumptions used in the above formula- 
tion of the ionization equilibrium are: 


(1) The flame temperatures are of such an order of 
magnitude compared to the ionization potentials of the 
combustion products that secondary and higher ioniza- 
tion can be neglected. 

(2) The flame gases can be considered as an ideal gas 
where the electrostatic interaction between the charged 
particles can be neglected. This presumes that the 
fraction of molecules which are ionized is rather small, 
i.e., [At ][e]/LA ]&1. These conditions are well fulfilled 
for the flames under study so that the use of Eq. (24) for 
the calculation of the thermal ionization of flames will 
lead to quite accurate results. 


The application of Eq. (24) to the calculation of the 
thermal ionization of a specific flame requires a knowl- 
edge of the equilibrium composition of the flame gases, 
the ionization potential of each species in the flame gas, 
and the adiabatic equilibrium temperature of the flame. 
The equilibrium composition and adiabatic tempera- 
tures for the hydrogen-oxygen flames were taken from 
the tables of Hottel, Williams, and Satterfield ;** for the 
acetylene-oxygen flames the quantities were obtained 
from tables prepared at our request by the U. S. Bureau 
of Mines.* The values of the ionization potentials for 
the various flame constituents which were used in these 
calculations are listed below. All the flames reported on 
in this study were burned at atmospheric pressure. 

Equation (24) was also used for calculating the 
thermal ionization of Na, as shown in Fig. 7. The values 
obtained in this calculation should be quite accurate 
since there is very little secondary ionization in the 
temperature region of 2000°K to 3000°K [V;,(JJ) 
= 47,292 ev compared with V ;(I) =5.138 ev] and since 
ideal gas conditions probably obtain to a very good 
approximation for the highly attenuated Na atmosphere 
under study. 


38 Hottel, Williams, and Satterfield, Thermodynamic Charts for 
Combustion Processes (John Wiley and Sons, Inc., New York, 
1949). 

% “Flame temperatures and composition of the combustion 
products of oxy-acetylene flames.” Report No. 3270, Project 
No. PX3-107, Explosives and Physical Sciences Division, Bureau 
of Mines, Pittsburgh, Pennsylvania (December 2, 1952). We are 
very much indebted to Dr. Stuart R. Brinkley, Jr., Head, Mathe- 
matical and Theoretical Physics Section, for his kind cooperation 
in furnishing us with these data. 
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The vapor spectrum of p-difluorobenzene was obtained with a Bausch and Lomb Littrow spectrograph. 
The band at 36 843 cm™ is assigned as the 0,0 band of the A,—Bs3, electronic transition. Ground-state fre- 
quencies of 452, 860, and 1259 cm™ with the corresponding excited-state frequencies of 408, 819, and 1250 
cm7! are assigned to totally symmetric vibrations. Also, an 841-cm™ frequency is assigned to the ground 
state of a totally symmetric vibration. Many of the bands that are temperature dependent are shown to 
result from a transition that involves a 248-cm™ ground-state vibration. This 248-cm™ frequency is assigned 
as a Big fundamental. Most of the prominent bands are assigned to progressions or combinations of the 
above frequencies. The unusually large spectral shift produced by the two para-positioned fluorines is 


discussed. 


INTRODUCTION 


HIS study of the p-difluorobenzene spectrum was 
initiated as part of a program which is designed 
to investigate the near ultraviolet absorption spectra 
of several para-substituted benzenes. In this program, 
the spectral shifts produced by different substituents 
are studied; the electronic transitions are classified, 
and the ground- and excited-state vibrational frequen- 
cies are determined. A brief report on the ultraviolet 
vapor spectrum of 1,4 CsH,F2 was published recently 
by Delsemme and Duchesne;! however, this is the first 
detailed report of the vapor spectrum. The solution 
spectrum has been obtained by Sponer and co-workers.’ 
Both the Raman and infrared spectra have been pub- 
lished by Delsemme ;’ also, Nielsen and co-workers‘ have 
studied these spectra. 


EXPERIMENTAL PROCEDURE 


The spectrograms were obtained with a Bausch and 
Lomb Littrow Spectrograph with quartz optics. This 
instrument has a dispersion of 3.192 A/mm at 2700A. 
A low voltage hydrogen lamp of the Beckman type 
provided the ultraviolet continuum and a standard iron 
arc was used to supply a comparison spectrum. In 
obtaining the absorption spectrum, exposure times of 
10 minutes were necessary with Eastman Kodak II-O 
plates. These plates were developed with uniform agita- 
tion in D-19 for 3 minutes. A comparator which is ac- 
curate to 0.001 mm was utilized to measure the 
spectrum. 

The quartz absorption cell was 75 cm long and was 
made with a small reservoir attached at right angles to 
the main cell. With this cell the number of molecules 
in the light path depends upon the vapor pressure of the 
substance held in the reservoir. The temperature of the 





(1952) H. Delsemme and J. Duchesne, Compt. rend. 234, 612 

*Am. Petroleum Inst. Res. Project 44, Ultraviolet Spectral 
Data, Serial No. 493. 

*A.H. Delsemme, J. Chem. Phys. 18, 1680 (1950). 

‘Ferguson, Hudson, Nielsen, and Smith, J. Chem. Phys. 21, 
1457 (1953). 
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molecules in the light path was kept at either room tem- 
perature 27°C or the temperature of dry ice —79°C. 
The sample of 1,4 CeH.F2 used in this research was 
obtained from the Physics Department of Duke Uni- 
versity. It was a commercial grade product which had 
been vacuum distilled and had a boiling point of 88°C. 
Both the absorption cell and the break-seal tube 
containing the sample were sealed to a vacuum system, 
thoroughly outgassed, and the pressure lowered to 10~* 
cm of Hg. Then the cell and sample were isolated from 
the pumping system, and by vacuum distillation about 
2 grams of the compound were loaded into the cell. 
The cell was then sealed and removed from the system. 


EXPERIMENTAL RESULTS 


The vapor absorption spectrum of p-difluorobenzene 
between 2900 and 2350A was obtained for substance 
temperatures between —79°C and 30°C. There are 
about 600 bands in the spectrum. Many of the bands 
are sharp and have double heads 2 to 3 cm apart which 
are almost line-like in appearance. These bands appear 
in about thirty groups with some of these groups con- 
taining 30 to 40 band heads. Within the band groups 
the most pronounced separation between bands is 40 
cm! with the separations of 6, 30, 60, and 100 cm™ 
appearing also. 

With the reservoir of the cell at — 79°C the number of 
molecules in the 75-cm absorption path of 27°C is 
sufficient to produce twelve groups of bands. Of these 
bands the ones at 36 843, 37 662, 38 093, 38 480, and 
38 908 cm™ are the strongest. A few of the weaker 
bands are located at 36595, 37006, 37251, 37 417, 
37 843, and 38 237 cm™. When the temperature of the 
main cell is lowered to —79°C, all of the weak bands 
mentioned above except the one at 37 251 cm™ dis- 
appear. The intensities of the weak band at 37 251 cm™ 
and the stronger bands are found to be independent of 
temperature variations. The close-lying long wave- 
length companions of the strong bands (these make up 
the band groups) are found to diminish in number when 
the temperature is lowered. In fact, for a cell tempera- 
ture of 27°C, bands are present that represent separa- 
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Fic. 1. Absorption bands of para-difluorobenzene vapor. The 
given temperature for each spectrogram represents the tempera- 
ture of the reservoir which contained the sample. The 75-cm 
absorption path was maintained at 27°C. 


tions of 40, 2X40, 3X40, 4X40, 100, and 40+ 100 cm“, 
while at a temperature of —79°C only bands represent- 
ing separations of 40, 2X40, and 100 cm™ are detectable. 

The spectrograms obtained with the cell at room 
temperature and reservoir temperatures between — 79°C 
and 30°C show more complexity for the higher tem- 
peratures (see Fig. 1). The reservoir temperature was 
varied in five degree steps. For temperatures above 
—25°C, complete absorption occurs in the 36 800- 
41 800 cm™ region. Spectrograms obtained at these 
higher temperatures show many weak bands on the 
long wavelength side of the 36 843-cm™ band. 
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The experimental data are presented for the most 
part in Table I. Here, the wavelengths are listed in 
column one, and the corresponding wave numbers 
are in column two. The wave numbers are accurate to 
within 2 or 3 cm“. Visually estimated intensities and the 
degree of diffuseness of the band heads for different 
reservoir temperatures are given in columns three, four, 
and five. The notations used in these columns have the 
following meanings: ew—extremely weak, vw—very 
weak, w—weak, mw—medium weak, m—medium, 
ms—medium strong, s—strong, vs—very strong, ed— 
extremely diffuse, vd—very diffuse, d—diffuse, sd— 
slightly diffuse, s—sharp, and vs—very sharp. Column 
six is used to record the wave number differences be- 
tween each band and the 0,0 band at 36 843 cm“. 
Assignments are given in column seven. 


DISCUSSION 


The p-difluorobenzene molecules have D2, symmetry. 
In this report the z axis is chosen perpendicular to the 
molecular plane (same as the choice made for benzene) 
and the y axis passes through the two fluorine bonds.* 
Then the symmetry notations used herein are the same 
as those given by Herzberg.’ In para-di-substituted 
benzenes, the electronic transition which is expected 
to produce a spectrum in the 2600A region is the al- 
lowed A,—B3, with the transition moment in the x 
direction.® Also vibrations of symmetries 81, or B2, may 
distort the benzene ring enough so that weak transitions 
are possible with their moments in the y or z directions, 
respectively. 

The strong band at 36 843 cm™ is chosen as the 0,0 
band. This is the same choice made by Delsemme! and 
is supported by our assignments of ground and excited 
state frequencies. The strongest bands which appear on 
a spectrogram obtained with a reservoir temperature of 
— 70°C can all be assigned to progressions or combina- 
tions of the 819- and 1250-cm™ frequencies (see Table I). 
These values are associated with totally symmetric 
excited state vibrations. The corresponding ground- 
state frequencies are found to be 860 and 1259 cm™. 
Delsemme! has assigned the 860-cm™ frequency to the 
totally symmetric carbon breathing vibration and the 
1259-cm™ value to the totally symmetric vibration 
which involves the stretching of the fluorine bonds. 
It is noted that the 1259-cm™ value obtained from the 
ultraviolet vapor absorption data is slightly higher 
than the 1245-cm™ value obtained from the Raman** 
spectrum of the liquid state, but the 860-cm™ vapor 
spectrum value is practically the same as the 858.5-cm™ 
Raman value. If we compare the frequencies of the 
totally symmetric carbon and hydrogen vibrations of 


* Note added in proof ——The symmetry notation used in refer- 
ence 4 differs from that used in this article because they chose 
the z axis to pass through the two fluorine bonds. } 

5G. Herzberg, Infrared and Raman Spectra of Polyatomi 
Molecules (D. Van Nostrand Company, Inc., New York, 1945), 
p. 108. 
6H. Sponer, Revs. Modern Phys. 14, 224 (1942). 
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ULTRAVIOLET SPECTRUM OF PARA-DIFLUOROBENZENE VAPOR 505 
TaBLE I. Absorption bands of p-difluorobenzene. 
Wave- Wave ; Separation Wave- Wave . Separation 
length numbers Intensity from 0,0 length numbers Intensity from 0,0 
inA in em™ 30°C 30°C —25°C band Assignments in A inem= —19°C 0°C —25°C band Assignments 
2885.0 34 652 ew-vd —2191 0—860—1259—240 04.4 648 m-vd vs-sd m-sd —1195 0—248—860—240—3 
81.8 690 ew-vd —2153 0—860—1259—40 04.2 650 m-vd vs-sd m-sd —1193 0—248—860—2x40 
78.8 727 vw-d —2116 0—860—1259 02.6 671 ew-sd —1172 0—248—860—60 
71.1 820 ew-vd — 2023 01.4 686 w-d  ew-vd —1157 
67.7 861 vw-vd —1982 01.2 688 ms-sd_ vs-d = ms-s —1155 0—248—860—40 —3 
57.7 983 ew-d — 1860 0—2X860—240—60 01.0 691 ms-sd vs-d = ms-s —1152 0—248—860—40 
55.8 35006 ew-vd —1837  0—2x860—3X40 anges oon ae = 
54.7  020—S vwevd ~1823 0—2X860—40—60 ~WV ey ae 
54.0 028 vw-vd —1815 0—2X841—860—3 X40 2798.5 722 vs vw-sd —1121 
§2.8 043 vw-vd — 1800 0—2X860—2X40; 98.1 728 vs-s vs vs-sd —1115 0—248—860—3 
0—841—860—40—60 97.9 731 vs-s vs vs-sd —1112 0—248—860 
52.2 050 ew-ed —1793 97.7 733 ms —1110 
50.8 068 ew-d —1775 0—841—860—2X40 97.5 736 ew-d —1107 
49.7 081 mw-d — 1762 0—2X860—40—3 96.8 745 vw-sd —1098 
49.6 082 m-d —1761 0—2X860—40 96.5 748 vw-sd —1095 
48.5 096 ew-vd —1747 ee sa 
48.3 098 — ew-vd ~1745 —35°C —45% - 
48.0 102 m-d —1741 —0—841—860—40—3 95.1 766 ew-d —1077 0-—860—4xX40—60—3 
47.8 105 w-vd —1738 0—841—860—40 95.0 768 ew-d —1075  0—860—440—60 
46.8 117 ms-s —1726 0—2X860—3 93.7 784 vw-vd —1059 0—860—5X40? 
46.6 119 ms-s —1724 0-—2X860 91.9 807  vw-vd ew-d —1038 0—860—3x40—60—3 
45.5 133 ew-sd —1710 91.8 809  vwevd —1036  0-—860—340—60 
45.3 135 ew-sd —1708 91.0 819  vwe-vd —1026 
45.0 139 8-8 — 1704 0—841—860—3 90.9 820 ew-vd —1025 
44.8 142s ms-s 1701 — 0—841—860; 90.3 828 ew-vd —1015  0-860—4X40—3 
0—452—1259? 90.0 832  vw-vd —1011  0—860—440 
43.4 159 ew-ed —1684 0—248—1259—3 X40—60 89.0 845 ms-sd vw-vd ew-d —998  0—860—2x40—60—3 
41.7 180 vw-ed —1663  O0—248—1259—4 x40 88.8 847 mw-d —996  0—860—240—60 
40.2 198  vw-ed —1645  0—248—1259-2x40—60 87.4 985 od ~978 
38.8 216 w-d —1627  0—248—1259-3x40—3 87.1 869 s-sd vw-ed ew-vd —974 0-860—3X40—3 
38.5 220 vw-ed — 1623 0—248—1259—3 X40 86.9 872 mw-d vw-vd —971 0—860—3 X40 
37.1 2372s mw-vd —1606 0—248—1259—40—60—3 86.1 R82 s-sd vw-d vw-sd —961 0—860—40—60—3 
36.8 240 w-vd — 1603 0—248— 1259 —40—60 85.9 884 ms-sd vw-sd —959 0—860—40—60 
35.5 257 m-d — 1586 0—248—1259—2x40—3 84.5 903 vs-d ew-vd —940 
35.2 261 = mw-vd —1582 0—248—1259-2X40 84.2 906 vs-d mw-sd ew-sd —937  0—860—-240—3 
33.8 278 = mw-sd —1565 = 0—248—1259—60—3 84.0 909 vs-d ew-d  ew-sd —934  0—860—240 
33.5 282 m-sd —1561 0—248—1259—60 83.5 915 ew-sd —928 
32.3 297 s-d — 1546 0—248—1259—40—3 83.3 918 w-sd —925 0—860—60—3 
32.0 300 ms-d vw-d — 1543 0—248— 1259—40 83.1 921 ew-sd —922 0—860—60 
29.1 337 vs-d —1506 0—248—1259-3 81.7 939 ew-sd —906 
28.8 340 vs-d w-d — 1503 0—248— 1259 81.3 944 ss ms-ad —901 0—860—40—3 
24.2 398 ew-ed —1445 0—1259—5X40?; 81.1 946 ms-s m-sd —897 0—860—40 
0—452—860—240—60 80.8 950 ew sd —893 
21.2 435 mw-d —1408  0—1259—4X40; 80.5 954  ew-d ~ 899 
0—452—860—40—60 78.5 980 vs-s s-s — 863 0—860—3 
20.2 448 mw-d —1395 0—1259—240—60 78.3 983 vs-s s-s —860 0—860 
19.4 458 mw-d — 1385 0—452—860—2X40 78.2 984 ew-sd —859 
18.3 472 w-d —1371 0—1259—3X40—3 77.0 999 ms-s ew-sd ew-d —8&44 0—841—3 
18.1 474 w-d — 1369 0—1259—3 X40; 76.8 36 002 ms-s ew-sd ew-d —841 0—841 
0—452—860—60 75.4 020 ew-d —823 
17.7 480 vw-d — 1363 72.0 064 ew-ed —779 0—248—452—-240 
17.3 485 mw-d —1358 0—1259—100 69.1 102 ew-d —741 0—248—452—40-—3 
16.5 494 vw-vd —1349 0—452—860—40 68.9 105 ew-d ew-d —738 0—248—452—40 
15.7 505 ew-d — 1338 67.2 127 ew-d —716 
15.3 510 mw-d — 1333 0—1259—240 67.0 130 ew-d ew-d —713 
14.4 521 ew-d — 1322 65.9 144 w-d vw-d —699 0—248—452—3? 
14.0 526 ew-sd —1317 0—1259—60? 65.8 145 w-sd vw-d —698 0—248—452 
13.9 527 ew-sd —1316 a gga 
13.6 531 vw-d —1312 0—452—860—3 veoh salen 
13.3 535 t=—19°C mw-d — 1308 0—452—860 59.6 226 ew-d —617 0—452—4X40 
12.6 544 ms-vd ms-d —1299 0—1259—40—3 57.6 253 vw-d —590 0—452—240—60 
12.4 546 s-d  vw-vd —1297 0—1259—40 56.3 270 vw-sd —573 
12.2 549 m-d — 1294 0—452—841 56.0 74 vw-sd —569 
10.4 572 vw-vd —1271 55.8 276 vw-sd —567 0—452—3X40—3 
09.8 579 w-vd —1264 55.6 279 ew-sd —564 0—452—3 X40 
09.5 583 vs-d vs-ed = vs-s — 1260 0—1259—3? 54.8 290 ew-sd —553 0—452—40—60? 
09.4 584 vw-sd s-d vw-vd — 1259 0—1259 54.6 292 ew-sd —551 0—452 —40—60? 
09.0 589 ew-vd —1254 0—248—860—240—60 53.0 313 mw-d vw-ed —530 0—452—2X40-—3 
07.5 608 w-d = ew-sd — 1235 0—248—860—3 K40—3 52.8 316 w-d —527 0—452—240 
7.2 612 w-d = ew-sd —1231 0—248—860—3 X40 52.0 326 vw-d —517 0—452—30—40 
06.3 624 ew-d = ew-sd —1219 50.5 346 vw-sd wed —497 0—2X248? 
05.9 629 w-sd vw-sd —1214 0—248—860—40—60—3 50.2 350 ms-sd w-d —493 0—452—40—3 
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TABLE I—Continued. 




















Wave Wave , Separation Wave Wave _ Separation 
length numbers Intensity from 0,0 length numbers Intensity from 0,0 
inA inem=1 —45°C —55°C —70°C band Assignments inA inem=! —45°C —55°C —70°C ban Assignments 
49.6 358 m-sd vw-vd —485 0-—452—30-—3? 12.8 851 ew-d 8 
49.4 361 mw-sd ew-vd —482 0—452—30? 12.0 862 vw-vd 19 
47.3 389 vs-3 —454 0—452—3 10.9 877 ew-sd 34 
47.1 391 vs-S vw-vd —452 0—452 10.7 880 ew-sd 37 
45.7 410 vw-d —433 0—248—3 X40—60 10.4 884 ew-sd 41 0+408—248—3xX40—3 
44.3 428 ew-ed —415 0—248—4X40—3 10.2 887 ew-sd 44 0+408—248—3 x40 
44.0 432 m-d vw-vd —411 0—248—4X40 08.2 914 m-d vw-vd 71 
42.7 450 ms-sd vw-vd —393 0—248—2x40—60-—3 07.9 918 ew-ed 75 
42.5 452 ms-sd ew-vd —391 0—248—240—60 07.6 922 mw-vd 79 0+408—248—2X40—3 
41.7 463 ew-ed —380 07.3 926 ms-sd vw-vd 83 0+408—248—2x40 
41.4 467 ms-sd_ ew-ed —376 05.4 956 ms-sd = w-sd 110 
41.2 470 ssd w-d  ew-ed —373 0—248—3x<40—3; 05.2 955 ms-sd w-sd 112 
0—2X186? 04.9 959 ssd m-d 116 

40.9 474 m-sd ew-d —369  0—248-3x40 04.6 963 ssd md 120 0+408—248—40—3 
40.4 480 ew-d —363 04.3 967 vw-d ew-sd ew-vd 124 0+408—248—40 
40.2 483 ew-d —360 03.6 977 ew-ed 134 0+-408—248—30 
39.9 487 —s ew-d —356 02.4 993. vw-ed 150 
39.6 491 s-sd vw-d —352 0-—248—40—60—3 02.0 999 w-d 156 
39.4 494 s-sd vw-d —349 0—248—40—60 01.7 37.003 sd mw-ed 160  0+408—248—3 
39.3 495 vw-d —348 01.5 006 s-d w-vd ew-vd 163 0+408—248 
39.0 499 — ew-d —344 2699.0 040 =mssd vw-sd 197 
38.7 503 ew-d —340 98.8 043 w-vd ew-sd 200 0+200 
38.5 506 ew-d —337 98.5 047 ew-vd 204 
38.4 507 mw-sd ew-d —336 98.3 049 ew-vd 206 
38.1 §11 vs-vd m-d —332 0—248—2X40—3 97.0 067 ew-ed 224 
37.8 515 vs-vd mw-d- vw-vd —328 0—248—2x40 96.5 074 ew-d 231 
36.4 534 ms-sd —309 0—248—60-—3 96.2 078 vw-sd ew-vd 235 
36.3 535 ms-sd —308 0—248—60 96.0 081 ew-sd ew-vd 238 
35.1 551 s-sd —292 0—248—40-—3 95.2 092 w-sd vw-vd 249 0+408—4X40—3 
34.9 554 s-sd —289 0—248—40 95.0 095 ew-d ew-vd 252 0+408—4X40 
34.3 562 m-sd —281 0—248—30? 94.1 107 vw-ed 264 0+408—2x40—60—3 
32.0 592 vs-8 m-sd —251 0—248-—3 93.8 111 vs-vd vw-ed 268 0+408—*> '.—60 
31.8 595 vs-s vw-sd —248 0—248 92.3 132 ew-ed 289 
30.4 614 vw-d —229 92.0 136 ew-ed 293 0+408—3 40-3 
30.1 618 m-sd vw-d —225 $1.7 140 ew-d 297 0+408—3 x40 
29.9 621 m-sd vw-d —222 91.2 147 ew-sd 304 
29.6 625 m-sd —218 90.9 151 w-d 308 
29.4 627 m-sd —216 90.7 154 w-d 311 0+408—40—60 
28.6 638 w-sd —205 89.7 168 vw-ed 325 
28.4 641 vw-d —202 89.6 169 vw-vd ew-vd 326 
27.7 650 ew-vd —193 89.3 173 vw-vd 330 0+408—2x40—3 
27.3 653 ew-ed —190 89.1 176 vw-vd 333 0+408—240 
26.9 661 mw-vd —182 0—3 X40—60—3 87.7 196 s-sd 353 
26.7 664 w-ed vw-d —179 0—3X40—60 87.5 198 s-sd vw-d 355 0+408—50—3 
26.0 673 w-sd —170 0—2X40—60—30 87.3 201 vw-d 358 0+408—50 
25.8 676 vw-d —167 87.0 205 ms-sd 362 
25.2 684 m-vd —159 0—4X40—3 86.8 208 ms-sd 365 
24.9 688 mw-vd —155 0-—4x40 86.6 211 ms-sd vw-d 368 0+408—40—3 
24.7 689 vw-vd —154 86.4 213 ms-sd vw-d 370 0+408—40 
24.4 694 ew-d —149 84.1 245 ew-d 402 
24.2 697 vw-sd —146 83.9 248 VS-S w-sd 405 0+408—3 
24.0 700 ms-d ew-d —148 0—2x40—60-—3 83.7 251 vs-3 w-sd 408 0+408 
23.8 703 mw-d —140 0—2x40—60 81.0 288 ew-d 445 0+819—248—3 X40—3 
22.4 721 s-vd —122 0—3X40—3 80.8 291 ew-d 448 0+819 —248—3 x40 
22.1 725 s-vd w-d —118 0—3X<40 79.5 309 ew-d 466 
21.8 730 s-d w-d —113 79.3 312 ew-d 469 
21.2 738 s-d ms-s —105 0—40—60—3 78.4 325 ew-d 482 
20.9 742 vs m-s —101 0—40—60 78.3 326 ew-d 483 
20.8 743 vw-d —100 78.1 329 vw-d 486 0+819—248—240—3 
19.3 763 m-s —80 0—2x40-—3 77.9 332 vw-d 489 0+819—248—2 40? 
19.1 766 mw-s —77 0-240 75.2 369 m-d 526 
18.8 770 ew-s —73 75.0 372 m-d 529 
18.6 773 s-sd ew-ed —70 0—30—40—3 74.8 375 m-vd 532 0+819—248—3? 
18.4 775 s-sd ew-ed —68 0-—30—40 74.7 376 mw-vd vw-ed 533 0+819—248—40 
17.1 793 ew-ed —50 73.7 390 vw-sd 547 
16.8 797 ew-sd —46 73.2 397 vw-sd 554 
16.5 801 8-S —42 0—40-—3 72.8 403 ew-sd 560 
16.3 804 ms-s —39 0—40 72.6 406 ew-sd 562 
15.9 809 ew-d —34 0—30-—3 72.4 408 mw-sd 565 
15.6 813 ew-d —30 0—30 72.2 411 ms-sd 568 0+819—248—6 
13.7 839 VSs-VS —4 0-3 72.0 414 ms-sd 571 0+819—248—3 
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0+819—248 
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ULTRAVIOLET SPECTRUM OF PARA-DIFLUOROBENZENE VAPOR 507 
TABLE I—Continued. 
Wave Wave : Separation Wave Wave Separation 
length numbers Intensity from 0,0 length numbers Intensity from 0,0 
inA inem™ —45°C —55°C —70°C band Assignments inA inem™ —45°C —55°C —70°C band Assignments 
= 3 70.5 435 ew-d 592 31.7 987 ms-sd 1144 0+408+819—2X40 
70.0 442 vw-d 599 0+819—4X40—60 31.6 988 vw-sd ew-ed 1145 0+1250—40—60? 
69.1 455 ew-sd 612 29.8 38014 s-vd vw-sd 1171 0+1250-—2x40—3 
68.9. 457 ew-sd 614 29.7 016 m-d ew-sd 1173 0+1250—240 
3 68.8 459 ew-sd 616 29.6 017 ew-sd 1174 
67.3 480 ms-sd 637 0+819-3xX40—60—3 29.3 022 s-vd ew-sd 1179 0+4408+819—40—3 
67.2 481 w-d = ew-vd 638 0+819-3x40—60 29.1 025 s-vd ew-sd 1182 0+408+819—40 
66.7 488 ew-d 645 28.8 029 ew-sd 1186 0+1250—60—3 
3 66.6 490 ew-d 647 28.7 030 ew-sd 1187  0+1250—60 
, 65.7 502 vw-sd 659 0+819—4x40-—3 27.2 052 m-d 1209 0+1250—40—3 
65.5 505 m-sd 662 . 0+819—4X40 27.1 053 vs m-d 1210 0+1250—40 
65.3 508 w-sd 665 26.8 058 ew-ed 1215 
65.1 511 ew-sd 668 27.7 059 ew-ed 1216 
64.7 517 ms-sd 674 26.3 065 ms-sd 1222 
64.5 519 ms-sd 676 26.2 066 ms-sd 1223 0+408+819? 
64.3 522 vw-ed 679 0+819—240—60 24.5 091 B-s 1248 0+1250—3 
62.8 543 vw-sd 700 0+819—3x40 24.4 093 w-sd ss s-8 1250 0+1250 
62.7 545 vw-sd 702 24.1 097 ew-d 1254 
62.4 549 ew-sd 706 20.2 154 ew-vd 1311 
62.0 555 ew-sd 712 18.9 173 ew-vd 1330 
61.7 559 vw-sd 716 18.7 176 ew-vd 1333 
61.6 560 vw-sd 717 0+819—40—60 18.2 183 ew-vd 1340 
60.3 57 m-sd 736 0+819—2X40—3 18.1 184 ew-vd 1341 
60.1 581 mw-sd 738 0+819—2X40 17.6 192 vw-d 1349 
59.9 584 w-sd 741 17.4 194 w-d 1351 0+2X819 —248—40—3 
59.6 588 ew-sd 745 17.3 196 ew-d 1353 0+2X819—248—40 
59.4 591 ew-sd 748 16.2 212 ew-d 1369 
57.7 615 ew-sd 772 16.1 213 ew-d 1370 
57.4 620 8-S 777 0+819—40—3 14.9 231 ew-d 1388 
57. 621 ms-s 778 0+819—40 14.7 233 ms-sd 1390 0+2X819—248—3 
~3 55.7 644 w-vd 801 14.5 237 ms-sd 1394 0+2X819—248 
55.3 649 w-vd 806 11.2 285 ew-vd 1442 
55.1 652 w-vd 809 11.0 288 ew-vd 1445 
54.8 656 vs-s 813 0+819—6 10.7 292 ew-vd 1449 
54.6 659 Vs-S 816 0+819—3 10.4 297 ew-vd 1454 0+2X819—3 X40—60 
54.4 662 ms-s 819 0+819 08.6 323 mw-d 1480 0+2X819—440—3 
53.2 679 w-sd 836 0+876—40—3 08.4 326 mw-d 1483 0+2X819—4xX40 
53.1 681 w-sd 838 0+876—40 07.9 334 vw-d 1491 
50.6 716 ss  vw-d 873 0+876-—3 07.6 338 m-sd 1495 
50.4 719 s-s  ew-vd 876 0+876 07.5 339 vw-d 1496 0+2X819—2X40—60 
49.0 739 ew-ed 896 06.1 360 ms-d 1517 0+2X819—3X40—3 
48.8 742 ew-vd 899 0+1250—248—40—60 05.9 363 ms-d vw vd 1520 0+2X819—3 X40 
48.2 750 ew-ed 907 05.3 372 vw-sd 1529 
47.8 756 vw-vd 913 0+1250—248—2x40—3 05.1 375 m-d 1530 
47.6 759 vw-ed 916 0+1250—248—2X40 04.9 378 m-d vw-vd 1535 0+2X819—40—60 
46.1 780 w-d 937 04.8 379 ew-sd 1536 
45.8 785 m-sd 942 0+1250—248—60? 04.1 391 ew-vd 1548 
45.4 790 w-vd 947 0+1055—3 X40 03.2 403 mw-vd 1560 0+2X819—2X40 
45.2 793 w-vd 950 01.6 426 ew-ed 1583 
44.7 800 ew-ed 957 0+1250—248—40—3 00.9 437 m-sd 1594 0+2X819—40—3 
44.6 802 ew-ed 959 0+1250—248—40 00.7 440 mw-sd 1597 0+2X819—40 
43.4 819 vw-d 976 0+1055—240—3 00.6 441 ew-d 1598 
0—3 43.2 822 ew-d 979 0+1055—-2X40 2598.9 466 vw-ed 1623 
0 41.9 840 ms-d 997 98.7 469 ew-ed 1626 
41.7 843 m-d  ew-ed 1000 0+1250—248 98.4 473 m-s 1630 0+2X819—6 
40.7 857 w-sd 1014 0+1055—40—3 98.2 477 ms-s 1634 0+2X819—3 
40.6 859 ew-d ew-vd 1016 0+1055—40 98.0 480 m-s 1637 0+2X819 
39.6 873 ew-ed ew-ed 1030 97.9 481 ms-d 1638 
0-3 38.7 886 w-d 1043 97.5 487 vw-d 1644 0+-819+876—40—3 
0? 38.5 889 w-d 1046 97.3 490 vw-d 1647 0+819+-876—40 
38.1 895 mw-d 1052 0+1055—3 96.7 499 vw-vd 1656 0+408+-1250—3 
37.9 898 mw-d  ew-vd 1055 0+1055 96.5 502 vw-vd 1659 0+408+-1250 
36.9 912 ew-vd 1069 95.6 515 vw-d 1672 
35.7 929 ew-vd 1086 95.4 518 vw-d 1675 
35.5 932 ew-vd 1089 95.2 521 ew-d 1678 
35.3 935 ew-d 1092 0+1250—4X40—3 94.9 526 ms-s 1683 0+819+876—3 
35.1 939 ew-d 1096 0+1250—4X40 94.7 529 ms-s ewvd 1686 0+819+-876? 
34.4 948 w-d 1105 0+408+819—3 X40—3 92.3 564 ew-ed 1721 
34.2 951 w-d 1108 0+408+819—3 X40 91.5 576 ew-ed 1733 
32.8 971 mw-vd 1128 90.7 588 ew-ed 1745 
32.6 974 mw-vd 1131 0+1250—3 X40—3 89.8 601 vw-d 1758 
32.4 977 w-vd 1134 0+1250—3X40 89.6 604 ew-vd 1761 
0+408+819—240—3 89.3 
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Wave Wave Separation Wave Wave Separation 
length numbers Intensity from 0,0 length numbers Intensity from 0,0 ; 
in A inem=! —45°C —55°C —70°C band Assignments inA inem=! —45°C —55°C —70°C band Assignments 
89.1 612 ew-vd 1769 38.4 383 w-d 2540 0+2%X819+1250 
88.3 624 ew-ed 1781  0+819+1250—40 —248—40—60 
85.6 664 ms-vd 1821 0+819+1250—248? 38.3 385 -vw-vd 2542 
82.7 708 vw-ed 1865 37.8 392  vwed 2549 
82.1 717 vw-ed 1874 0+819-+1250—5 X40 37.3 400 ew-ed 2557 
81.3 729 vw-ed 1886 0+819+1250—3x40—60 36.6 411 ew-vd 2568 
80.7 738 vw-ed 1895 36.2 417 w-d 2574 
80.0 748 vw-ed 1905 36.0 420 vw-vd 2577 
79.5 756 vw-vd 1913 0+819+1250—4X40 35.7 425 mw-vd 2582 0+2X819+-1250 
79.3 759 vw-vd 1916 —248—60 
78.9 765 mw-vd 1922 0+819+1250 35.5 428 w-ed 2585 
—2x40—60—3 34.4 445  vw-vd 2602 0+2X819+1250 
78.7 768 w-vd 1925  0+819+1250—2x40—60 —248—40 
77.3 789 ms-ed 1946  0+819+1250—3x40—3 31.9 484 vs-vd 2641 0+2X819+1250—248 
77.0 793 ms-ed 1950 0+819+1250—3 X40 31.3 494 ew-ed 2651 
76.7 798 mw-ed 1955 30.9 500 ew-ed 2657 
76.3 804 ms-d 1961 0+819+-1250 29.4 523 vw-ed 2680 
—40—60—3? 28.8 533 m-ed 2690 
76.2 805 ms-d 1962 0+819+1250—40—60 21.3 650 vw-vd 2807 0+2X819+1250—240 
74.8 826 ms-ed 1983 0+819+1250—2x40—3 19.1 685 vw-vd 2842 0+2X819+1250—40—3 
74.5 831 s-ed 1988 0+819+1250—240 18.9 688 vw-vd 2845 0+2X819+1250—40 
74.0 838 vw-ed 1995 16.7 723 w-d 2880  0+2X819+1250-—3 
73.7 843 w-d 2000 16.5 726 w-d 2883 0+2X819+1250 
73.6 844 w-d 2001  0+819-+1250—60? 15.9 735 s-vd 2892 
72.0 869 m-vd 2026 0+819+1250—40—3 15.1 748 ew-ed 2905 
71.8 872 m-vd 2029 §=0+819-+1250—40 14.6 756 ew-ed 2913 
71.5 876 ew-ed 2033 14.2 762 vw-ed 2919 
71.0 883 ew-ed 2040 13.4 775 s-d 2932 0+819+876+1250 
70.6 890 vw-ed 2047 0+876+1250-—-2 X40 12.5 789 ew-ed 2946 
69.5 906 ms-sd 2063 = 0+ 819-+1250—3 11.2 810  vw-ed 2967 0+819+21250 
69.4 908 m-sd 2065 0+819-+1250 —248—40—60 
69.1 912 ms-vd 2069 10.8 816 ew-ed 2973 
68.1 928 vw-vd 2085 0+ 876-+1250—40 10.2 825  vw-ed 2982  0+819+21250 
65.6 966 w-vd 2123 = 0+ 876+ 1250-3? —248—240 
65.5 967 w-vd 2124 0+876+1250 09.6 835 ew-vd 2992 
60.4 39045 ew-vd 2202 09.1 843 ew-vd 3000 
59.9 052 ew-vd 2209 08.3 856 vw-vd 3013 
59.8 054 ew-vd 2211 08.0 860 w-vd 3017 
58.8 069 ew-ed 2226 07.5 868  vw-ed 3025  0+819+2%1250 
57.6 087 ew-ed 2244 —248—40 
56.3 107 vw-vd 2264 06.9 878 ew-ed 3035 
55.6 118 ew-ed 2275 06.3 887 ew-ed 3044 
54.8 130 ew-ed 2287 05.0 908 w-vd 3065  0+819+2X1250—248 
53.8 146 w-ed 2303 04.5 916 ew-ed 3073 
50.6 195 vw-vd 2352 04.1 922 ew-ed 3079 
49.9 205 vw-vd 2362 02.6 946 ew-vd 3103 
49.8 207 vw-vd 2364 02.1 954 mw-d 3111 0+819-+21250—2X100 
49.4 213 vw-vd 2370 01.5 965 ew-ed 3121 
49.1 218 vw-vd 2375 01.0 97 ew-ed 3129 
49.0 219 vw-vd 2376 «=6.0+- 2X 1250-3 X40 00.0 988 s-ed 3145 
47.5 242 mw-sd 2399 2498.5 40012 ew-ed 3169 
47.3 245 ms-sd 2402 97.6 026 ew-ed 3183 
47.2 247 mw-sd w-ed 2404 95.9 054 m-ed 3211 0+819+21250—40—60 
46.9 252 w-sd ew-ed 2409 + 0+3X819—40—3 94.5 076 m-ed 3233 0+819+2%1250—2X40 
46.7 255 mw-d 2412 0+3X819—40 93.5 092 ms-ed 3249 
46.6 256 mw-d vw-ed 2413 + 0+21250—240—3 92.9 102 ms-ed 3259 
46.4 259 vw-vd 2416 0+2X1250—2x40 92.1 115 ms-ed 3272  0+819+2%1250—40 
45.8 269 vw-ed 2426 91.6 123 ms-ed 3280 0+4%X819? 
44.9 282 s-sd 2439 91.0 132 ew-d 3289 
44.7 286 s-sd  w-ed 2443 90.9 134 ew-vd 3291 
44.5 289 vw-vd mw-d 2446 90.3 144 ew-ed 3301 
44.3 292 s-sd mw-d 2449 0+3X819—3 89.5 157 vs-ed 3314 0+819+21250 
44.1 295 sed mw-d 2452 0+3X819 88.6 171 vw-ed 3328 0+876+2X1250—40 
44.0 296 ms-d 2453 0+21250—40—3 an = a a 
2 le vw-e D 
43.9 298 ms-ed mw-d 2455 0+2X1250—40 2 so pt 3367 0-+-876-+-2X1250 
42.0 327 m-vd ew-vd 2484 
ea 84.3 241 vw-ed 3398 
41.5 335 s-sd 2492 0+21250-—3 93.1 260 one 3417 
41.3 338 ms-sd mw-vd 2495 0+2X 1250 80.5 302 a 3459 
41.1 341 vs-vd ew-vd 2498 80.2 307 ew-vd 3464 
40.8 346 w-vd 2503 78.4 336 ew vd 3493 
40.0 358 vw-ed 2515 77.5 351 ew-vd 3508 
38.9 375s vw-ed 2532 75.5 384 ew-vd 3541 
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length numbers ntensity from 0,0 
inA inem=! —45°C —55°C —70°C band Assignments 








Wave- Wave " Separation 
length numbers Intensity from 0,0 
inA inem= —45°C —55°C —70°C band Assignments 








ew-vd 3547 


74.4 402 ew-vd 3559 

72.8 428 ew-vd 3585 

72.0 44] ew-ed 3598 

71.6 447 ew-ed 3604 

71.1 456 vw-vd 3613 

70.8 460 vw-vd 3617 

70.4 467 vw-ed 3624 

68.9 492 s-vd 3649 

68.5 498 m-d 3655 

68.1 505 s-vd 3672 0+2>1250—240 

66.5 531 vs-vd 3688 

66.2 536 m-vd 3693 

65.8 543 vs-vd 3700 0+3X819+1250; 
0+3X1250—40 

64.1 570 ms-vd 3727 

63.5 580 ms-vd 3737 0+3X1250 

60.8 625 vw-vd 3782 

60.4 632 ew-ed 3789 

57.9 673 ew-ed 3830 

54.8 724 ew-ed 3881 

54.4 731 vw-ed 3888 

54.1 736 ew-ed 3893 

53.0 754 ew-d 3911 

52.5 762 ew-d 3919 

52.1 769 vs-sd 3926 

49.4 814 ew-ed 3971 

















48.7 826 ms-ed 3983 

47.9 839 m-ed 3996 

44.8 891 m-ed 4048 0+2X819+2 
1250-240 

43.3 916 ms-vd 4073 

42.5 929 ms-vd 4086 0+2X819+21250—40 

41.0 954 vw-ed 4111 

40.3 966 vs-ed 4123 

40.0 971 s-vd 4128 0+2X819+2X 1250 

37.5 41013 w-d 4170 0+819+876+2 1250? 

26.7 196 ew-d 4353 

26.2 204 ew-d 4361 

22.5 267 ew-d 4424 

19.2 323 ew-ed 4480 0+4X<819+1250—40 

18.6 334 vw-vd 4491 

17.8 347 w-d 4504 

17.3 356 w-d 4513 0+819+3X1250—40 

16.9 363 w-d 4520 0+4X819+1250 

15.0 395 ms-d 4552 0+819+3 1250 

00.7 642 vw-ed 4799 

2399.9 656 vw-ed 4813 

96.7 711 vw-ed 4868 0+3X819+2 
1250-240 

94.7 746 mw-ed 4903 0+-3X819+21250—40 

92.5 785 ms-ed 4942 0+3X819+2 x 1250 


90.5 819 ew-ed 4976 0+4X 1250 











benzene obtained from the vapor spectrum with those 
obtained from the liquid spectrum, we find that the 
carbon vibration has the same value in both the liquid 
and vapor spectrum, but the hydrogen frequency is 
lower in the liquid spectrum.’ If we assume that the 
forces in the liquid would lower the frequency of the 
totally symmetric fluorine bond stretching vibration in 
much the same manner as they do the hydrogen vibra- 
tions of benzene then this is additional support for the 
assignment given above for the 1259-cm™ frequency. 

The relatively weak bands at 37 251 and 36 391 cm™ 
represent frequencies of 408 and 452 cm™ and are 
assigned to the respective excited and ground-state 
frequencies of another a, vibration. This vibration 
corresponds to the totally symmetric component of the 
606 €,+ benzene vibration and the assignment agrees 
with that made by Delsemme.! 

Still another a, vibration is correlated with the weak 
band at 36002 cm~. This band represents a ground- 
state frequency of 841 cm which is identical with the 
polarized Raman line of 841 cm™ reported by Nielsen.‘ 
The 841-cm~ frequency does combine with the 860- 
cm frequency to produce the ultraviolet band at 
35 142 cm™. It is not known whether there is a transi- 
tion which involves the excited state of the 841 vibra- 
tion because such a band would be indistinguishable 
from the »—» transitions that accompany the 819-cm~ 
band. 

Two other excited-state frequencies of 876 and 1055 
cm are represented by the weak bands at 37 719 and 
37 898 cm—, respectively. Bands were not found in the 





7 See reference 5, p. 535. 





ultraviolet spectrum which could be assigned as the 
ground-state values of these fundamentals. The 1055- 
cm™! value is probably the excited-state frequency of 
the 1142 cm™, 61,, fundamental reported in the Raman 
spectra. The 876-cm™ frequency combines with both 
the 819- and 1250-cm™ frequencies; however, the most 
likely Raman value which could be correlated with this 
frequency is the weak 889-cm™ line which Nielsen has 
assigned as a 83, fundamental. A transition which com- 
bines a 83, vibration with the A,—B3,, electronic transi- 
tion is forbidden by symmetry so the above correlation 
is untenable if the Raman assignment is correct. Pos- 
sibly, the 876-cm™ frequency represents two quanta 
of an excited-state 8, vibration since such a transition 
would be allowed even though transitions involving 
only one quantum of a 8, vibration are forbidden. 

As has been pointed out in the previous section, the 
weak bands at 36595, 37006, 37417, 37 843, and 
38 237 cm“ are temperature dependent. Each of the 
transitions involved here start from a 248-cm™ ground- 
state level, and their respective assignments are 0— 248, 
0+408—248, 0+819—248, 0+1250—248, and 0+2 
X819—248. Also this 248-cm™ frequency is found in 
combination with the ground-state frequencies 452, 860, 
and 1259 cm. The excited-state value of the 248-cm™ 
fundamental may be either 163 or 200 cm™ as repre- 
sented by the bands at 37 006 and 37 043 cm™; how- 
ever, since the 37 006-cm™ band has another assign- 
ment, the excited state is chosen to be 200 cm™. The 
assigning of this 248-cm™ frequency as a fundamental 
gains little support from past assignments of Raman 
data. Nielsen and co-workers report an extremely weak 





















































































































































































































































































































































Raman frequency of 239 cm™; but they are inclined 
to attribute this value to an impurity. A better assign- 
ment would be to associate the 248-cm™ value above 
with the 239 Raman value and assign them to a Big 
fundamental. According to the assignments of both 
Delsemme and Nielsen this would give one more fi, 
fundamental than is allowed. Such a difficulty is dis- 
solved if we do not assign the 507-cm™ Raman line 
to a 81, fundamental as was done in the reports on the 
Raman spectra. Actually, since the Raman values were 
obtained for the liquid state, and liquid forces may 
cause a partial breakdown of selection rules, it is 
possible that this extremely weak 507-cm™ line is pro- 
duced by the 508-cm™, 81, fundamental which is very 
strong in the infrared spectrum. 

The complexness of the p-difluorobenzene spectrum 
is due primarily to the double or triple appearance of 
some band heads and the large number of long wave- 
length companions that accompany each band. The 
multiple band heads are thought to be rotational fine 
structure. The companion bands are attributed to »—v 
transitions, but at the present time there are not suff- 
cient data to provide definite assignments for these 
bands. Companion bands which appear 40, 2X40, 
3X40, and 4X40 cm™ on the red side of the main 
bands represent the 1-1, 2-2, 3-3, and 44 transitions 
of some low-lying vibration. With the absorbing mole- 
cules at —79°C, bands are present which are separated 
by 40 and 2X40 cm. Although microphotometer 
tracing of these bands have not been made, rough 
intensity measurements indicate that the vibration 
involved should be below 200 cm™. The e,*+ 404 cm™ 
vibration of benzene has been shown to account for 
some of the strong v—v transitions of benzene. This 
vibration is no longer degenerate for D2, symmetry 
and it splits into two vibrations of symmetry #1, and 
a1. Delsemme and Nielsen have assigned somewhat 
arbitrarily a value of about 186 cm™ to the #1, fre- 
quency. This frequency may be the one involved in the 
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above v—v transitions. In fact, in the spectrum re- 
ported here the band at 36470 cm” represents a fre- 
quency of 373 cm™ which could result from a transition 
involving two ground-state quanta of the 186-cm™ 
fundamental; however, this band can also be assigned 
as a v—v transition starting from the 248-cm™ ground 
level. 

By using combinations and progressions of the fre- 
quency values discussed above most of the prominent 
bands have been assigned as in Table I. In making 
these assignments the effects of anharmonicity have 
been neglected. The overlapping and diffuseness of the 
bands above 39000 cm™ introduces uncertainties in 
the assigning of some of these bands. 

The position of the 0,0 band in the p-difluorobenzene 
spectrum is shifted 1246 cm™ toward longer wave- 
lengths relative to the calculated 0,0 band of benzene. 
This shift is more than four times the 270-cm™ shift 
produced by the fluorine substituent in monofluoro- 
benzene. Previous experimental results have shown 
that para-substitution of like substituents on the 
benzene ring generally shifts the spectrum a little more 
than twice the amount produced by one substituent. 
The unusually large shift produced by the para- 
positioned fluorines is probably connected with the 
inductive effect of fluorine. A simple explanation of the 
observed shifts is obtained if we assume that the in- 
ductive effect of one fluorine produces a violet spectra 
shift and that the resonance effect produces a red shift. 
If the inductive effects of two para-positioned fluorines 
cancel, and the resonance effects add,*® then a qualita- 
tive explanation of the spectrum of para-substituted 
benzenes is obtained if the substitutents are all ortho- 
para directing. However, this hypothesis breaks down 
when the spectral shifts produced by meta-directing 
substituents such as CF; or CN are studied. This leaves 
the subject of spectral shift as a problem for further 
theoretical study. 


8 A. L. Sklar, J. Chem. Phys. 10, 135 (1942). 
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Nuclear Quadrupole Couplings in Solid Bromides and Iodides* 
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From measurements of pure nuclear quadrupole transitions at 77°K the following coupling constants 
(in Mc/sec) and asymmetry parameters have been obtained: for I'?”|eQq| = 1765.846, &@=0.00078 in CHI; 
|eQq| =1897.368, &=0.00736 in CHol2; |eQg| =2046.634, @=0.00033 in CHI;-3Ss; |eQq| =2130.33 for 
Cly; |eQg| =2069.17 for CF3I; |eQgq| =1324.788 and 1333.313, @=0.000082 and <0.000010 for the two 
nonequivalent I’s in unit cell of Sil,; |eQgq| = 1484.339 and 1500.577, @=0.000087 and <0.000005 for the 
two nonequivalent I’s in unit cell of GelI,; |eQg| = 1384.424 and 1394.190, 2 =0.000085 and <0.000016 for 
the two nonequivalent I’s in unit cell of SnIy; |eQg| =1517.07, @=0.00008 in AsI3-3Ss; |eQgq| = 1226.35, 
e’=0.00101 in SbI3-3Ss. The coupling values of Br are: | eQq(Br”) | = 437.27 and 441.15; | eQq(Br*) | = 365.272 
and 368.514 for the two nonequivalent Br’s in unit cell of PBr; (7 =87+4°K); |eQq(Br7) | = 329.000 and 
345.920; | eQq(Br*') | = 274.856 and 288.980 for the two nonequiva'ent Br’s in unit cell of SbBrs. From these 
coupling values the number of unbalanced # electrons in the atoms was calculated. The latter quantity was 
found to be closely related to chemical bond properties such as ionic character, and was found to vary 
systematically with chemical constitution. A cross bonding mechanism involving d orbitals is proposed to 


account for the iodine coupling in certain solids. 





EXPERIMENTAL METHOD 


LL lines reported here were observed by the 

method of superregenerative detection with a 
spectrometer similar to that described by Dehmelt.! 
The sample, in most cases of the order of one cubic 
centimeter in volume, was placed at one end of a 
\/2- or A-length Lecher line. The line was driven by 
two triodes in push-pull operating at a length of about 
\/4 from one end of the line. Sixty-cycle sine wave 
sweep frequency modulation was employed. Following 
the oscillator was an audio-frequency amplifier, serving 
both to amplify the resonance signal and to attenuate 
the unwanted quench signal and 60-cycle oscillator- 
mode signal. The resonance was displayed on an oscillo- 
scope using 60-cycle sine wave horizontal sweep. 
Measurements were accomplished by means of a Gertsch 
Model FM-3 frequency meter. 


RESULTS 


In Table I are listed the observed frequencies, and in 
Table II the coupling constants and asymmetry param- 
eters obtained for I’. Similar data are given for Br” 
and Br*! in Tables III and IV. 

The stable bromine isotopes both have spins of 3/2. 
For this spin value there is only one pure quadrupole 
transition, and the asymmetry in the electric field 
gradient about the nucleus cannot be obtained from a 
measurement of the quadrupole resonance frequency 
alone. If a cylindrically symmetric field gradient is as- 
sumed, the quadrupole coupling eQgq for /=3/2 is equal 
to two times the resonance frequency. Even for a 
very large deviation of axial symmetry corresponding 
to e=0.5 the value obtained for the coupling constant 

* The work has been supported by a contract with the Ordnance 
Corps, Department of the U. S. Army. It will be submitted by Mr. 

- Robinson in partial fulfillment of the requirements for the 
Ph.D. degree at Duke University. 


t National Science Foundation Fellow. 
‘1H. G. Dehmelt, Z. Physik 130, 356 (1951). 


by doubling the transition frequency would be only 4 
percent too high.? This assumption was made here in 
the calculation of the coupling constant of Br” and 
Br*'. It is possible, however, to ascertain the asym- 
metry parameter for the case of a 3/2 spin from the 
Zeeman effect in a single crystal.* 

The I? nucleus (spin 5/2) exhibits two resonant 
frequencies corresponding to the transitions My=+1/2 
o+3/2 and My=+3/2+5/2. When both transitions 
are measured, the asymmetry parameter can be evalu- 
ated and an accurate evaluation of the coupling made. 
To fourth order, the frequencies are given by perturba- 
tion theory as, 


vy= 3/20] eQq| (1+1.09262—0.634¢*) (1) 
ve=3/10| eQg| (1—0.20372+0.162e4). (2) 


For all iodine compounds studied, except Cl, and 
CF;I, we were able to observe both transitions. An 


TABLE I. Observed frequencies for I'”’. 






































511 


vi( 41/247 +3/2) 
(Mc) 


v2(4-3/247 +5/2) 
(Mc) 





Molecule T (°K) 

CH;I 77 265.102+0.008 529.670+0.013 

CHoI2 77 286.883 +0.023 568.362+0.025 

CHI;-3Ss 77 307.106+0.004 613.949+0.014 

CI, 77 319.549+0.043 eee 

CF;I 8344 310.375+0.055 

Sil fl; 7 198.736+0.003 397.430+0.010 

wes | 199.999 +0.003 399.993 +0.010 

Gel I; 77 222.672+0.003 445.294+0.012 
*\Is 225.088+0.003 450.173+0.010 

Snt.d 77 207 .683+0.003 415.320+0.012 
*\Ie 209.133+0.003 418.257+0.010 

AsI3-3Ss 77 227.582+0.007 455.114+0.015 

SbI3- 3S 77 184.155+0.017 367.830+0.050 








2H. Krueger, Z. Physik 130, 371 (1951). 
3C. Dean, Phys. Rev. 86, 607 (1952). 























TABLE II. Observed coupling constants for I'”’. 




















he Qzz ~ Quy 

Molecule |eQq| (Mc) ~- Qzz 
CH;I 1765.846+0.045 0.00078 =-0.00004 
CHol» 1897.368+0.095 0.00736 =-0.00010 
CHI;-3S3 2046.634+0.044 0.00033 =-0.00003 
CI, 2130.33 +0.29 ee 
CF;I 2069.17 +0.36 
Sil i 1324.788+-0.031 0.000082=F0.000027 
aa 1333.313+0.031 0.000010=-0.000028 
Gel 7 1484.339+0.037 0.000087 ==0.000033 

4‘\I. 1500.577+0.033 0.000005=F0.000031 
SnI ts 1384.424+-0.037 0.000085=-0.000034 
sid! || 1394.190+0.033 0.000016=F0.000029 
AsI3:3Ss 1517.07 +0.05 0.00008 =-0.00005 
SbI3-3Ss5 1226.35 +0.16 0.00101 =-0.00018 








unsuccessful search was made for the upper line of CI,; 
it proved too weak for detection with our spectrometer. 
The lower lines of these compounds were abnormally 
broad, and it is undoubtedly the large width which 
made the upper line difficult to detect. 

During the course of our work, measurement of the 
lower frequency of CH2I2 was reported by Zeldes and 
Livingston.‘ Earlier, the lines in CH3I and SnI, were 
observed by Dehmelt.' The measurement of the upper 
transitions in the present work allows the asymmetry 
parameters to be evaluated and thus provides a more 
accurate value of |eQq|. Values for the Br couplings in 
PBr; were also reported by Kojima, Tsukada, Ogawa, 
and Shimauchi® while our work was in progress. Our 
values agree approximately with theirs. 

The structure of CI, is quoted in the literature as 
different from that of Sil,, GeI,, and SnI,. This is borne 
out by the fact that only one line per transition was 
observed for CIy, whereas for Sily, Gely, and SnI, a 
doublet structure was observed. A doublet structure is 
also observed for the Br resonances in PBr;. The line 
doubling can be interpreted as due to the existence of 


TABLE III. Observed frequencies for Br’ and Br*'. 











Molecule T (°K) vi(+1/247 +3/2) 

(Br, 220.575-+0.010 

PBrs™ By, 218.635-+0.010 
83-4 


184.257+0.10 


‘Bry 
PBri{ pr! 182.636-+0.011 


—— = 172.960+0.013 

SbBrs\ pr, 164.500-+0.008 
77 

; Br 144.490-+0.008 

sbBrs{ Br 137.428+0.009 








* The pure quadrupole spectrum of Sb’, Sb!! in SbBrs has been ob- 
served and assignments made; results will be published in a later paper. 


4H. Zeldes and R. Livingston, J. Chem. Phys. 21, 1418 (1953). 

5H. G. Dehmelt, Naturwiss. 37, 398 (1950); see also R. Living- 
ston and H. Zeldes, Phys. Rev. 90, 609 (1953). 

6 Kojima, Tsukada, Ogawa, and Shimauchi, J. Chem. Phys. 21, 
1415 (1953). 
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two nonequivalent members in the unit cell. At dry 
ice temperature several closely spaced lines were ob- 
served for CH2I2; the number and intensity of these 
lines were found to depend upon the rate and length 
of time of cooling. 

No lines were observed in a sample of pure CHI. 
However, in the molecular addition compound’ 
CHI;-3S, strong sharp lines were found. The narrow 
lines which were obtained are evidence for a high degree 
of regularity in the crystal lattice. The employment of 
molecular addition compounds to facilitate the observa- 
tion of nuclear quadrupole resonance might also prove 
helpful in other cases where it is desirable to separate 
the otherwise strongly interacting molecules by more 
inert “fillers,” Ss molecules in our case. The negligible 
difference in the frequencies measured for SnI, and 
SnI,-4Ss appears to prove the inertness of the §S; 
molecule in addition compounds of this type. 


REGULARITIES IN THE HALIDE COUPLINGS 


Because the halide atoms are found in numerous com- 
binations in which they form a single bond, they offer 
the most promise for investigation of chemical bond 
properties with nuclear quadrupole resonance. Further- 
more, the atomic coupling has now been accurately 
measured in the three halides which have quadrupole 
moments: Cl, Br, and I. With the coupling per ? 
electron in the atom known, the number of unbalanced 
p electrons U, in the bonded atom can be obtained im- 
mediately from its observed coupling. The latter quan- 
tity depends upon such chemical bond properties as 
ionic character, bond orbital hybridization and bond 
resonance. Because it allows comparison of results ob- 
tained from different atoms, a correlation of 


Up] =| (€Q9)mor.|/2|(C2g)aroml$ 3) 


with other properties has a broader significance than a 
simple comparison (€Qq) molecule With such properties. 
Values of U, determined in the present study together 
with those on related solids investigated by others are 
given in Table V. 

It has been shown,’ mainly from couplings in gases, 
that where bond orbital hybridization and double bond 
characters are small, the effective number of unbal- 


TABLE IV. Observed couplings for Br” and Br*'. 











Qo» Q7 
JeQq| av ~) =) 
Molecule (Mc) O37 Bri O87 Bro 
PBr; 439.21 1.19711+0.00012 1.19711--0.00013 
SbBr; 337.46 1.19703+0.00015 1.19699+0.00014 





—— 





7E. Hertel, Z. physik. Chem. 15, 51 (1931). 

t The field gradient g.- generated by a p bond is approximately 
equal to that of a # electron in the magnetic substate m,=0 wit 
decoupled electron spin in the free atom. The latter quantity }s 
equal to — (/+1)/(2i—1)=—2 times the field gradient for the 
substate m;=j for which the atomic couplings are usually givel. 

8 (a) W. Gordy, J. Chem. Phys. 19, 792 (1951); (b) Gordy; 
Smith, and Trambarulo, Microwave Spectroscopy (John Wiley 
and Sons, Inc., New York, 1953), Sec. 7.1. 
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NUCLEAR QUADRUPOLE 


anced p electrons (U,) in the halides bears a simple 
relation to the electronegativity difference of the bonded 
atoms. This relation is of the form 


| (€0q) moi. | 
| U,| eee a+ b(xHai— x) 
2 (€Qq) atom| 
~ J— (*Hal— x)/2 (4) 
in which (*Hai—%) <2 and xya)>.x. 
It indicates that 
a |ta—Xp| 
ionic character = ————, (5) 


and that the bond is almost completely ionic for 
|x4—Xp| >2. 


TABLE V. Comparison of couplings and unbalanced p 
electrons in related halides. 











Observed 
lu a | (€Qg) molecule | 
in ‘solid *" 2 €Od)atom| 
Molecule (Mc) Solid Gas XHal —XA 
C15 (2 (eQq@) atom = +109.74 Mc)@ 

Cl, — 108.95# 0.993 
CH;Cl — 68.4* 0.623 0.686" 
CH2Cl. —72.47* 0.660 
CHCl, — 76.98* 0.701 
CCl, —81.85* 0.746 0.5 
CF;Cl — 77.58? 0.707 0.7114 
CCl, — 81.854 0.746 0.5 
SiC], — 40.8! 0.372 1.2 
GeCl, — 51.3? 0.467 1.3 
SnCl, — 48.2! 0.439 3 
PC); —§2.3* 0.477 0.9 
AsCl, — 50.58 0.460 1.0 
SbCl, — 40.4" 0.368 1.2 

Br79(2 (eQg) atom = —769.62 Mc)B 
Bro 765% 0.994 
CH;Br 529¢ 0.687 0.759» 
CH-Bre 563° 0.732 
CHBr;, 601° 0.781 
CF;Br 604¢ 0.785 0.804" 
SnBr, 3824 0.496 1.1 
PBr; 439¢ 0.570 0.7 
SbBr, 337° 0.438 1.0 

1'27(2 (eQg) atom = +2292.439 Mc)¥ 

I, — 2153» 0.939 
CH;I — 1766¢ 0.770 0.844» 
CHI, — 1897e 0.828 
CHI; - 3S, — 2047e 0.893 
CT, — 2130¢ 0.929 0.0 
CFI — 2069¢ 0.903 0.938" 
Sil, — 1329° 0.580 0.7 
snl, — 1389¢ 0.606 0.8 
Gel, — 1492¢ 0.651 0.8 
AsI;- 3S —1517¢ 0.662 0.5 
SbI;-3Ss — 1226¢ 0.535 0.7 








«V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951). 
BJ.G. King and V. Jaccarino (private communication). 
Y Jaccarino, King, and Stroke (private communication). 
TR. Livingston, as quoted in reference h, p. 366. 
H. G. Dehmelt, Naturwiss. 37, 398 (1950), p. 367. 
wu. Zeldes and R. Livingston, J. Chem. Phys. 21, 1418 (1953). 
S. Kojima e¢ al., J. Chem. Phys. 21, 1415 (1953). 
* Present work. 
‘ Reference a. See also H. G. Dehmelt, J. Chem. Phys. 21, 380 (1953). 
+ Reference b. See also reference c. 
Gordy, Smith, and Trambarulo, Microwave Spectroscopy (John Wiley 
py bem Mace New York, 1953); value of (eQg)molecule from Table A.6 
Appendix. 
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Fic. 1. Plot of (1—|U>|) versus electronegativity difference of 
the bonded atoms. | U >»! = | (e€Qq)motecute! /2| (€Qq)atom| represents 
the number of unbalanced electrons on the halogen. Black dots 
represent A (Hal); compounds; open circles represent A (Hal), 
compounds. Solid state. 


A plot of all the halide data (which are now numerous) 
on solids as well as gases reveals that the points scatter, 
about equally, on either side of the line determined by 
the above Eq. (4). However, the data obtained in the 
present study taken with earlier data show individual 
group trends. This is indicated in Fig. 1 where it is 
apparent that the P, As, and Sb halides (black dots) 
fall along a different line from those of the C, Si, Ge, and 
Sn halides (open circles). Note that the point for SiC], 
departs most from the group trend. This is evidence for 
double bond character in SiCl,, already emphasized.° 

For the former group (P, As, Sb) the correlation is 
expressed approximately by 





| (€Qq) mo. | 
| U,| eee —=().88—0.44(4Ha1— 4X4), (6) 
2 | (€Qq) atom 
and for the latter group (C, Si, Ge, Sn) by 
| (eQq) mectenate! = - 
| U,| = = 0.93 — 0.37 (*Hai—%p). (7) 





2| (€Qg) atom| 


The coupling of Cl** in NCl;, not yet measured, is pre- 
dicted by Eq. (6) to be —97 Mc. As soon as the chem- 
ical can be obtained we plan to search for the resonance 
which should occur at about 49 Mc. We have already 
searched without success for the resonance in CBr,, 
for which a Br® coupling of 670 Mc is predicted by 
Eq. (7). Our failure is believed to result from lack of 
sufficient uniformity in the crystalline fields of the 
sample used. A more persistent attempt to find the line 
will be made later. 

Figure 2 compares the behavior of different carbon 
halides with increasing substitutes of H on the carbon. 
Note that the lines for Cl, Br, and I are almost straight 


® Gordy, Smith, and Trambarulo, reference 8b, Sec. 8.3b. 
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Fic. 2. Variation of number of unbalanced electrons on the 
halogen (| Up| = | (eQq)motecute! /2| (€Qg)atom| ) with H substitution 
on carbon. Solid state. 


and almost parallel. The value for CBr, can be predicted 
by extrapolation of the center curve, and pleasingly this 
result agrees with that already predicted from Fig. 1. 
Previously, regularities have been noted in the coup- 
lings of the separate chloride and bromide groups by 
Livingston.!°-4 

The value in the CX, compounds may be considered 
as normal since their observed U, agrees closely with 
that predicted from the electronegativity difference. 
With increasing substitutions of H, the observed U, 
decreases. This decrease might be ascribed, partly at 
least, to a decrease in the effective electronegativity of 
the C. To attribute the entire change to this effect 
would require the C in CH; to have an electronegativity 
of 2.3 instead of the average value of 2.5 for C. 

The behavior of CH;(Hal) and CF;(Hal) in gases and 
solids are compared in Fig. 3. Interestingly, the 
CF;(Hal) compounds which have essentially normal 
coupling as predicted by Eq. (4) have almost identical 
coupling in the gaseous and the solid state. The 
CH;(Hal) compounds which deviate widest from Eq. 
(4) also differ most in the solid and gaseous state. The 
latter differences have a simple explanation in the small 
size of the H atoms which makes it possible for the CH 
dipole to approach closely to, and thus interact strongly 
with, the negatively charged halogen. 

The failure of the projected curves of Fig. 1 to pass 
through zero could be explained by assumption of s 
admixtures in the halogen bonding orbital, 7 percent 
for one group and 12 percent for the other. There is no 
such evidence, however, for hybridization in Cl: and 
Bro. These elements have couplings which are within 
one percent of those expected for one unbalanced p 
electron, and the coupling of I, is within 6 percent of 
that for one unbalanced # electron. The simplest inter- 
pretation is that the bonding in the elementary halides 


# Ralph Livingston, J. Chem. Phys. 19, 1434 (1951). 
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is with nearly pure p orbitals. Nevertheless, the exist- 
ence of s admixture is not excluded since it is possible 
for the effects of s admixture (which would decrease the 
coupling) to be offset by an accompanying d admixture 
(which would increase the coupling because the com- 
plementary fd hybrid would be unoccupied). It would 
not be possible to detect such composite hybridization 
from the quadrupole coupling alone since there would 
then be more parameters than observables. From a 
combination of coupling data and bond angle, evidence 
for both s and d hybridization in the bonding orbitals 
of S in H.S has been obtained." One is tempted to 
interpret the coupling in I, as indicating 6 percent s 
character in the bonding orbitals. Nevertheless, this 
would not account for the large asymmetry in the 
coupling®” (e€=0.173), and the lowered coupling and 
the asymmetry in the coupling probably are related. 
Both effects are accounted for by the bonding mecha- 
nism proposed below. 


NATURE OF IODINE BONDING IN SOLIDS 


The quadrupole coupling in crystalline I; might merit 
some discussion. In this case the lattice consists of 
plane sheets of I, molecules, their axes falling in the 
plane of the sheets. Although the sheets are stacked 
over each other with fairly wide spacing, the atoms of 
neighboring molecules within individual sheets approach 
each other considerably closer than double the Van der 
Waals radius, suggesting some stronger interaction. 
To explain this intermolecular bonding, switching of 
the molecular p bond has been postulated." An attrac- 
tive alternative is to treat the molecules in one sheet 
as belonging to a macromolecule, which resonates 
between two structures A, B (see Fig. 4). While A con- 
tains isolated molecules formed from monovalent I 
atoms in the 5s*5p° configuration, structure B consists 





p 


[(€Q9)moil/2EQ9)stoml 


CF 3X 





O GAS CH;X 


@ SOLID 








1 1 i 
Xe=l X= Br x=Cl 





Fic. 3. Variation of the number of unbalanced / electrons 
(| U,| es | (€Qq) molecule | /2| (€Qq) atom | ) on the halogen with chem- 
ical constitution. 


11C, A. Burrus and W. Gordy, Phys. Rev. (to be published). 
2 T. Kamei, J. Phys. Soc. Japan 7, 649 (1952). 
13 C, H. Townes and B. P. Dailey, J. Chem. Phys. 20, 35 (1952). 
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of trivalent atoms in the 5s°5p‘5d configuration forming 
an infinite network. The T-like planar structure ob- 
served"* for CIF; is likewise explained by the promotion 
of a 3p electron of Cl to form the trivalent 3s°3p*3d, 
configuration. With the p-bond switching mechanism” 
it is difficult to account for the preference of the I, 
molecules to arrange themselves in plane sheets. 

The comparison of the quadrupole coupling measured 
in the I; crystal with that of the free atom and especially 
the correct interpretation of the large asymmetry of 
the field gradient observed in the crystal provides a 
certain test, to which the two alternative models can 
be subjected. Our model gives for structure A an axially 
symmetric field gradient equivalent to that of an un- 
balanced atomic # electron, whose axis falls in the plane 
of the sheet. Concerning structure B we need only to 
know that the two atomic orbitals used for bonding 
must lie in the plane of the sheet, since the direct con- 
tribution of the d orbital to the field gradient is neg- 
ligible. This leads to an axially symmetric field gradient 
equivalent to that of a p electron, however, with oppo- 
site sign, whose axis is perpendicular to the sheet. If we 
place the z axis in the Ip molecular axis and the x axis 
perpendicular to the sheet, the components of the 
field gradient tensors are as shown in Table VI (the 
unit being the g., component of an unbalanced p 
electron). Denoting the fractional contribution of 
structure B by 2b, the gradient components for the 
compound structure are given in the last column. 
The relation for the contribution of structure B, 2b, and 
the asymmetry parameter e= | g22—Qyy|/Gzz comes out 
e=36/(1—6). With this formula, the coupling per un- 
balanced p electron can now be calculated from the 
measured values eQg:.=2156 Mc/sec®” and e=17.3 
percent and compared with the atomic beam value, 
as shown in Table VII. The agreement is excellent for 
our model, and the required amount of contribution of 
trivalent configuration, 2b= 11 percent, is not unreason- 
able. 

The cross bonding proposed above could occur be- 
tween iodine atoms in the same molecule and might 
indeed account largely for the lowered coupling in 
Cl, (U,=0.93 with «;—xc=0) which is almost iden- 
tical to that in I, (U,=0.94 with x;,—x;=0). Because 


if rare 
SNA SOO 
fa 2 


- B 


Fic. 4. The diagrams A and B represent the two structures 
between which the macromolecule formed by the I atoms in one 
ayer of the iodine crystal lattice is assumed to resonate. 
SS 


“D. F. Smith, see reference 8b, Table A.9. 
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TABLE VI. 
\\Structure A B (1 —2b)A +2bB 
hh 
\ 
Component > 
zz 1 , 1—b 
Qrz = 3 —|] sie 3 —)5 
Quy fa } 5 a $+ 2b 
TABLE VII. 
Atomic beam 
Switching Macro- experimental 
p bonds'8 molecule value 
Coupling per p-electron 2480 2280 2292 


e922 (p) Mc/sec 











of symmetrical arrangement of the four iodines, it 
would not cause an asymmetry in the coupling however. 
Although the asymmetry parameter has not been 
measured for CI4, it is expected to be zero as the occur- 
rence of only one quadrupole line shows that the lattice 
sites of the 4 I atoms in the tetrahedral molecule are 
equivalent. Simple valence forces have been found 
inadequate to account for the vibrational spectra of 
AB,molecules of this type, and Urey and Bradley have 
used successfully modified valence force functions in 
which terms are included to account for strong inter- 
action of the supposedly nonbending B atoms. 

The electrons which are exchanged between the I’s 
in cross bonding of AI, compounds may be considered 
to be in molecular orbitals which spread over the surface 
of the spherically symmetric AI, molecule. When the 
spherical symmetry is destroyed as in HAI; the cross 
bonding is evidently reduced. This would account for 
the bend in the top curve of Fig. 2 at HCI;. In the 
molecular orbital representation there would be strong 
localized bonds between the C and I atoms in addition 
to the much weaker nonlocalized bonds linking the I 
atoms. 

Likewise, the cross bonding electrons in structure B 
for I, mentioned above might be regarded as in molecu- 
lar orbitals which are spread over the entire plane sheet. 
These nonlocalized molecular orbitals can be represented 
approximately by linear combinations of atomic orbitals 
of all the I atoms in the macromolecule. The macro- 
molecule would then be represented by structure B 
alone if the solid lines indicate localized o bonds between 
the closest I’s, and the dots represent the much weaker 
nonlocalized bonds which spread throughout the 
molecular sheet. This picture is simpler than the valence 
bond representation since it requires no resonance 
between A and B. The molecular orbital treatment of 
I, is similar to the Bloch molecular orbital treatment of 
metals except in I, we have both localized and non- 
localized bond, whereas in ordinary metals all the bond- 
ing electrons are presumably in delocalized orbitals. 


15H. C. Urey and C. A. Bradley, Phys. Rev. 38, 1969 (1931). 
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The rotational spectrum of the slightly asymmetric top, vinyl cyanide, has been investigated in a micro- 
wave spectrograph employing Stark effect modulation and in a direct absorption cell. The rotational 
constants a=49 076.2 Mc/sec, b=4971.33, and c=4514.05 were computed from the observed frequencies 
of the J=2-3 transitions. From measurements of the Stark effect, the components of the dipole moment 
were found to be ua=3.68D, u»=1.25, 1=3.89. Partial resolution of the hyperfine structure of certain lines 
gave the value —3.0 Mc/sec for the xaa component of quadrupole coupling. 





INTRODUCTION 


INYL cyanide, or acrylonitrile, is of interest be- 

cause of its similarity to the vinyl halides, some of 

which have been investigated previously by microwave 
spectroscopic techniques.'~* 

The high sensitivity of the microwave spectrograph 
employing Stark effect modulation permits ready 
location and measurement of the lines in the rotational 
spectrum as well as a quantitative study of the Stark 
effect. On the other hand, the somewhat superior reso- 
lution of the direct absorption spectrograph makes 
possible the observation of the closely spaced hyperfine 
components of some of the lines. 

The direct absorption spectrograph used in this work 
has been described previously.‘ The Stark spectrograph 
has as the absorption cell a nine-foot section of copper 
K-band wave guide. The central electrode is a brass 
strip supported and insulated from the wave guide by 
Teflon runners. The modulation source is a 100 kc/sec, 
variable voltage, zero-based square-wave generator. 
The absorption signal is amplified by a National HRO 
receiver and displayed on an oscilloscope screen. Fre- 
quency measurements are made with a crystal-con- 
trolled frequency standard which is monitored by 
comparison with the 10-megacycle signal from station 
WwWy. 


TABLE I. Vinyl cyanide J = 2—3 rotational spectrum. 











Transition Frequency 
212-313 27 767.45+0.10 Mc/sec 
202-303 28 441.60+0.10 
221322 28 457.1 +0.2 

229-391 28 470.7 +0.2 








* This work was sponsored in part by the Office of Ordnance 
Research, U. S. Army. 

+ Present address: Southern Research Institute, Birmingham, 
Alabama. 

1 J. H. Goldstein and J. K. Bragg, Phys. Rev. 75, 1453 (1949). 

2C. D. Cornwell, J. Chem. Phys. 18, 1118 (1950). 

3]. K. Bragg and A. H. Sharbaugh, Phys. Rev. 77, 148 (1950). 
1983) Simmons and J. H. Goldstein, J. Chem. Phys. 20, 122 

952). 
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ROTATIONAL SPECTRUM 


The frequencies of the J=2—3 lines are given in 
Table I. 

Tentative identification of the lines was made by 
computation of a predicted spectrum, using the follow- 
ing molecular parameters estimated on the basis of 
known values in analogous molecules: C—H=1.09A, 
C—C=1.46, C=C=1.38, C=N=1.16, all angles 120°. 
Principal moments of inertia of 20, 169, and 189X10-* 
g-cm? are thus obtained. The observed spectrum is 
nearly identical in pattern with the predicted spectrum, 
being displaced as a whole toward higher frequency by 
about 400 Mc/sec. Qualitative observations of the rela- 
tive intensities were in agreement with the tentative 
assignment. It was observed that all lines listed in Table 


TABLE II. Vinyl cyanide rotational constants. 








a=49 076.2 Mc/sec Ta= 17.09463X10-* g-cm’ 


b= 4971.33 T,= 168.7555 
c= 4514.05 T.= 185.8507 
k= —0.979477 Ta+Ty= 185.8501 
6= 0.0102615 








I were intensified when the wave guide containing the 
gas sample was cooled to dry ice temperature, while 
other lines appearing at room temperature in this 
frequency range became less intense or disappeared. 
Positive identification was made by using two of the 
observed frequencies, together with the assumption that 
the molecule is planar, to calculate the frequencies of the 
remaining lines. 

In Table II are listed the rotational constants, 
moments of inertia, and asymmetry parameters. The 
constants appearing in the table were calculated from 
the spectrum without the assumption of planarity and 
disregarding the small quadrupole effect. Since for a rigid 
planar molecule the sum of the two in-plane moments 's 
equal to the third moment, the close agreement 0 
T.+Jy with I, confirms the validity of a planar model of 
the molecule. 
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STARK EFFECT 


The Stark effect for the 212333, 2023093, and 211-312 
lines is second order. That for the 22:;—>322 and 229— 32; 
lines is strong—probably approximately linear since 
these transitions arise from near-degenerate energy 
levels.’ Quantitative Stark effect measurements were 
made on the 2).—3;3 and 2;;—31» lines, the m= +1 and 
m==+2 components of each line being observed at 
various fields. The maximum separation from the 
undisplaced line for which measurements were made 
was about 135 Mc/sec for the m=-+2 component and 
about 80 Mc/sec for m=+1. The Stark components 
were fairly sharp, and the error in measuring the separa- 
tion was probably not more than 1 percent of the ob- 
served frequency difference in most cases. The field 
applied to the gas sample was measured with a peak- 
reading voltmeter which was calibrated against a 60- 
cy source. The calibration was checked by observation 
of the Stark effect for OCS, the dipole moment of which 
isaccurately known.*® The final field measurements were 
accurate to about 2 percent, and consequently the un- 
certainty in the value of the field is the limiting factor in 
the accuracy of the dipole moment determination. 

The dipole moment was computed by the method of 
Golden and Wilson.® Since the components of the mo- 
ment along the principal axes of inertia are obtained, 
the orientation as well as the magnitude of the moment 
u can be determined. Calculation based on the Stark 
effect for the 2:;—312 and 2)2— 31; lines yielded the fol- 
lowing average values for the dipole moment and its 
components for the molecule in its ground vibrational 
state: w= 3.89+0.08d, ue= 3.68, u»= 1.25. The value of 
u agrees very closely with that of 3.88 obtained by 
Hurdis and Smyth’ from dielectric constant measure- 
ments on the vapor. Their measurement of course in- 
cludes the effect of vibrational excitation of some of the 
molecules, but it is not surprising that the effect on the 
average dipole moment should be less than the experi- 
mental error in the present result. The fact that the 
observed moment of vinyl cyanide is only 0.11 less than 
the value of 4.00 reported for ethyl cyanide,’ appears to 
confirm the conclusion of Hurdis and Smyth that the 
resonance structure which places positive charge on the 
nitrogen atom is of less importance than the similar 
vinyl chloride structure which places positive charge on 
the chlorine. Vinyl chloride® has a dipole moment of 
1.44 compared with 1.98 for ethyl chloride.® 

The use of comparative values of dipole moments to 
draw conclusions concerning resonance involving a 
particular bond must be viewed with some caution if, 
as in the case of the vinyl compounds, the dipole mo- 









: °S. Golden and E. B. Wilson, J. Chem. Phys. 16, 669 (1948). 
*R. G. Shulman and C. H. Townes, Phys. Rev. 77, 500 (1950). 
a94s) C. Hurdis and C. P. Smyth, J. Am. Chem. Soc. 65, 89 
* Hugill, Coop, and Sutton, Trans. Faraday Soc. 34, 1518 (1938). 
*J. G. Jelatis, Technical Report 7, Office of Naval Research 
Contract NS ori-78 T. O. 1. Laboratory for Insulation Research, 
Massachusetts Institute of Technology (1947). 






THE MICROWAVE SPECTRUM 


OF VINYL CYANIDE 





TABLE III. Vinyl cyanide hyperfine structure. 














Hyperfine 

component 221 322 220 321 ‘ 
2-3 +0.95+0.08 Mc/sec +0.9+0.1 
1-2 —1 (approx) 





ment is not required by molecular symmetry to coincide 
in direction with the bond under consideration. The 
present result can be used to show that in the case of 
vinyl cyanide such a comparison with the moment of 
ethyl cyanide is justifiable. The principal moment 
calculation fixes the angle between the axis of least mo- 
ment of inertia and the C=N bond direction as 17°. 
This is probably within + 2° of the true value in view of 
the close similarity of the observed and predicted 
spectra. The calculated components of the dipole mo- 
ment fix the angle between the axis of least moment of 
inertia and the dipole moment as 18.5° with an un- 
certainty of about +3°. Thus it may be concluded that, 
within the limits of experimental error, the direction of 
the dipole moment coincides with that of the C=N 
bond. 


HYPERFINE STRUCTURE 


The first four lines listed in Table I were observed 
in the direct absorption cell, and the hyperfine structure 
of the 22:—322 and 229:—32; lines was partly resolved. 
The F=3—4 component, which is strongest, and the 
2—3 component, which is next strongest, could be seen 
for each line and their separation measured. The 1-2 
component of line 2::—313; was detected but was too 
indistinct for measurement. Table III gives the separa- 
tion of the F component indicated in the first column 
from the F= 3-4 component of the line. 

Some information about the quadrupole coupling 
can be obtained from these separations, following the 
method previously described in the case of vinyl chlo- 
ride. The term x, contributes negligibly to the ob- 
served hyperfine splitting of the 22:— 322 line. The value 
of Xaa, the quadrupole coupling in the direction of the 
axis of least moment of inertia, is found to be —3.0+0.3 
Mc/sec. The additional observation of a pair of peaks of 
the 22:32: line does not permit a satisfactory deter- 
mination of xs, because its contribution to this splitting 
also is very small. The information obtained from the 
observed hyperfine structure is not sufficient for a 
computation of the quadrupole coupling in the bond 
direction. It is of interest to note the reported bond- 
coupling constants of —4.35 for methyl cyanide” and 
—4.20 for cyanoacteylene," although a direct com- 
parison with the present result is not possible. 

The value found for xaa serves to confirm the validity 
of measuring the frequencies and calculating the rota- 
tional constants without regard to the quadrupole 


10 Ring, Edwards, Kessler, and Gordy, Phys. Rev. 79, 54 (1950). 
1 * A. Westenberg and E. B. Wilson, J. Am. Chem. Soc. 72, 199 
(1950). 























































518 WILCOX, 
effect. The F=3—4 component is strongest for each 
line, and the observed peak of the unresolved line should 
very nearly coincide with the 3-4 hyperfine peak. This 
peak for the 22:;— 32: line is displaced from vp by —0.10 
Mc/sec and by about the same amount for the 229-32: 
line. For the other lines, the hyperfine structure of which 
was not observable even in the direct absorption cell, the 
separation from 7» is less than half as great, as indicated 


GOLDSTEIN, 


AND SIMMONS 


by a symmetric top approximation to the quadrupole 
coupling. 
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AC 


An analysis of the band structure of tellurium is based on the symmetry properties of a drastically simpli- 
fied model of its crystal structure. These symmetry considerations lead to suggestions of the physical 
mechanisms underlying a variety of experimental facts in this material. 


I. INTRODUCTION 


ELENIUM and tellurium are intrinsic semicon- 

ductors which crystallize in hexagonal lattices. 
They share column VI, of the periodic table with 
oxygen, sulfur, and polonium, and their free-atom 
configurations are 4s? 4p‘ and 5s” 5p, respectively. The 
crystal structure of selenium and tellurium is illustrated! 
in Fig. 1 and the lattice constants are given in Table I. 


Fic. 1. Crystal structure 
of selenium and tellurium, 
after A. R. von Hippel (see 
reference 4). 





* This work was supported by the U. S. Office of Naval Research 


under Contract Nonr 698(00). 
1A. R. von Hippel, J. Chem. Phys. 16, 372 (1948). 





The infrared absorption spectrum of Te, as measured 
by J. Loferski,? is indicated in Fig. 2. It will be noted 
that the absorption spectrum depends markedly on the 
polarization of the incident radiation. In particular the 
absorption commences at a lower frequency for radiation 
polarized with the electric vector perpendicular rather 
than parallel to the hexagonal axis. 

A second significant and unique phenomenon ob- 
sevred in tellurium is the reversal in sign of the Hall 
coefficient, occurring at about 230°C. This reversal is 
distinct from the low-temperature reversal which is 
connected with the transition from the extrinsic to the 
intrinsic range; the high-temperature transition is an 
intrinsic property of the material. Tellurium shows a 
negative Hall coefficient below 230°C and a positive 
coefficient above this temperature. 

In this paper we present a simplified discussion of the 
electronic band structure and thence of the optical 
absorption phenomena and the high-temperature Hall 
reversal in Te. The simplification made is the replace- 
ment of the actual hexagonal structure by a closely 
related tetragonal structure. The tetragonal structure 
contains only one atom per unit cell rather than three, 
and the space group consists only of translations and 
rotations rather than of these plus screw axes. The 
analysis is thereby simplified and the underlying mech- 
anism may be more easily visualized. A more thorough- 
going analysis on the basis of the correct crystal struc- 
ture is presently in progress. 

The pertinent feature of the structure of selenium and 
tellurium is that the crystals consist of long chains ol 
atoms, the interatomic spacing along the chains being 
much smaller than the interchain separation. The 
chains are actually puckered, with bond angles of 105.5° 


2 J. J. Loferski, Phys. Rev. 93, 707 (1954); see also Phys. Rev: 
87, 905 (1952). 
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BAND STRUCTURE, 


Polarization perpendicular 
to Z direction. 






Absorption Coefficient. 


‘Polarization in the 
Z direction. 
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Fic. 2. Infrared absorption in tellurium (schematic). 


and 102.6°, and are arranged with hexagonal symmetry 
in the plane perpendicular to their axes (the z axis). For 
simplicity we treat the chains as straight and as being 
arranged with square symmetry. Thus, the true crystal 
structure is replaced by a simple tetragonal structure. 

We briefly consider the conceptual synthesis of the 
crystal by a quasi-static reduction of the lattice constant 
from some initial very large value. When the lattice 
constant is very large, the electronic eigenfunctions are 
just those of the isolated atoms. As the lattice constant is 
reduced, the energy eigenvalues of the isolated atoms 
broaden into bands, and the proper wave functions 
become Bloch-type linear combinations of the isolated- 
atom functions. The selection rules for optical transi- 
tions in the isolated atom are essentially maintained for 
the corresponding band-band transitions in the solid, 
forbidden transitions in the atoms corresponding to 
small band-band transition probabilities in the solid. 
The selection rules, in fact, are maintained precisely at 
the band edges (which determine the infrared absorption 
edge) although only approximately through the center 
of the band. In addition, a new selection rule appears, 
permitting only vertical transitions in the reduced band 
scheme. 


Il. THE POINT GROUP 


The point group of the tetragonal crystal is Dan; a 
group of order sixteen containing ten classes. The 
generating elements of the group are: C4’, a fourfold 
rotation about the z axis; C2”, a twofold rotation about 


PHYSICAL PROPERTIES OF TELLURIUM 
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TABLE I. Crystalline parameters of selineum and tellurium. 








Se Te 





a; distance between like atoms in adjacent 4.34 A 4.44 A 
chains 

c; distance between like atomsalongachain 4.95 A 5.92A 
axis 

distance between successive atoms in a 2.32 A 2.86A 
chain 

bond angle 105.5° 102.6° 








an axis perpendicular to the z axis; and #, the inversion. 
The character system of the group is given* in Table II, 
in which the sixteen elements are classified into ten 
classes, heading the ten columns of the table. The ten 
irreducible representations fall into two types, those 
indicated by a subscript g, which are even under the 
inversion operation, and those indicated by a subscript 
u, which are odd under the inversion operation. There 
are eight one-dimensional irreducible representations 
and two two-dimensional irreducible representations 
(E, and E,). 
Ill. THE » BANDS 


We shall now consider the manner in which the 
partially filled p levels of the isolated atoms broaden 
into bands, and, in particular, the manner in which 
these bands give rise to the insulating properties of 
selenium and tellurium. Ignoring the spin degeneracy, 
which plays no role in our analysis, the isolated-atom 
p state is threefold degenerate. From the point of view 
of the degeneracies determined by the point group D4,, 
which predicts only singly or doubly degenerate levels, 
part of this threefold degeneracy is to be viewed as 
“accidental.” As the lattice constant is diminished, the 
threefold degeneracy will be destroyed. 

The angular dependence of the isolated-atom func- 
tions is known, being simply the spherical harmonics, so 
that these functions can easily be associated with the 
irreducible representations to which they belong. One 
of the # functions (that with azimuthal quantum num- 
ber m=0) belongs to the irreducible representation 
A»,; the other two belong to the two-dimensional repre- 
sentation E,. Thus, the threefold degenerate p level 


TABLE IT. The character system of the point group D4,. 











C4? Cot C27C4? tC 4 iCo* iC2*C 4? 
E (C47)? (C47)8 Cot (C47)? Coz (C4?)3 i i(C4?)2 i(C47)3 iC2*(C4?)? tC 2® (C4?)8 
A1g 1 1 1 1 1 1 1 1 1 1 
Ary 1 1 1 = = 1 1 1 =f =f 
Acy 1 1 1 —1 —1 —1 —1 —1 1 1 
Bi, 1 1 at 1 od 1 1 od 1 wl 
Biz 1 1 —1 1 —1 —1 —1 1 —1 1 
Ba, 1 1 “— “ 1 1 1 sail me 1 
Boy 1 1 —1 —1 1 —1 —1 1 1 —1 
E, 2 -? 0 0 0 2 -2 0 0 0 
E, 2 —2 0 0 0 —2 2 0 0 0 


—_. 











* Eyring, Walter, and Kimbel, Quantum Chemisiry (John Wiley and Sons, Inc., New York, 1944). 
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splits into a nondegenerate and a doubly degenerate 
level as the lattice constant is decreased. Furthermore, 
this splitting occurs before the ¥,(E.) levels become 
appreciably broadened into bands. That this latter 
statement is true may be seen by considering the se- 
quence of events as the lattice constant is decreased. 
The isolated-atom wave functions maintain their form 
until the wave functions of neighboring atoms begin to 
overlap. This first occurs for they,(A 2.) functions, which 
are elongated along the z axis, as indicated in Fig. 3. 
Because of the very close spacing of atoms along the 
chains relative to the spacing of atoms perpendicular to 
the chains, the overlap of the ¥,(E.) levels is negligible 
even when the overlap of the ¥,(A2.) functions has 
become appreciable. Thus the y,(£,,) band remains very 
narrow even after the ¥p(A2.) band has split off and has 
itself begun to broaden appreciably. This situation is 
indicated schematically in Fig. 4. 

At the true lattice spacing the doubly degenerate 
¥,(E.) band evidently lies below, and is separate from 
the ¥,(Ae.) band. The four p electrons per atom com- 
pletely fill the ¥,(Z.,) band, whereas the ¥,(A2,) band, 
and the various d bands, are completely empty. Thus, 
the insulating property of these crystals can be under- 
stood on the basis of the symmetry properties of the 
crystal structure. 

















Wa (Aig) Wo (Big) 


Fic. 3. Symmetry properties of the isolated atom wave functions. 
¥a(Bo,) is similar to ~a(Bi,), but is rotated —45° about the 
z axis. The two ¥a(Z,) functions are similar to ~a(Bo,), but lie in 
the x—z and y—z planes rather than in the x—y plane. 


HERBERT B. 





CALLEN 





IV. THE d BANDS 


Having now analyzed the behavior of the p bands, we 
turn our attention to the empty d bands which lie 
above. The d levels in the isolated atom are fivefold 
degenerate. Consideration of the appropriate spherical 
harmonics associated with the isolated atom functions 
yields their symmetry behavior under the generating 
elements of D4,. The functions are illustrated in Fig. 3. 
Thus, one function belongs to the irreducible repre- 
sentation Aj,, one function to By,, one to B2,, and a pair 
of functions belong to the two-dimensional representa- 
tion E,. The fivefold degenerate d level, therefore, splits 
into three nondegenerate bands and one doubly de- 
generate band. These d bands certainly overlap in the 
real crystal, and almost certainly overlap also with 
Wp(Aou) band. They apparently do not overlap the 
¥>(E..) band. 


V. THE SELECTION RULES 


The transition probability between an initial state 
vy; and a final state y; induced by an incident light wave 
with electric vector in the direction of the unit vector ¢, 
is proportional to | (W;| 20 V|¥,)|*. The integrand belongs 
to the direct product of the representations of y,, y; and 
of the operator e9:V. This direct product will generally 
be a reducible representation, and the integral will 
vanish unless it contains the totally symmetric irre- 
ducible representation Ai,. Alternatively stated, the 
matrix element of a transition will vanish unless the 
direct product of the representations of ¥; and £9-V 
contains that representation to which y, belongs. 

We shall be particularly interested in the transition 
probabilities induced by light polarized in the z direction 
and by light polarized perpendicular to the z direction. 
For light polarized in the z direction the operator e:V 
has the symmetry of the z coordinate, and consequently 
belongs to the representation A2,. For light polarized 
perpendicular to the z axis the operator #9°V has the 
symmetry of x or y and consequently belongs to the 
representation £,,. 

For transitions in which an electron is excited from 
the highest filled band to one of the empty conduction 
bands, the initial state is ¥,(E.). The direct product of 
E,, and Ax, is Ez, whereas the direct product of E, and 
Ey is Ayg+A2,+ Bigt+ Boy. Thus, light polarized in the 
z direction can excite an electron from the y,(E,) state 
to a final state belonging only to the representation 
E,, that is, only to the state ya(E,). Light polarized 
perpendicular to the z direction can excite an electron 
from the y,(Z,) state to a final state belonging to any of 
the representations Ai,, A2,, Big, or Bog, that is, to the 
states ¥a(Ai,), Wa(Bi,), or Wa(Bo,). It is interesting to 
note that the empty ¥,(A2.) band cannot be reached 
by either polarization of the incident light. 

As the above selection rules indicate that the electron 
is excited into entirely different d bands by the two 
polarizations of the incident light, the dependence of 
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BAND STRUCTURE, 


absorption on polarization indicated in Fig. 2 is readily 
explained. The fact that the absorption commences at a 
lower frequency for light polarized perpendicular to the 
z axis indicates that at least one of the three nonde- 
generate d bands lies lower than the doubly degenerate 
WVa(E,) band. Inspection of the forms of the various d 
orbitals, as shown in Fig. 3, indicates that the nonde- 
generate ¥a(A1,) band may, in fact, be expected to be 
the lowest lying of the d bands. Two of the nondegener- 
ate d functions have the form of four coplanar lobes lying 
in the x—y plane; the doubly degenerate orbitals 
have the form of four coplanar lobes lying in the 
x—z and y—z planes; the ¥a(A1,) orbital is elongated 
along the z axis. Because of these shapes the overlap of 
the ¥a(A1,) orbitals may be expected to be particularly 
large, and the wa(A1,) band may be expected to be 
particularly wide. Thus, the lower limit of the various 
overlapping d bands is evidently determined by the 
va(Ai,) band. The fact that the infrared absorption 
edge for x polarization lies at a lower frequency than that 
for z polarization is a direct consequence of this band 
structure. 


VI. THE EFFECT OF TEMPERATURE ON 
THE BAND STRUCTURE 


The coefficient of thermal expansion of crystalline 
tellurium has been measured by P. Bridgman.* The 
coefficient is anisotropic and has a value of — 1.6 10~®/ 
°C parallel to the z axis and a value of 27.2 10-*/°C 
perpendicular to the z axis. Thus, the crystal expands 
perpendicularly to the z axis on heating, and suffers only 
a negligible anomolous contraction along the z axis. As 
the temperature is raised, we may, therefore, expect a 
narrowing of those bands which arise from orbitals 
elongated perpendicular to the z axis, and a negligible 
change in the width of those bands arising from functions 
elongated parallel to the z axis. In particular, the filled 
p band and the upper d bands will narrow, whereas the 
empty p band and the low-lying Wa(A1,) band will 
remain essentially unaffected. 

The thermal activation energy of tellurium appears 
to be equal to the lower of the two optical activation 
energies,*»® although the experimental evidence is not 
definitive on this point. We may, consequently, assume 
that at room temperature the Wa(Ai,) band is the 
lowest-lying conduction band. It follows then, from our 
discussion above, that the thermal activation energy 
should increase with temperature, and this prediction is 
indeed in agreement with experiment. 


VII. THE EFFECT OF PRESSURE ON 
THE BAND STRUCTURE 


Bridgman‘ has measured the compressibility of tel- 
lurium under hydrostatic pressure and has found an 
anomalous expansion parallel to the z axis and a normal 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 303 (1925). 
°V. E. Bottom, Science 115, 570 (1952). 


\9si) Fukoroi, Tohoku Univ. Research Inst. Sci. Repts. A3, 175 
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Fic. 4. Schematic energy band structure. The ¥a(Bo,) and 
Ya(E,) bands are not shown, but are roughly like the ~a(B1,) 
band. 


contraction perpendicular to the z axis. Along the 
z axis the linear compressibility is 4'/l),=4.13710—7 
p—9.6X 10-"p? (p in kg/cm?), whereas perpendicular to 
the z axis the linear compressibility is 4'/l),= — 27.48 
X 10~7p+52.7X10-"p*. Thus an increase in pressure 
widens the filled » band and the upper d bands and 
narrows the empty # band and the low-lying d band. In 
terms of Fig. 4 the effect of pressure is to translate to the 
left as far as the filled » band is concerned and to trans- 
late to the right as far as the ¥a(A;,) band is concerned. 
We thus predict a decrease in the thermal activation 
energy with increasing pressure, and this again is in 
agreement with experiment.’ 


VIII. THE HIGH-TEMPERATURE REVERSAL OF 
THE HALL COEFFICIENT 

As the temperature is increased, the Hall coefficient 
of tellurium is observed to change from a negative to a 
positive sign at about 230°C. The reversal occursentirely 
within the intrinsic temperature range and does not 
seem to be associated with impurities (which cause a 
second reversal at lower temperatures). The effect is not 
observed in selenium, which melts before becoming 
intrinsic. 

The sign of the Hall coefficient is determined by the 
sign of the carrier with the largest mobility, or smallest 
effective mass. Thus, if the effective mass of the 
electron is smaller than that of the hole, the electronic 
mobility will predominate and the Hall coefficient will be 
negative. This is apparently the case below 230°C. We 
then seek a mechanism whereby the mobility of the hole 
will be increased relative to that of the electron as the 
temperature increases, the hole mobility exceeding the 
electronic mobility above about 230°C. 

We have seen that an increase of temperature causes 
the filled » band to narrow. As this is the band in which 
the holes move, we therefore see that increasing temper- 
ature increases the effective mass of the holes and 
decreases their mobility. This effect, of course, is oppo- 
site to that required to explain the high-temperature 
Hall reversal. 


7 J. Bardeen, Phys. Rev. 75, 1777 (1949). 










































































































































































































































































































































522 HERBERT 

The change in mobility of the conduction electrons, 
which must be compared with that of the holes, is more 
complex. The conduction electrons move in a band of 
complicated structure, and the mobility of an electron 
depends upon its position in the band. An electron near 
the bottom of the Wa(Ai,) band will have a larger 
mobility than one which is sufficiently high to be in the 
region of overlap with the other d bands. As the temper- 
ature increases, a greater fraction of the electrons will 
exist in the upper portions of the d band, and the average 
electronic mobility will consequently decrease. This 
effect presumably dominates the aforementioned de- 
crease in the hole mobility and leads to the high- 
temperature Hall reversal. 

The above-mentioned mechanism has been previously 
suggested by Fukuroi and Tanuma® on a phenomeno- 
logical basis. 


8T. Fukuroi and S. Tanuma, Tohoku Univ. Research Inst. 
Sci. Repts. A4, 353 (1952). 
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IX. THE EFFECT OF PRESSURE ON THE 
HALL REVERSAL TEMPERATURE 


As a means of further testing of the ideas developed 
in this paper, the author suggested to Mr. A. Nussbaum 
the desirability of measurement of the dependence on 
pressure of the temperature of the Hall reversal. The 
prediction of our model is clear. Increasing pressure 
widens the filled » band and thereby increases the hole 
mobility. On the other hand, the application of pressure 
narrows the ¥.2(A;,) band and decreases the electron 
mobility. These effects tend to make the Hall effect 
positive at a given temperature, or to lower the tem- 
perature of the Hall inversion. In a paper to be pub- 
lished in The Physical Review, Mr. Nussbaum describes 
the results of the pressure measurements, which do 
exhibit a reduction of the Hall inversion temperature in 
agreement with our predictions. 
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The Intermolecular Potentials of Helium and Hydrogen* 
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The parameters for helium and hydrogen of the “exp-six” potential, 





g(r) = 


€ © ible ) -()] 
1—6/ala r i 


have been calculated by use of experimental values of the second virial coefficients and viscosity coefficients. 
Because of the uncertainty of the quantum corrections, no low temperature data were used in determining the 
parameters. The exp-six potential is able to reproduce both the second virial and the viscosity coefficients 
within experimental error, and is thus an improvement over the simpler Lennard-Jones (12-6) potential. In 
addition, other transport properties are accurately predicted. A combination rule is suggested for calculation 
of the exp-six potential between two unlike molecules from the potentials between two pairs of like molecules, 
and is used to calculate a number of properties of helium-hydrogen mixtures with satisfactory results. 


I. INTRODUCTION 


ECENTLY, the transport property collision inte- 
grals and the second virial coefficients have been 


evaluated!.? for gases whose molecules obey an “‘exp-six”’ 
intermolecular potential 


€ 6 fn * 
o(()= | “erm — (=) | 
1—6/aLa r 


* This work was supported in part by contract N7onr-28511 
with the U. S. Office of Naval Research. 

t National Research Fellow, 1952-1953. Present address: De- 
partment of Chemistry, Pennsylvania State University, State 
College, Pennsylvania. 

t Present address: Experiment Incorporated, Richmond, Vir- 
ginia. 

1 £. A. Mason, J. Chem. Phys. 22, 169 (1954). 

2W. E. Rice and J. O. Hirschfelder, J. Chem. Phys. 22, 187 
(1954). 


(1) 


where g(r) is the potential energy of two moiecules at a 
separation distance 7, € is the depth of the potential 
energy minimum, 7,, is the position of the minimum, and 
a is a parameter which is a measure of the steepness of 
the repulsion energy. The form of this potential has 
some theoretical justification in that the inverse sixth 
power term represents the leading term in the expression 
for the attractive London dispersion potential, and the 
exponential term is indicated by quantum-mechanical 
calculations of the repulsive potential between mole- 
cules. The representation of the total intermolecular 
potential by Eq. (1) is, however, probably to be con- 
sidered semiempirical at best. The parameters €, 7m, and 
a may be determined for a particular gas by comparison 
of the experimentally observed transport properties and 
second virial coefficients with the theoretical tabulations 
given in references 1 and 2. The best previous potential 
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for which similar theoretical calculations have been 
performed is of the Lennard-Jones (12-6) form 


ofS} 


where g(r), €, and 7, are as defined in connection with 
Eq. (1). This potential has had some success in corre- 
lating transport properties and compressibilities of 
simple gases, but has not been completely satisfactory 
for a number of gases. Two particular cases are helium 
and hydrogen, in which it appears that the intermolecu- 
lar repulsion is actually “softer” than indicated by an 
inverse twelfth power. In the present paper we report 
the analysis of the available experimental data on these 
two gases to determine the appropriate values of the 
parameters of Eq. (1), and a discussion of the ability of 
this potential form to correlate the properties of these 
gases. 


Il. DETERMINATION OF POTENTIAL PARAMETERS 


Several different methods are available for the de- 
termination of the potential parameters from experi- 
mental results on compressibilities*-® and transport 
properties.*~® The method we have used is an adaptation 
of the Keesom and Lennard-Jones procedure’ for the 
second virial coefficient. It is simple, accurate, and 
permits the simultaneous fit of several different gas 
properties with relatively little calculation. We have 
applied this method to experimental second virial coeffi- 
cient and viscosity data to evaluate the potential 
parameters for helium and hydrogen. Data are also 
available on the other transport properties of thermal 
conductivity, self-diffusion, and thermal diffusion, but 
these data are usually rather scanty and of poor ac- 
curacy compared with those on viscosity, and we have 
not used them directly in assigning potential parame- 
ters. However, they serve as a check on the parameters 
determined from the second virial coefficient and 
viscosity. 

The method used is as follows: 

The second virial coefficient B(T) of a pure gas is 
given by 

B(T) = bn B*(a,T*), (3) 
with 
bm= (24 N 0/3) 1m’, (4) 

7W. H. Keesom, Leiden Comm. Suppl. No. 25, (1912); J. E. 

Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 (1924). 


ts R. A. Buckingham, Proc. Roy. Soc. (London) A168, 264 
938). 
fan W. H. Stockmayer and J. A. Beattie, J. Chem. Phys. 10, 476 
(1942). 

®° Hirschfelder, Curtiss, Bird, and Spotz, The Molecular Theory of 
Gases and Liquids. (John Wiley and Sons, Inc., New York, 1954), 
Chapters 3 and 8. - 

7H. R. Hassé and W. R. Cook, Phil. Mag. 3, 977 (1927); Proc. 
Roy. Soc. (London) A125, 196 (1929). 
9 E. Whalley and W. G. Schneider, J. Chem. Phys. 20, 657 

52). 

* Amdur, Ross, and Mason, J. Chem. Phys. 20, 1620 (1952). 
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and 
T*=kT/e, (S) 


where No is the Avogadro number, & is the Boltzmann 
constant, T is the absolute temperature, and a, 7m, and ¢€ 
are the parameters given in Eq. (1). The quantity 
B*(a,T*) is tabulated in reference (2) as a function of 
T* for several values of a. Taking logarithms of Eggs. (3) 
and (5), we obtain 


logB(T) = logB* (a,T*)+logbn, (6) 
logT = logT*+log(€/k). (7) 


A plot of the tabulated quantities logB*(a,T*) vs logT* 
yields a family of curves, one for each value of a. From 
Eqs. (6) and (7) it is seen that a plot of the experimental 
quantities logB(T) vs logT should be superposable by 
parallel translation of axes on one of the theoretical 
curves, and that logb,, is directly determined by the 
amount of translation parallel to the B axis, and 
log(€/k) by the amount of translation parallel to the 
T axis. The parameter 7», is then found from Eq. (4), 
and the third parameter a has of course already been 
determined by the decision to superpose the experi- 
mental plot on a particular one of the family of theo- 
retical curves. 

An analogous procedure may be used to determine a, 
’m, and ¢ from experimental viscosity measurements. In 
practical units, the viscosity » of a pure gas is given by 


266.93(MT)! f,® (a,T*) 
ty? 8", TH)’ 





0" 


(8) 


where 7 is the viscosity in grams-cm™-sec~!, M is the 
molecular weight, 7, is in angstroms, and /, (a,7*) and 
Q°.2)*(q@,7*) are dimensionless functions which may be 
obtained from the tabulations in reference 1. Taking 
logarithms of Eqs. (8) and (5), we obtain 


10’ fi 
log =log 
(MT)} Q.2)" 


logT = logT*+-log (€/k). 








+log (266.93) — 2 logrm, 


As with the second virial coefficient, a plot of the 
theoretical quantities log[ f,/Q?*] vs logT* yields a 
family of curves, over one of which may be superposed 
by parallel translation of axes the plot of the experi- 
mental quantities log[ 10’n/(MT7)!] vs logT. The amount 
of translation along the 7 axis determines logrm, the 
amount of translation along the T axis determines 


log(¢/k), and the decision to superpose on a particular 


theoretical curve determines a. 

The above procedures were carried out for helium and 
hydrogen. Most of the experimental viscosity values 
were determined relative to the viscosity of air, and it 
was necessary to reduce them to a common basis. For 
this purpose the viscosity of air was taken as n= 1833.0 
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X10-7 g-cm™-sec at 23°C, following Johnston and 
McCloskey.!® None of the necessary corrections were as 
large as one percent. It should be pointed out that 
neither the viscosity data nor the second virial coefh- 
cient data alone are sufficient to determine three 
potential parameters uniquely for either helium or 
hydrogen, but that both properties must be considered 
together. For example, the parameter a may be assigned 
uniquely on the basis of the viscosity results, but a 
number of different pairs of values of the parameters e 
and 7», would serve equally well to fit the experimental 
points. On the other hand, the second virial coefficients 
have not been measured accurately over a sufficiently 
wide temperature range to enable a unique assignment 
of the parameter a to be made. 

The determination of the potential parameters for 
helium and hydrogen is complicated by the fact that 
these gases exhibit large quantum deviations. Even at 
room temperature the quantum correction to the second 
virial coefficient of hydrogen amounts to several percent. 
Kirkwood" and Uhlenbeck and Beth” have shown that 
for the second virial coefficient the quantum deviations 
may be expressed as an infinite series in powers of /’, 
where / is Planck’s constant. For the exp-six potential, 
the expression for the second virial coefficient including 
quantum corrections may be written as 


B(T)= Ba(T)+Br(T)+Brr(T)+-:::, 
= b»{ B*(a,T*)+ (A?/T*) Br* (a,T*) 
+ (A?/T*)?Br1*(a,T*)+---], (10) 


where B(T), bm, B*(a,7*), and 7* are as defined in con- 
nection with Eqs. (3)—(5), A is the dimensionless group 
h/(m(me)* |, where m is the mass of one molecule, and 
By*(a,T*) and By;*(a,7*) are integrals involving the 
intermolecular potential, g(r). The convergence of this 
series is poor except when (A?/7™*) is small and hence it 
cannot be used at low temperatures for helium and 
hydrogen. The integrals B;* and Br;* have not been 
evaluated for the exp-six potential, but B;* has been 
calculated for the Buckingham-Corner potential. This 
potential differs from Eq. (1) only for r<rm, in which 
region the inverse sixth power term is multiplied by an 
exponential term to prevent ¢(r) from becoming nega- 
tive for very small values of r. Thus, in the region of the 
minimum, the exp-six and the Buckingham-Corner 
potentials are nearly identical, and since this portion of 
the potential contributes strongly to B(T) at tempera- 
tures low enough for quantum deviations to be appreci- 
able, it seems reasonable to use the tables of Bucking- 
ham and Corner to determine the first quantum 
correction, b,(A?/7*)Br*, for the exp-six potential. The 
first quantum correction is tabulated in reference (13) as 


1H. L. Johnston and K. E. McCloskey, J. Phys. Chem. 44, 1038 
(1940). 

1 J. G. Kirkwood, Phys. Rev. 44, 31 (1933). 

2 G. E. Uhlenbeck and E. Beth, Physica 3, 729 (1936). 

13 R. A. Buckingham and J. Corner, Proc. Roy. Soc. (London) 
A189, 118 (1947). 
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the function F;(a,”), given as 
F(a,x)= (2r/3)Br*(a,T*), (11) 


where x= 1/7*. 

Inclusion of the quantum correction necessitates a 
small change in the curve-fitting procedure outlined 
above for determining the potential parameters €¢, 7m, 
and a from experimental values of B(T). The quantity 
A is first assumed to be zero, and the method of transla- 
tion of axes applied to obtain a first approximation to 
€, fm, and a. From these values a first approximation to 
A is calculated, which is substituted into Eqs. (10) and 
(11), and the entire procedure repeated to obtain second 
approximations to €, 7m, and a. A new value of A is then 
calculated, and the procedure repeated until A no longer 
varies appreciably. It turns out that the first quantum 
corrections for helium and hydrogen calculated in this 
way are very nearly equal to those calculated for these 
gases by de Boer and Michels“ according to the 
Lennard-Jones (12-6) potential given in Eq. (2). It 
therefore seems reasonable to make the assumption that 
the second quantum corrections, b,,(A?/T*)*Bri*, are 
also nearly equal for the two potentials, and to take the 
small values of the second quantum corrections from the 
tabulations of de Boer and Michels. The lack of exact 
values for the second quantum correction limits the 
usable temperature region to values above 60°K for 
helium and above 120°K for hydrogen. 

The quantum deviations for the transport properties 
may also be expressed as a power series in /”, as shown 
by de Boer and Bird.'*!® In this case, unfortunately, 
very few numerical calculations have been made, so the 
best we can do at present is to obtain a rough estimate 
of the temperature range for which quantum deviations 
from the transport properties are negligible. The reduced 
collision integral for viscosity, 2°?*(a,T*), which is 
given in Eq. (8), may be modified to include quantum 
effects as follows: 


Q2.2)* (a, T*) _ 0Q,1°:?* (a,T*) 
+ (A?/T*) 21%" (a@,T*)+ +++, (12) 


where 2,;°-2"* is the classical contribution to the total 
reduced collision integral, tabulated in reference 1, A 
and 7* are as previously defined, and 2;°”* is a very 
complicated integral involving the intermolecular po- 
tential. The only potential for which 2;°* has been 


evaluated!® is 
Tas 12 
(==) (13) 
r 


which is the form assumed by the Lennard-Jones (12-6) 

potential of Eq. (2) when there is no intermolecular 

attraction. Since in helium and hydrogen the intermo- 

lecular attraction is small, it seems reasonable to use 

Eq. (13) to obtain a rough estimate of the quantum 
4 J. de Boer and A. Michels, Physica 5, 945 (1938). 


15 J. de Boer and R. B. Bird, Phys. Rev. 83, 1259 (1951). 
16 See reference 6, Chapter 10. 
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corrections, using the values of ¢ and 7, for the Lennard- 
Jones (12-6) potential found by de Boer and Michels" 
from analysis of second virial coefficients. In this way it 
is found that the quantum deviations of the viscosity, 
thermal conductivity, and self-diffusion are less than 
about 0.6 percent for temperatures above 200°K and 
250°K for helium and hydrogen, respectively. 

The values of the potential parameters of the exp-six 
potential and the quantum-mechanical parameter A for 
helium and hydrogen found by the above procedure are 
given in Table I. Also included are the values of these 
quantities for the Lennard-Jones (12-6) potential as 
found by de Boer and Michels" and revised by Lunbeck.!” 
These Lennard-Jones parameters have been shown to 
give reasonable agreement with experiment on helium 
for very low temperature second virial coefficients,'® 
viscosities, and thermal conductivities,” and for higher 
temperature viscosities and thermal conductivities,” as 
well as reasonable agreement on hydrogen for very low 
temperature second virial coefficients and viscosities,”! 
and higher temperature viscosities.2® Thus, these are 
probably the best Lennard-Jones parameters available 
for helium and hydrogen. 


III. COMPARISON WITH EXPERIMENT 


A check on the validity of using the parameters de- 
termined for the exp-six potential to calculate the first 
quantum correction for the second virial coefficient 
from the tables for the Buckingham-Corner potential 
may be obtained from a consideration of hydrogen and 
deuterium. Since the intermolecular potential for hydro- 
gen is the same as that for deuterium,":”:*? the virial 
coefficients of hydrogen and deuterium differ only be- 
cause of quantum effects, and we therefore obtain from 
Eq. (10) the relation 


B(H2)— B(D2)= (bm/T*)[A? (H2) 


—A?(D2) JBr*(a,T*)+---, (13) 


TABLE I. Potential parameters for the exp-six and Lennard- 
Jones (12-6) potentials for helium and hydrogen, and the quantum- 
mechanical parameter A= //[7m(me)*]. 











Helium Hydrogen 
L.-J. L.-J. 
Exp-six (12-6) Exp-six (12-6) 
a 12.4 tee 14.0 ee 
fm, A 3.135 2.869 3.337 3.287 
e/k, °K 9.16 10.22 37.3 37.0 
A 2.305 2.385 1.512 1.541 








7 R. J. Lunbeck, dissertation, Amsterdam (1951), has revised the 
parameters found by de Boer and Michels to take account of more 
recent values of the fundamental constants k, No, and h. See 
reference 6 for a compilation of these revised parameters. 

18 J. de Boer and A. Michels, Physica 6, 409 (1939). 

19 J. de Boer, Physica 10, 348 (1943). 

*0 J. de Boer and J. van Kranendonk, Physica 14, 442 (1948). 
*1R. Miyako, Proc. Phys.-Math Soc. (Japan) 24, 852 (1942). 
pre B. van Cleave and O. Maass, Can. J. Research B13, 384 

$5). 

*3 Woolley, Scott, and Brickwedde, J. Research Natl. Bur. Stand- 
ards 41, 379 (1948), have summarized most of the evidence for 
this conclusion. 
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Fic. 1. Comparison of experimental and theoretical values of the 
quantum correction to the second virial coefficient of hydrogen. 
The experimental points are from the data of Michels and 
Goudeket (reference 24) ; the calculated curve is from the tables of 
Buckingham and Corner (reference 13) using the parameters of 
Table I. 


where B(H_2) and B(Dz) are the second virial coefficients, 
and A(H»2) and A(D.) are the quantum-mechanical 
parameters for hydrogen and deuterium. In Fig. 1 we 
plot the values of [B(H2)—B(Dz2)]-as a function of 
temperature as found from the compressibility measure- 
ments of Michels and Goudeket,™ along with the 
theoretical curve obtained from Buckingham and 
Corner’s tables by using the exp-six potential parame- 
ters in Table I. The agreement between theory and 
experiment provides some justification for our pro- 
cedure. It is true that the theoretical curve was obtained 
under the assumption that hydrogen and deuterium 
could be considered as spherical molecules, but de 
Boer®> has shown that the values of [B(H»)—B(D2) ] 
calculated in this way do not differ significantly from 
the values obtained when hydrogen and deuterium are 
treated as nonspherical diatomic molecules. 


A. Helium 


To illustrate the suitability of the exp-six form for 
describing the intermolecular potential of helium, we 
have used the potential parameters listed in Table I to 
calculate a number of properties of gaseous helium for 
comparison with experimental results. Second virial 
coefficients of helium have been compared from 65.2° to 
1473.2°K. Figure 2 shows a comparison of calculated 
and experimental” values ; also shown in the figure is the 


*4 A, Michels and M. Goudeket, Physica 8, 347, 353 (1941). We 
have used the second virial coefficients obtained by fitting the 
experimental PV values between 9 and 32 atmos with a quadratic 
series in the density. 

25 J. de Boer, Physica 10, 357 (1943). 

26 J. D. A. Boks and H. K. Onnes, Leiden Comm. 170a (1924); 
L. Holborn and J. Otto, Z. Physik 10, 367 (1922); 23, 77 (1924); 
33, 1 (1925); 38, 359 (1926); G. P. Nijhoff and W. H. Keesom, 
Leiden Comm. 188b (1927); Nijhoff, Keesom, and Iliin, 188c 
(1927); Gibby, Tanner, and Masson, Proc. Roy. Soc. (London) 
A122, 283 (1929); A. Michels and H. Wouters, Physica 8, 923 
(1941); W. G. Schneider and J. A. H. Duffie, J. Chem. Phys. 17, 
751 (1949); J. L. Yntema and W. G. Schneider, 18, 641 (1950). 
The results of Gibby, Tanner, and Masson are not shown in 
Fig. 1 because they are essentially duplicated by those of Michels 
and Wouters. 
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Fic. 2. Comparison of observed and calculated values of the second virial coefficient of helium. Solid line: exp-six 
potential; broken line: Lennard-Jones (12-6) potential. Observed values: + Boks and Onnes; VY Nijhoff, Keesom, 
and Iliin; © Holborn and Otto; A Michels and Wouters; () Schneider, Duffie, and Yntema. 





1,9 








! J J i] i 





2,0 2.2 24 2.6 28 3.0 
Log T 


Fic. 3. Comparison of observed and calculated values of the viscosity of helium. Solid line: exp-six potential; broken 


line: Lennard-Jones (12-6) potential. Observed values: A Trautz ef al.; |) Wobser and Miiller; © Johnston and 


Grilly. 
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TaBLe II. Comparison of observed second virial coefficients of 
helium with those calculated for the exp-six potential. 








B(T), cc/mole 






























Deviation, 
tT, Calc Obs cc/mole 
273.2 12.11 11.864 —0.25 

11.87> —0.24 

11.77° —0.34 

298.2 11.99 11.74» —0.25 
323.2 11.86 11.744 —0.12 
11.58» —0.28 

348.2 11.73 11.43> —0.30 
Sat 11.60 11.398 —0.21 
11.35> —0.25 

11.42¢ —0.18 

398.2 11.48 11.24» —0.24 
423.2 11.36 11.07> —0.29 
473.2 11.12 11.072 — 0.05 
11.08¢ — 0.04 

573.2 10.71 10.502 —0.21 
10.76° +0.05 

673.2 10.33 10.148 —0.19 
10.45°¢ +0.12 

773.2 9.99 10.14¢ +0.15 
873.2 9.68 9.82¢ +0.14 
9.804 +0.12 

1073.2 9.11 9.174 +0.06 
1273.2 8.69 8.664 —0.03 
1473.2 8.33 8.194 —0.24 






















*L. Holborn and J. Otto, Z. Physik 10, 367 (1922); 23, 77 (1924); 33, 1 
(1925); 38, 359 (1926). 

b A. Michels and H. Wouters, Physica 8, 923 (1941). 

e W. G. Schneider and J. A. H. Duffie, J. Chem. Phys. 17, 751 (1949). 

4J.L. Yntema and W. G. Schneider, J. Chem. Phys. 18, 641 (1950). 


theoretical curve for the Lennard-Jones (12-6) potential 
of Table I. Below 273.2°K the experimental values are 
in poor agreement, and the exp-six and Lennard-Jones 
(12-6) potentials do about equally well in fitting the 
data, but at high temperatures the exp-six gives a 
definitely superior fit ; helium atoms are clearly “softer” 
than indicated by the (12-6) potential. The agreement 
between experimental values and those calculated from 
the exp-six potential is shown in more detail in Table II 
for temperatures above 273.2°K. The maximum devia- 
tion is 0.34 cc/mole, and the average absolute deviation 
is 0.18 cc/mole. This is satisfactory agreement, since 
experimental second virial coefficients are seldom more 
accurate than this.*4.?7 

Figure 3 shows a similar comparison of calculated and 
experimental** viscosities for helium. Only the data of 
Trautz and Binkele, Trautz and Zink, Trautz and 
Heberling, Trautz and Husseini, Wobser and Miller, 
and Johnston and Grilly are shown; values obtained by 
























— McClure, and Weeks, J. Chem. Phys. 10, 201 


*Y. Ishida, Phys. Rev. 21, 550 (1923); M. N. States, Phys. 
Rev. 21, 662 (1923); A. G. Nasini and C. Rossi, Gazz. chim. ital. 
f 58, 433, 898 (1928); M. Trautz and H. E. Binkele, Ann. Physik 5, 
561 (1930) ; M. Trautz and R. Zink, 7, 427 (1930); M. Trautz and 
R. Heberling, 20, 118 (1934); M. Trautz and I. Husseini, 20, 121 
(1934); M. Trautz and H. Zimimerman, 22, 189 (1935); A. van 
Itterbeek and W. H. Keesom, Physica 5, 257 (1938); A. van 
Itterbeek and O. van Paemel, Physica 7, 265 (1940); R. Wobser 
and F, Miiller, Kolloid-Beihefte 52, 165 (1941); H. L. Johnston 
and E. R. Grilly, J. Phys. Chem. 46, 948 (1942); van Itterbeek, 
van Paemel, and van Lierde, Physica 13, 88 (1947). 
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other workers are in satisfactory agreement with these. 
The agreement is excellent at higher temperatures; the 
deviations below about 200°K are presumably due to 
quantum effects. Calculations for the Lennard-Jones 
(12-6) potential are also shown in the figure; here again 
it is seen that the inverse twelfth power repulsion is too 
steep for helium. Table III gives a more detailed com- 
parison between calculated and experimental values 
for temperatures above 200°K;; in all cases the agree- 
ment is within the consistency of the experimental data. 

If the exp-six potential is to be considered satisfactory, 
it should be able to predict other properties than second 
virial coefficients and viscosities. For helium, experi- 
mental results suitable for comparison with theoretical 
calculations are available for the properties of thermal 
conductivity and thermal diffusion. The thermal con- 


TABLE III. Comparison of observed viscosities of helium with 
those calculated for the exp-six potential. 








107, g-cm™!-sec™! 





ay Cale Obs % dev. 
200 1491 1496+ +0.34 
210 1542 1546* +0.26 
220 1593 1594* +0.06 
230 1644 1644* 0 
240 1692 1692+ 0 
250 1740 1740* 0 
260 1789 1788+ +0.05 
270 1837 1838* +0.05 
280 1884 1888+ +0.21 
290 1929 19374 +0.41 
291.8 1937 1956> +0.98 
293 1943 1951°¢ +0.41 
19534 +0.51 
293.2 1944 1984¢ +2.06 
1960! +0.82 
294.6 1950 1960> +0.51 
300 1975 1987* +0.61 
313.2 2034 2051 +0.84 
333.2 2123 2139! +0.75 
353.2 2211 2225! +0.63 
Siiz 2288 2300! +0.52 
373 2295 22974 +0.09 
373.2 2296 2320° +1.57 
400 2409 2416° +0.29 
423.2 2504 2565° +2.44 
473 2702 26874 —0.56 
473.2 2703 2729¢ +0.96 
500 2805 2806° +0.04 
523 2893 28714 —0.76 
523.2 2894 2918° +0.83 
550 2997 2992° —0.17 
554 3012 3013» +0.03 
555 3015 3007» —0.26 
665 3408 3405» —0.09 
680 3460 3453> —0.20 
759 3728 3724> —0.11 
767 3754 3748» —0.16 
879 4115 4107» —0.19 
881 4121 4113> —0.19 
949 4334 4324> —0.23 
955 4353 4338> —0.34 
1088 4753 4726» —0.57 
1090 4760 4736> —0.50 








a H. L. Johnston and E. R. Grilly, J. Phys. Chem. 46, 948 (1942). 
b M. Trautz and R. Zink, Ann. Physik 7, 427 (1930). 

e M. Trautz and R. Heberling, Ann. Physik 20, 118 (1934). 

4 M. Trautz and I. Husseini, Ann. Physik 20, 121 (1934). 

eM. Trautz and H. E. Binkele, Ann. Physik 5, 561 (1930). 

{ R. Wobser and F. Miiller, Kolloid-Beih. 52, 165 (1941). 



































E. A. MASON AND “W. EF. RICE 
T T T T T T T T T T 
2.75 7 
“A 
- 
ty, 
* 
6F = 
<2” 
° 
oe 
° 
all 
25 4 
| | | 1 | ! | aol | L 
20 22 24 26 2.8 30 


Log T 


Fic. 4. Comparison of observed and calculated values of the thermal conductivity of helium. Solid line: exp-six 
potential; broken line: Lennard-Jones (12-6) potential. Observed values: X Eucken; & Weber; © Dickins; 
A Kannuluik and Martin; © johnston and Grilly; 7 Kannuluik and Carman. 


ductivity of a monatomic gas may be written as 


5 Cy fr® 
A=-q——, (14) 

2 M f, 
where d is the thermal conductivity, 7 is the viscosity as 
given by Eq. (8), C, is the molar heat capacity of the 
gas, M is the molecular weight, and f,® and f,® are 
functions tabulated in reference 1. The ratio (f,/f,) 
is very close to unity. Figure 4 shows a comparison be- 
tween experimental” thermal conductivities and those 
calculated from Eq. (14) for the exp-six and Lennard- 
Jones (12-6) potentials. The exp-six potential gives 
somewhat better results, but the agreement between 
theory and experiment is certainly not outstanding, the 
discrepancies being usually larger than the estimated 
experimental error. However, it should be pointed out 
that the discrepancies are not the fault of the potential, 
but rather of the basic theory itself, since measured 
values of A, n, and C, are not consistent with Eq. (14) 
for any reasonable values of the f’s. This disagreement 
between experiment and the fundamental theory, if real 
and not due to unexpectedly large experimental errors, 
is certainly surprising. 

A. Eucken, Physik. Z. 12, 1101 (1911); 14, 324 (1913); S. 
Weber, Ann. Physik 54, 437 (1917) ; B. G. Dickins, Proc. Roy. Soc. 
(London) A143, 517 (1934); W. G. Kannuluik and L. H. Martin, 
Proc. Roy. Soc. (London) A144, 496 (1934); H. L. Johnston and 


E. R. Grilly, J. Chem. Phys. 14, 233 (1946) ; W. G. Kannuluik and 
E. H. Carman, Proc. Phys. Soc. (London) B65, 701 (1952). 





A property which is quite sensitive to the intermo- 
lecular potential is the thermal diffusion factor. Differ- 
ent theoretical expressions are available for this quantity, 
depending on the approximation procedures used. Ac- 
cording to the procedure of Chapman and Cowling,” the 
mth approximation to the thermal diffusion factor of a 
binary gas mixture, [ar ]m, is given by the expression 


5 
Cor m= w 
2 


M,+M2\! M,+M2\3 
»(——) aui+2,(———) Qo” 
2M, 2M» 


x- - —, 
X1X2Qoo™ 





(15) 


where x; and x2 are the mole fractions of gas 1 and gas 2 
of the binary mixture, and M, and M_ are the molecular 
weights. The three terms of the form @;;“” are minors 
of a (2m+1)-order determinant @™. The general 
element of @™ is a;;, where i and 7 range from —™m to 
m, and is a complicated function of the composition of 
the mixture, the molecular weights of the component 
gases, and the intermolecular forces. The minor @;;‘” is 
obtained from @™ by deleting the row and column 
containing a;;. Expressions for the a,;; for m=2 are 


% S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-Uniform Gases (Cambridge University Press, Teddington, 
England, 1952), second edition, p. 149. 
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given in reference 1, as well as tables for evaluating the 
a;; for the special case of the exp-six potential. For m= 1, 
Eq. (15) may be written in the handier form, 


x~S1— x92 
ous 8) W1— Xo bia (16) 
xP Qitx20o+ aire» 
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species, and the relations for S2 and Qe are obtained 
from those for S; and Q by an interchange of subscripts. 
The subscripts on the 2°''™* and the 7, refer to the three 
different molecular interactions which must be con- 
sidered in a binary gas mixture, two involving like 
molecules (1,1) and (2,2), and the third involving unlike 
molecules (1,2). For isotopes, the distinction does not 
arise, since intermolecular forces are presumably the 
same between different isotopic species. 

Kihara*! observed that the elements a,; are small 
unless i= j, and performed an expansion of Eq. (15) in 
powers of the a;;, keeping no terms of order higher than 
a;;(iA# Jj). In this way he arrived at an expression for 
the first approximation to ar of the same form as Eq. 
(16), but with the following expressions for the Q’s: 


2 2M2 \{Qu?* 
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Fic. 5. Comparison of observed and calculated values of the second virial coefficient of hydrogen. Solid 
line: exp-six potential; broken line: Lennard-Jones (12-6) potential. Observed values: © Holborn and 
Otto; VY Nijhoff and Keesom; © Gibby, Tanner, and Masson; A Michels and Goudeket. 


*“ T. Kihara, Imperfect Gases [originally published in Japanese (Asakusa Bookstore, Tokyo (1949)) and translated into English by 
e U. S. Office of Air Research, Wright-Patterson Air Force Base ]. 
















TaBLE IV. Comparison of observed second virial coefficients of 
hydrogen with those calculated for the exp-six potential. 








B(T), cc/mole 





Deviation, 
Z. 7 Calc Obs cc/mole 
123.2 3.34 2.958 —0.39 
173.2 9.27 9.154 —0.12 
223.2 12.24 12.108 —0.14 
273.2 13.93 14.002 +0.07 
13.58> —0.35 
13.71¢ —0.22 
293.2 14.41 14.16 —0.25 
298.2 14.51 14.714 +0.20 
13.81° —0.70 
323.2 14.97 15.178 + 0.19 
15.044 +0.07 
14.21¢ —0.76 
348.2 15.34 15.374 +0.03 
14.76° —0.58 
373.2 15.63 15.588 — 0.04 
15.39» —0.24 
14.72°¢ —0.91 
373.5 15.64 15.544 —0.10 
398.2 15.88 14,94¢ —0.94 
398.4 15.88 15.744 —0.14 
423.2 16.07 15.10¢ —0.97 
423.3 16.07 15.514 —0.56 
448.2 16.24 15.394 —0.85 
473.2 16.38 15.718 — 0.67 








®L. Holborn and J. Otto, Ann. Physik 63, 674 (1920); Z. Physik 23, 77 
(1924); 33, 1 (1925); 38, 359 (1926). 

bG. P. Nijhoff and W. H. Keesom, Leiden Comm. 188d (1927). 

e A. Michels and M. Goudeket, Physica 8, 347 (1941). 
( d Gibby, Tanner, and Masson, Proc. Roy. Soc. (London) A122, 283 
1929). 


The relation for Q2 is obtained from that for Q; by an 
interchange of subscripts. 

Three expressions are thus available for the thermal 
diffusion factor: the first and second approximations of 
Chapman and Cowling, hereafter denoted, respectively, 
as [CC], and [CC], and the first approximation of 
Kihara, hereafter denoted as [K];. For helium, the 
thermal diffusion factor has been determined by 
McInteer, Aldrich, and Nier*® by measuring the thermal 
separation of a He*’—He‘ mixture between 273° and 
613°K. Over this temperature range, they found a mean 
value of the thermal diffusion factor, &=0.059-+-0.005, 
the He* being present in only a trace concentration. 
According to Brown,* this should be equal to the actual 
value of ar at a mean temperature 7’, given by 

Te. ee a 
T= In—, (18) 
T’-—T T 





where J and 7” are, respectively, the low and high 
temperatures involved in the thermal separation. Taking 
T = 398°K, the values calculated from the three theo- 
retical formulas from the exp-six parameters of Table I 
are as follows: [CC ],=0.0532, [CC ],=0.0599, LK], 
= 0.0594. The agreement is excellent except for [CC]1, 
which is a little low. The value of [K ], is better than 
[CC ];, a feature which has previously been noted for the 


® McInteer, Aldrich, and Nier, Phys. Rev. 72, 510 (1947). 
33H. Brown, Phys. Rev. 58, 661 (1940). 
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special case of thermal diffusion in a binary mixture of 
heavy isotopes.’ 


B. Hydrogen 


The parameters of Table I have been used to calculate 
a number of properties of gaseous hydrogen for com- 
parison with experimental results. Experimental values 
of the second virial coefficient which lie in the tempera- 
ture range where comparisons are possible have been 
measured from 123.2° to 473.2°K. Figure 5 is a plot of 
experimental* and calculated values for both the exp-six 


TABLE V. Comparison of observed viscosities of hydrogen with 
those calculated for the exp-six potential. 








107n, g-cm™~!-sec™ 





Fe Calc Obs % dev. 
200 680 681 +0.15 
210 704 7048 0.00 
220 727 7274 0.00 
230 749 7494 0.00 
235.2 761 758» —0.39 
240 771 771" 0.00 
250 793 792 —0.13 
260 815 8148 —0.12 
270 836 835° —0.12 
280 857 856* —0.12 
289.9 877 872° —0.57 
290 878 876 —0.23 
292.2 882 878» —0.45 
293 884 8794 —0.57 

884 880° —0.45 

293.2 884 879 —0.57 
884 8812 —0.34 

300 898 896° —0.22 
313.2 924 922¢ —0.22 
323.2 944 942! —0.21 
550.2 964 9608 —0.41 
393.2 1002 9992 —0.30 
311.2 1036 1031¢ — 0.48 
373 1039 1036° —0.29 
343.2 1040 1035» — 0.48 
1040 1034! —0.58 

400 1090 10924 +0.18 
423.2 1132 1131! — 0.09 
473 1219 1221¢ +0.16 
1219 1216° —0.25 

473.2 1219 1218> — 0.08 
1219 1217! —0.16 

500 1265 12554 —0.79 
523 1303 1303° 0.00 
523.2 1303 1304> +0.08 
1303 1303! 0.00 

550 1348 13524 +0.30 
572 1384 1388° +0.30 
685 1561 1562°¢ +0.06 
763 1678 1680° +0.12 
874 1839 1838°¢ —0.05 
986 1994 1992¢ —0.10 
1098 2143 2148¢ +0.23 











® H. L. Johnston and K. E. McCloskey, J. Phys. Chem. 44, 1038 (1940). 
b+ M. Trautz and P. B. Baumann, Ann. Physik 2, 733 (1929). 

eM. Trautz and R. Zink, Ann. Physik 7, 427 (1930). 

dM. Trautz and R. Heberling, Ann. Physik 20, 118 (1934). 

e M. Trautz and I. Husseini, Ann. Physik 20, 121 (1934). 

{ M. Trautz and H. E. Binkele, Ann. Physik 5, 561 (1930). 

&@ R. Wobser and F. Miiller, Kolloid-Beih. 52, 165 (1941). 


*L. Holborn and J. Otto, Ann. Physik 63, 674 (1920); Z. 
Physik 23, 77 (1924); 33, 1 (1925); 38, 359 (1926); G. P. Nijhoff 
and W. H. Keesom, Leiden Comm. 188d (1927); Gibby, Tanner, 
and Masson, Proc. Roy. Soc. (London) A122, 283 (1929); A. 
Michels and M. Goudeket, reference 24. 
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Fic. 6. Comparison of observed and calculated values of the viscosity of hydrogen. Solid line: exp-six potential ; 
broken line: Lennard-Jones (12-6) potential. Observed values: A Trautz ef al.; (| Wobser and Miiller; © Johnston 


and McCloskey. 


and Lennard-Jones (12-6) potential; the agreement is 
seen to be satisfactory for both potentials. Unlike those 
for helium, the data do not extend to high enough 
temperatures to show the “softness” of the repulsion 
energy. A more detailed comparison is given in Table IV; 
the maximum deviation is 0.97 cc/mole, and the average 
absolute deviation is 0.40 cc/mole. Thus, the agreement 
between theory and experiment is about as good as the 
agreement among different observers. 

Figure 6 shows a similar comparison of experimental*® 
viscosities and those calculated for the exp-six and 
Lennard-Jones (12-6) potential. Only a sampling of the 
available data is plotted ; other values are in satisfactory 


% 'Y. Ishida, Phys. Rev. 21, 550 (1923); P. Giinther, Z. physik. 
Chem. 110, 626 (1924); M. Trautz and P. B. Baumann, Ann. 
Physik 2, 733 (1929); M. Trautz and F. W. Stauf, 2, 737 (1929); 
M. Trautz and K. F. Kipphan, 2, 743 (1929); M. Trautz and W. 
Ludewigs, 3, 409 (1929); M. Trautz and H. E. Binkele, 5, 561 
(1930) ; M. Trautz and A. Melster, 7, 409 (1930); M. Trautz and 
R. Zink, 7, 427 (1930) ; M. Trautz and F. Kurz, 9, 981 (1931); M. 
Trautz and K. G. Sorg, 10, 81 (1931) ; M. Trautz and R. Heberling, 
10, 155 (1931) ; B. P. Sutherland and O. Maass, Can. J. Research 
6, 428 (1932); M. Trautz and R. Heberling, Ann. Physik 20, 118 
(1934) ; M. Trautz and I. Husseini, 20, 121 (1934); M. Trautz and 
H. Zimmerman, 22, 189 (1935); A. van Itterbeek and A. Claes, 
Nature 142, 793 (1938); Physica 5, 938 (1938); A. van Itterbeek 
and O. van Paemel, Physica 7, 265 (1940); H. L. Johnston and K. 
E. McCloskey, J. Phys. Chem. 44, 1038 (1940) ; R. Wobser and F. 
Miiller, Kolloid-Beih. 52, 165 (1941); van Itterbeek, van Paemel, 
and van Lierde, Physica 13, 88 (1947); de Troyer, van Itterbeek, 
and Rietveld, 17, 938 (1951) ; J. W. Buddenberg and C. R. Wilke, 
J. Phys. Coll. Chem. 55, 1491 (1951). 


agreement. Here we can see that hydrogen is “softer”’ 
than an inverse twelfth power repulsion, although the 
discrepancy is not as marked as in the case of helium. 
The deviations at temperatures below about 200°K are 
presumably due to quantum effects. Table V gives a 
more detailed comparison between theory and the 
experimental values shown in Fig. 6 for temperatures 
above 200°K ; the agreement is within the consistency of 
the experimental! data. 

Other properties of gaseous hydrogen which have 
been measured include thermal conductivity, self- 
diffusion, and thermal diffusion. Since a hydrogen 
molecule can transport energy in its internal degrees of 
freedom, the calculation of the thermal conductivity is 
quite uncertain, and we have not attempted to make 
any comparison between theory and experiment for this 
property. 

The coefficient of self-diffusion of a gas may be 
written 

2.6280 10-°T? fp (a,T*) 


Dy= ’ 
PM rn? Qa ,1)* (a,T*) 





(19) 


where Dy; is the self-diffusion coefficient in cm*/sec, p is 
the pressure in atmospheres, fp (a,7*), and Q":)* (a,7*) 
are dimensionless functions which may be obtained 
from the tabulations in reference 1, and the other 
quantities are as previously defined. The self-diffusion 
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Fic. 7. Comparison of observed and calculated values of the self- 
diffusion coefficient of hydrogen. Solid line: exp-six potential; 
broken line: Lennard-Jones (12-6) potential. Observed values: 
© Harteck and Schmidt; A Heath, Ibbs, and Wild; ] Waldmann. 


coefficient for hydrogen has been measured by following 
the diffusion of orthohydrogen and parahydrogen,** and 
of deuterium and hydrogen.*’** Table VI compares the 
measured values with those calculated for the exp-six 
potential. All values refer to a pressure of 1 atmosphere. 
The values for the system D.— Hy» have been corrected 
to refer to an ideal system in which all molecules have 
the same mass as normal hydrogen by multiplying by 
the square root of the ratio of the reduced mass of the 
experimental system to that of the ideal system. The 
correction factor is equal to 1.155 in the present case. 
The values are also shown in Fig. 7, together with the 
theoretical values for the exp-six and Lennard-Jones 
(12-6) potentials. Within the experimental error both 
potentials are satisfactory. 

The thermal diffusion factor, a7, has been measured a 
number of times for the system D.—H>. The best data 
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Fic. 8. Comparison of observed values of the thermal diffusion 
factor ar for the system D2— H:2 with those calculated for the exp- 
six potential. Curves a, 5: first and second approximations of 
Chapman and Cowling; curve c: first approximation of Kihara. 
Here T=327°K. 


(1938) Harteck and H. W. Schmidt, Z. physik. Chem. B21, 447 
me Heath, Ibbs, and Wild, Proc. Roy. Soc. (London) A178, 380 
1). 
38L. Waldmann, Naturwiss. 32, 223 (1944); Z. Naturforsch. 1, 
59 (1946). 
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appear to be those of Heath, Ibbs, and Wild,*” who 
measured thermal separations between 288° and 373°K. 
The same method has also been used by Grew,” 
Murphey,“ and de Troyer, van Itterbeek, and Rietveld."! 
The value of ay has also been determined from the 
diffusion thermoeffect by Waldmann.** Within the 
scatter of the experimental values, which is large, the 
various workers are in agreement with Heath, Ibbs, and 
Wild. The results of the latter are compared with the 
theoretical calculations in Table VII where T has been 
taken as 327°K, according to Eq. (18). Three theoretical 
expressions are available, as discussed in connection 
with the thermal diffusion of helium. The values in 
Table VII are plotted in Fig. 8, in which the trend of a7 
with composition is more easily seen. The agreement 
between theory and experiment is excellent, and higher 
approximations to the theoretical value should even 
improve the agreement. It is remarkable that the simple 
first approximation of Kihara gives results which are as 
good as those given by the very complicated second 
approximation of Chapman and Cowling. 


TaBLE VI. Comparison of observed values of the self-diffusion 
coefficient of hydrogen with those calculated for the exp six 
potential. 











Di: (1 atmos), cm?/sec 
P ies’ Calc Obs % dev. 
85 0.162 0.169+0.008* +4.3 
273 1.257 1.26 +0.04* 0.0 
288.2 1.379 1.43» +3.6 
293 1.418 1.442+-0.0026° +1.7 
293.2 1.420 1.40° —1.4 








 P. Harteck and H. W. Schmidt, Z. physik. Chem. B21, 447 (1933). 
These values have been recalculated to avoid an uncertain extrapolation 
over a temperature range performed in the original article. 

> Heath, Ibbs, and Wild, Proc. Roy. Soc. (London) A178, 380 (1941). 

¢L. Waldmann, Naturwiss. 32, 223 (1944); Z. Naturforsch. 1, 59 (1946). 


C. Helium-Hydrogen Mixtures 


The properties of gaseous mixtures depend to some 
extent on the forces between unlike molecules. In 
principle these forces could be calculated from experi- 
mental results on mixtures, but in practice the accuracy 
required of the experimental measurements is too great, 
since the dependence of a property on the forces be- 
tween unlike molecules is partly masked by the depend- 
ence on the forces between the like molecules in the 
mixture. It would, therefore, be very helpful to be able 
to predict the interaction for unlike molecules from the 
known interactions for the like molecules. In this way 
properties of gaseous mixtures could be calculated from 
data on the pure components. Combining rules for the 
exp-six potential can be obtained by writing Eq. (1) in 
the form 

g(r) = Ae~*"—C/r*, (20) 


%® K. E. Grew, Proc. Roy. Soc. (London) A178, 390 (1941). 

4B. F. Murphey, Phys. Rev. 72, 834 (1947). : 

4lde Troyer, van Itterbeek, and Rietveld, Physica 17, 938 
(1951). 
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Zener™ has shown from theoretical considerations that 
the parameter 5 for an unlike interaction may be 
obtained from the relation 


bie= 3 (b11 +22), (21) 


where 5,2 refers to the unlike interaction, and 6; and be. 
refer to the like interactions. The theory of the dis- 
persion energy leads to the following combining rule* 
for the parameter C: 


Cu= (C11C22)}. (22) 


Unfortunately no combining rule for the parameter A is 
forthcoming from theory, and we must proceed em- 
pirically. Since the parameters A and C appear in Eq. 
(20) in a similar way, it is tempting to write the relation 


A 12> (A 1A 99) 2. (23) 


We could also proceed by analogy with Eq. (21) for the 
parameter ), letting A =e*, and 


@12= $ (d+ G22). (24) 


Eqs. (23) and (24) are entirely equivalent, however, as 
may be shown by substitution of the relation a=InA 
into Eq. (24). We have, therefore, taken this empirical 
relation as our third combining rule. 

The combining rules, Eqs. (21)—(23), are more com- 
plicated in terms of the parameters ¢€, 7», and a. The 
parameter (7m)12 for the unlike interaction first is found 
from the transcendental equation, 


(GH) (tm)12" = expl (G) (rm) 2, (25) 


where 


1 Qi Q22 
c= +=, 
2 (Tm) 11 (1m) 22 
H= (ayicto2)~ 4 (7m) 11 (7m) 22 |? exp (a11+a22)/2 ]. 


The parameters a2 and €12 are then calculated from the 
relations 


a= (G) (7m) 12, (26) 
(ai2—6)? ] 
(a11— 6) (a22— 6) 


Q11+G22— 2012 
xex( ; ). (27) 


Substitution of the exp-six potential parameters in 
Table I leads to the following values for the interaction 
between a helium atom and hydrogen molecule: 








€12= (exer) 





a= 13.22, 
m= 3.244, (28) 
«/k=18.27°K. 


“ C, Zener, Phys. Rev. 37, 556 (1931). 

*% J. A. Beattie and W. H. Stockmayer, States of Matter (D. van 
Nostrand Company, Inc., New York, 1951, H. S. Taylor and S. 
Glasstone, Editors), pp. 350-352. 
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_TaBLe VII. Comparison of observed vaiues of the thermal 
diffusion factor for the system D.— H» with those calculated for the 
exp-six potential. 








Thermal diffusion factor, ar 
[CC] 4 





% He [CC]: Kj Obs 
10 0.1491 0.1552 0.1579 0.161 
20 0.1507 0.1567 0.1590 0.160 
30 0.1525 0.1584 0.1602 0.170 
40 0.1544 0.1602 0.1614 0.173 
50 0.1565 0.1622 0.1628 0.173 
60 0.1588 0.1643 0.1643 0.173 
70 0.1612 0.1666 0.1658 0.172 
80 0.1638 0.1691 0.1675 0.176 
90 0.1665 0.1718 0.1693 0.184 








A check on the suitability of the combining rules may be 
obtained by using these parameters to calculate prop- 
erties of helium-hydrogen mixtures for comparison with 
available measurements. 

The second virial coefficient of a binary mixture, B,,, 
is given by 


Bn =xPBytx2 Boot 2x 1%2Br, (29) 


where x; and 2 are the mole fractions of the components, 
By, and By» are the virial coefficients of the pure com- 
ponents, and By, is the virial coefficient of a hypothetical 
pure gas whose molecules interact according to the 
potential law for (1,2) interactions. Second virial 
coefficients for helium, hydrogen, and a 50-50 mixture 
have been measured by Gibby, Tanner, and Masson. 
Table VIII compares the experimental values of Bi. as 
obtained from Eq. (29) with the values calculated from 
the parameters of Eq. (28). A small quantum correction 
has been applied to the calculated values, taking the 
molecular weight of the hypothetical (1,2) gas to be 
equal to [2M,M2/(M.1+M-2) |. The agreement is of the 
same order as that obtained for the pure components 
using the parameters of Table I. 
The viscosity of a binary mixture, ym, is given by 


| 1+Z ” 
a seat is 


TABLE VIII. Comparison of observed values of the second virial 
coefficient interaction term, By2, for He—H: mixtures with those 
calculated from the combining rule for the exp-six potential. 








Biz, cc/mole 
Deviation, 





7, "ak Cale Obs cc/mole 
298.2 14.66 15.60 +0.94 
323.2 14.74 15.66 +0.92 
348.2 14.71 15.24 +0.53 
373.5 14.70 15.61 +0.91 
398.4 14.68 14.39 —0.29 
423.3 14.64 15.81 +1.17 
448.2 14.60 14.55 —0.05 
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Fic. 9. Comparison of observed and calculated values of the 


viscosity of helium-hydrogen mixtures. Curves are calculated for 
the exp-six potential using the combining rules, Eqs. (25)-(27). 
Observed values: © Trautz ef al.; VW van Itterbeek, van Paemel, 
and van Lierde (291.7°K). 





where 


x? x2" 2x 4X2 
X=—+—+—, 
1 Ne 712 


3 x’ /M, 2x 1X2 
v=-Aut|—(—)+ 
5 1 M> 12 
(M,+M.)? m2" x (Me 
Aaa: Bad Aw) 
4M.M, 712 N2 M, 


3 M, 
Z=-A u*| e(—) +200 
5 M, 


(Mit+M2) /m2 m2 M, 
ae 1. AG} 
4M ,.M, 1 N2 M, 


and 7 and mp are the viscosities of the pure components 
as given by Eq. (8). The term 712 is the viscosity of a 
hypothetical pure gas whose molecules interact ac- 
cording to the potential law for (1,2) interactions, and 
whose molecular weight is [2M,M>2/(Mi+M.2) ]. The 
term A,* is a function of aj and Ty.*(=kT/e,2) 
tabulated in reference 1. Figure 9 shows a plot of 7» for 
He— Hz, mixtures at several temperatures as calculated 
from Eq. (30). The agreement with the available ex- 
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perimental data“ seems satisfactory, since it is of the 
same order as the agreement for the pure components. 
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A more serious test of the combination rules for the 
exp-six potential is given by the thermal diffusion factor, 
since this quantity depends strongly on the forces be- 
tween unlike molecules, and only weakly on interactions 
between like molecules. The thermal diffusion factor for 
the system He—H, has been measured by the thermal 
separation method by a number of workers,*® whose 
results are in reasonable accord with one another. The 
scatter of the experimental results is greater than the 
difference between Kihara’s first approximation and 
Chapman and Cowling’s second approximation, and we 
have, therefore, used Kihara’s expression since the 
second approximation of Chapman and Cowling re- 
quires very tedious calculations. Figure 10 shows a 
comparison between calculated and experimental values 
of the thermal diffusion factor, a7, as a function of 
composition for three different values of the mean tem- 


perature, 7’, as given by Eq. (18). We have not ex- 
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Fic. 10. Comparison of observed values of the thermal diffusion 
factor ar for the system He—AHy with those calculated for 
the exp-six potential according to Kihara’s approximation. A. 
T=436°K; B. T=327°K; C. T=153°K. Observed values: 
© Elliot and Masson; © Heath, Ibbs, and Wild; A van Itterbeek, 
van Paemel, and van Lierde; & Murphey; X Grew; VY de Troyer, 
van Itterbeek, and Rietveld. 


“4M. Trautz and K. F. Kipphan, Ann. Physik 2, 743 (1929) ; M. 
Trautz and H. E. Binkele, 5, 561 (1930); M. Trautz and I. 
Husseini, 20, 121 (1934); van Itterbeek, van Paemel, and van 
Lierde, Physica 13, 88 (1947). 

45 G. A. Elliot and I. Masson, Proc. Roy. Soc. (London) A108, 
378 (1925); Heath, Ibbs, and Wild, reference 37; van Itterbeek, 
van Paemel, and van Lierde, Physica 13, 231 (1947); B. F: 
Murphey, reference 40; K. E. Grew, Proc. Phys. Soc. (London) 
B62, 655 (1949); de Troyer, van Itterbeek, and Rietveld, refer- 
ence 41. 
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tended the comparison to mean temperatures in which 
one bulb of the separation system was at a temperature 
below 90°K because of the uncertainty of the quantum 
corrections at low temperatures. The agreement is 
within the experimental error in all cases. Within the 
experimental error the calculated value of ar is inde- 
pendent of temperature over this range, in agreement 
with the observations of Grew.*® 

Thermal diffusion in the system D:—He is of par- 
ticular interest since the observed separation cannot 
depend on the difference in mass, but must arise from 
the law of force. Figure 11 is a comparison of the 
measured” and calculated values of ay for Do—He as a 
function of temperature at a composition of 20 percent 
deuterium. The agreement is probably satisfactory, in 
view of the rather large experimental errors involved in 
measuring thermal separations for this system. 

In summary, the agreement between theory and ex- 
periment for second virial coefficients, viscosities, and 
thermal diffusion factors for mixtures of helium and 
hydrogen greatly increases our confidence in the accu- 
racy of the combining rules, Eqs. (25)-(27), for the 
exp-six potential. 

















200 300 


¥, % 


400 


Fic. 11. Comparison of observed and calculated values of the 
thermal diffusion factor ar as a function of temperature for the 
system D.—He at a composition of 20 percent Do. 
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LTHOUGH the controversy over various proposed 
structures of diborane has passed its height, it is 
not out of place to call attention to an additional piece 
of evidence which from the theoretical standpoint may 
be regarded as decisive in excluding the “ethane-like” 
structure as a possible structure for the compound, 
diborane. At present, the generally accepted structure 
for B2H, is the bridge structure or the protonated- 
double-bond structure. The treatment here will show 
that the bridge structure is an admissible structure 
while the ethane-like structure which, until ten years 
ago, was assumed to be correct, is not an admissible 
structure in the light of the present theoretical knowl- 
edge of diborane. 

The calculation of the energy levels in diborane has 
been done by Mulliken, using the molecular orbital 
method. Originally, Mulliken’ used the ethane-like 
structure as a basis for the calculation ; later he extended 
the calculation to the bridge structure.” The measure- 
ments of Price® on the infrared spectrum of diborane 
were then considered conclusive in establishing the 
ethylene-type (bridge-type) structure. The experimental 
evidence favoring the ethane structure is based on the 
electron diffraction studies of Bauer‘ who is responsible 
for many of the earliest investigations of the hydrides of 
boron. Hedberg and Schomaker® have recently made 
electron diffraction study of diborane and conclude that 
the ethane structure is definitely eliminated by their 
work. 

The arguments here will be based on two pieces of 
theoretical evidence: Mulliken’s calculation of the 
molecular orbital energies for the ethane-like model of 
B2H., a group-theoretical theorem due to Jahn and 
Teller® and an extension of the theorem by Jahn.’ The 
combination of these two theoretical treatments shows 
that diborane in the ethane structure is unstable with 
respect to unsymmetrical vibrations of the nuclei and 
hence cannot exist in this structure. On the other hand, 

1R. S. Mulliken, J. Chem. Phys. 3, 635 (1935). 

2R. S. Mulliken, Chem. Revs. 41, 207 (1947). 

8 W. C. Price, J. Chem. Phys. 16, 894 (1948). 

*S. H. Bauer, J. Am. Chem. Soc. 59, 1096 (1937). 
conn Hedberg and V. Schomaker, J. Am. Chem. Soc. 73, 1482 

6H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220 


(1937). 
7H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 (1938). 


(Received November 30, 1953) 


On the basis of the electronic state of diborane in the ethane structure proposed by Mulliken, a group 
theoretical theorem due to Jahn and Teller shows that the ethane structure is not a possible structure for 
diborane; a nontotally symmetric vibration will move the molecule to a more stable configuration of lower 
symmetry. Any of the common bridge structures on the other hand are possible structures for diborane. The 
ethane structure is a permissible structure for B,Hs~. The argument is applied to the hypothetical molecule 
BHs, but the conclusion is that the instability of this molecule is not due to symmetry. 
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there is in the bridge structure no possibility of insta- 
bility because of symmetry. (The structure could be 
unstable because of being too highly energetic.) 
Mulliken’s application of the MO method to the bridge 
structure? shows that this structure is acceptable on 
energetic grounds. 

The electronic structure of the ethane model 


of diborane is calculated by Mulliken to be 
(1s)?(1s)?(¢,)?(@,)?(ou)?(aru)*(a,)”.* Thus, the molecule 
has two electrons in the outermost 7, orbital, exists ina 
triplet state, and should be paramagnetic. (Experiment 
shows the compound to be diamagnetic.) In this con- 
figuration the electronic structure of diborane is formally 
similar to that of diatomic oxygen, an isostere of 
diborane. 

The second piece of evidence is the theorem of Jahn 
and Teller which may be stated in these words: “A 
configuration of a polyatomic molecule for an electronic 
state having orbital degeneracy cannot be stable with 
respect to all displacements of the nuclei unless in the 
original configuration the nuclei all lie on a straight 
line.” The proof of the theorem consists in showing that 
if the perturbation produced by the nontotally sym- 
metric vibrations is expanded in terms of nontotally 
symmetric displacements of the unperturbed configura- 
tion, then the elements of the perturbation matrix, 
which are linear in these displacements, will not vanish 
if the function product ¢.V,@» contains in its reduced 
form the totally symmetric representation A}. ¢. and ¢ 
are two wave functions which are solutions of the 
Hamiltonian for the unperturbed configuration; V, is 
the expansion coefficient for the rth nontotally sym- 
metric displacement in the linear term of the expansion 
of the perturbation energy in terms of these displace- 
ments. V, is a function of the coordinates and has the 
symmetry of the nontotally symmetric vibrations of the 
nuclei. Unless these matrix elements do vanish, the 
perturbation energy will be a linear function of the 
nontotally symmetric displacement and hence motion 
along one of these coordinates will move the molecule 
into a more stable configuration of lower symmetry. 
The authors then show for the various finite symmetry 
groups that if ¢, and ¢» belong to any doubly-degenerate 


* The notation is that of Mulliken, reference 2. 
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representation (Z) the direct product of E? with any 
nontotally symmetric representation will contain the 
representation A. In this way they complete the proof 
of the theorem. 

In the light of this theorem, the fact that in the ethane 
structure the outermost pair of electrons in diborane are 
in an orbitally degenerate state of symmetry E is 
sufficient evidence to classify the ethane structure as an 
impossible structure for the compound. The symmetry 
species of the normal vibrations of the ethane structure 
are 4A,+2A.+6E. The molecule in the ethane structure 
would then be unstable with respect to any of the 
fourteen vibrations 2A2+6E. 

One could object to this and argue that since the 
molecular orbital method is necessarily an approximate 
method, the calculation may be inaccurate and that the 
ground state of the ethane structure might turn out to 
be nondegenerate in an exact calculation. This structure 
would in such a case not be an impossible structure. 
Although it is true that an exact calculation of the 
energy of the ground state of diborane would displace 
each energy level downward, it is unlikely that such a 
calculation would shift the order of the energy levels. In 
this connection it should be noted that the species 
BoH,-,? CoHe, and N2H,** form an isoelectronic series, 
all have the same (ethane-like) electronic structure and 
geometrical configuration. The theorem considered here 
would admit the ethane structure for BzsH,= since the 
addition of two more electrons to ethane-like BoH, 
would fill the az, level and produce a nondegenerate 
state. The chemical evidence supports the ethane 
structure for B2H¢-. 

The extension of the theorem to include the effect of 
spin has been done by Jahn.’ The theorem in this case 
shows that spin degeneracy in a nonlinear molecule will 
also cause instability except in the case of the twofold 
degeneracy which arises when the molecule has an odd 
number of electrons. (However, the spin effect is much 
smaller than in the case of orbital degeneracy and is 
insufficient to cause instability of an orbitally stable 
state.) It is possible that an orbitally unstable state may 
be stabilized by the spin property but for this to occur, 
it is necessary that the spin-orbit coupling be large (see 
Jahn). It is possible to conclude that the triplet-singlet 
splitting of the degenerate state will not alter the 
argument presented here. In fact, if the triplet state lies 
lower than the singlet, the orbital instability and spin 
instability reinforce each other. 

For the instability of the symmetrical arrangement of 
nuclei to have practical consequences, that is, for the 
molecule to be incapable of existing in the supposed 
configuration, it is necessary that the electrons in the 
degenerate states be essential to the binding in the 
molecule. This is the case in diborane. With regard to 
the bridge structures, the theorem would predict no 
instability caused by symmetry since for these struc- 
tures of symmetry V; (symmetrical bridge) and C2, 
(unsymmetrical bridge) the set of eigenfunctions does 
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not include any degenerate functions. (The accidental 
degeneracy of two normally nondegenerate levels will 
not produce instability.) 


BORINE 


It is tempting to ask if the Jahn-Teller theorem can be 
applied to explain the nonexistence of the molecule BH3. 
Mulliken® has listed the electronic structure for this 
aggregate as 


K, a;')? e’)*t 
K, a)” e)$ 


In each case this order of levels yields a filled orbital and 
there is no orbital degeneracy. Unless this ordering of 
the levels is incorrect, either of these structures is ac- 
ceptable. However, for purposes of argument, suppose 
that the structure is not that one given above but one 
which interchanges the order of the e’ level or the e level 
with the next higher lying level, the structure would 
then be 


(Dsn; triangular, plane), 


(C3,; pyramidal). 


K, a;’)* a,’")? e’)? Ds, 
K, a)” a2)? e)? Cov, 


Neither of these structures could be stable, but there 
would be here a clear reason for the stability of such a 
molecule as BH;:C::O. The additional pair of electrons 
from the carbon monoxide molecule would be sufficient 
to fill up the e level in the pyramidal model and produce 
stability in a structure of the same symmetry. (A 
curious sidelight is to note that borine carbonyl] has 
much the same type electronic structure as CO2.) This 
would provide an explanation of this type of addition 
reaction which occurs quite commonly with diborane. 
Such molecules as trimethyl amine, pyridine, methyl 
nitrile, dimethyl ether, etc., readily form addition 
products containing pyramidal BH; groups. The ready 
addition of H~ to form the borohydride ion would fall 
into the pattern; however, it is to be noted that one 
would compare the electronic structure of BH, with 
that of CH, or NH¢*, all of which presumably have the 
same electronic structure. 

The acceptance of the first structure rules out the 
possibility that the instability is due to symmetry and 
places the blame on simple energetic factors. Indeed, 
although the considerations in the above paragraph are 

+S. H. Bauer [p. 56 of Chem. Revs. 31, 43 (1942) ] states that 
Mulliken drew attention to the Jahn-Teller theorem in connection 
with the structure of diborane—apparently in a private communi- 
cation. Without giving any reason, Bauer dismissed this argument 
against the ethane structure by saying that the instability due to 
symmetry might be overcome by movement to a displaced con- 
figuration only slightly different from the normal structure. For an 
example of a case in which the theorem has been applied and the 
effect is large, see J. O. Hirschfelder’s treatment of H; in the tri- 
angular and linear configurations: J. Chem. Phys. 6, 795 (1938). In 
addition, investigations in this laboratory confirm that the effect 
is large: see publications by V. Griffing and by A. Macek, now in 
preparation. 

8R. S. Mulliken, J. Chem. Phys. 1, 492 (1933). 

t The configuration here is written simply in terms of the 


symmetry species to which the MO belong. K indicates a filled 
(1s) level on the boron atom. 
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tempting, such an explanation may raise more questions 
than it answers. For example, it would then be difficult 
to account for the observation in the mass spectrometer 
of the ion CH;* (isoelectronic with BHs) in large 
amounts in the methane spectrum. Alternatively, one 
could ask that the levels shift their order again in CH;*, 
or that the ion peak ascribed to CH;* be actually due to 
the species C2.H,** with a diborane structure. The first 
alternative is ad hoc but possible; as for the second, for 
such a dimeric species to occur in the methane mass 


G. W. CASTELLAN 


spectrum under the conditions existing in the mass 
spectrometer is more than unlikely. One concludes that 
BH; has the structure proposed by Mulliken and the 
instability is not due to symmetry. 
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This paper develops an equilibrium theory of unimolecular reactions, and shows how this theory is related 
to other theories, such as the Rice-Ramsperger-Kassel treatment. Unimolecular decomposition reactions 
and isomerization reactions are described in terms of statistical mechanics and quantum mechanics (poten- 
tial energy surfaces). The nature of the transmission coefficient is discussed in detail. 


I. INTRODUCTION 


T is frequently erroneously stated that the theory of 
unimolecular reaction rates cannot be described by 
usual equilibrium methods. It is true that we are unable 
to predict, @ priori, experimental reaction rates, but 
this is true of reactions of any molecularity. We will 
show that the theory of unimolecular reactions lends 
itself easily to a statistical mechanical description, and 
that the problem, as in the case of bimolecular reactions, 
is complete when the correct potential energy surfaces 
are given. 


II. THE TRANSMISSION COEFFICIENT 
AT HIGH PRESSURES 


The high-pressure rate of any reaction is given by 
the expression, 


kT 
Pie exp(AS{/R) exp(—AHT/RT), (1) 


in which usual reaction rate terminology has been used. 
Since the transmission coefficient « will be important 
to this development it is well to point out that « is not a 
function alone of the coordinates of the potential energy 
surface; it is an average of individual transmission 
coefficients, properly weighted, representing paths of 
reaction through every possible quantum state of the 
activated complex. Considering, for example, the asso- 
ciation reaction of two triphenyl methyl radicals, the 








* This research was carried out under a U. S. Air Force grant, 
Contract Number 33 (038)-20839. 





rate equation, strictly written, is 


kT Wi 
k..’= >> eo 
t ok F,; 


ev/kT 
? 


(2) 


where w; is the degeneracy of the activated state /, and 
F; the partition function of the reactant. The subscript / 
represents a particular activated state with energy «. 
x, may be strongly dependent upon the state ¢ of reac- 
tion and therefore be pressure and temperature de- 
pendant. This is generally the case for unimolecular 
processes. Two effects militate against achieving a long 
lived association complex from two radicals. First, 
there is a slowness of energy transfer from the reaction 
coordinate to the internal vibrations. Second, since 
the internal energy levels of hexaphenylethane are dis- 
crete, the fitting of the continuous spectrum of the 
colliding radicals to this discrete spectrum will only 
occasionally be of such a nature as to lead to a long 
lived intermediate. If the levels of the discrete spectrum 
are closely spaced, and if x, is not notably different for 
low- and high-energy levels, then we have 


kT _ wr kT Ft 
Reg! =R— J em kT = KR — gol kT (3) 
h . F; h F; 


where « will have little temperature dependence. We 
may assume for most bimolecular reactions of the type 
A+B-—C+D that for all ¢’s, x.~1, so that k~1. For 
the recombination of triphenylmethyl radicals, how- 
ever, evidence shows that *~0.1.! Thus for the inverse 


1 Giddings, Cagle, Ree, and Eyring (to be published). 
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reaction, the unimolecular dissociation of hexaphenyl- 
ethane, we must also have x~0.1. 


III. DECOMPOSITION REACTIONS 


The rate of a unimolecular reaction, following Eq. (2), 
is conveniently written as the sum of the rate of all 
possible reaction paths. The reaction scheme for a reac- 
tion of the type A—B-+C is, 





EQUILIBRIUM THEORY OF UNIMOLECULAR REACTIONS 





539 


An unnecessarily involved discussion of this situation 
has appeared recently.2 Evans and Rushbrooke® con- 
sider a rate constant for the reaction A{—A*. There is 
little reason to expect this reflection back into the 
active molecule A* to be significant. It is to be re- 
membered that the equilibrium postulate of rate theory 
concerns only the concentration of forward moving 
systems (see Wynne-Jones and Eyring).* The rate con- 
stant k_; is usually written as \Z in which d is an effi- 
ciency factor and Z is the collision number of the active 
species. Nothing can be said about the value of \ with- 
out considering the potential energy surface for the 
deactivation process. These considerations lead to the 
equation 





a’es+n! 1 ah €a+ ee -te,% 
Be ( E« ); exp( -“_—*) 
G-son \aleuen’ Green 2 26°mt kT 





ki 
A+APAP+A (4) 
ke 
Af AI B+H+C. (5) 
k_;= 


This is, again, a summation over all processes that 
lead to deactivation. The .V quantum numbers of the 
critical collision complex involving A and A,* have the 





= (6) 
nonequilibrium constant with value, 
k_iA 
———-, (8) 
k_:A+k, 


values a---. The quantum numbers of the final state, 
in which the molecule is deactivated, are given as 
a’'---n’, When the process does not lead to deactivation, 
it is not considered, since the transmission coefficient 
is zero. F4.* and F; are the partition functions of the 
active and normal molecule, respectively. 6 is the ex- 
tension of the critical complex along the reaction coordi- 
nate. The first summation to the right is the sum of all 
transmission coefficients proceeding from the state, 
a:--n, to all final states a’---n’. The first summation 
involves the transmission coefficient and the frequency 
of passage through the critical state, a/26°mt (a is the 
quantum number representing this translation). The 
rest of the expression (6) gives the chance that an ac- 
tivated complex will be found in a state represented by 
quantum numbers, a---n. This chance is the exponen- 
tial term divided by the partition functions, F4,.* and 
F4. The summation is then over all possible states of the 
critical collision complex. The factor } is necessary since 
only half of the critical complexes are moving in the 
forward direction along the reaction coordinate. The 
tate constant k; is simply K.k_; where K, is the equi- 
librium constant per unit energy range leading to the 
active molecule A.* (4). The nature of k, will be dis- 
cussed below. 

Consider the equilibrium of each active molecule 
having energy between ¢ and e+ée, where €> eo, the 
minimum energy of reaction. The fraction of molecules 
with energy e€, per unit energy range, is 


F.=a,.K., (7) 


where K, is the equilibrium constant k;/k_; and a, is a 


A is the concentration of reactant. The rate, written as 
a sum (we use here the integral) of reactions, is 


is ° kRA 
k= f F bde= f amma. (9) 
=0 Re+ k_ iA 


e=0 € 


This clearly shows the nature of the pressure de- 
pendence of k’. We may also write, 


kT 
die” exp(AS{/R) exp(—AHt/RT). (10) 


1 


We let a equal the transmission coefficient due to low 
pressure effects. The relation of a to a, is 


ad J baK de / f kK de, (11) 
0 0 


which shows @ as the weighted average of a. a is of 
course pressure dependent. 


IV. EQUILIBRIUM THEORY OF k, 


In a recent paper by Rosenstock, Wallenstein, Wahr- 
haftig, and Eyring,’ the concept of equilibrium used in 
absolute reaction rate theory was extended to include an 


2S. W. Benson and A. E. Axworthy, Jr., J. Chem. Phys. 21, 428 
(1953). 

3M. G. Evans and G. S. Rushbrooke, Trans. Faraday Soc. 41, 
621 (1945). 

4W. F. K. Wynne-Jones and H. Eyring, J. Chem. Phys. 3, 492 
(1935). 

5 Rosenstock, Wallenstein, Wahrhaftig, and Eyring, Proc. 
Natl. Acad. Sci. 38, 667 (1952). 
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evaluation of &,. Assuming a transmission coefficient of 
unity, Rk, can be written exactly, for any system, as 


1 “ia pt (ee y€ ) 
Ree f nies (12) 
h Jo p(e) 


pit(e,€o,e,) and p(e) are energy densities of the activated 
complex and normal molecule, respectively. ¢; is the 
translational energy across the saddle point of the ac- 
tivated complex. If it be assumed that both the excited 
molecule and the activated complex contain classical 
harmonic oscillators only, Eq. (12) yields 


Vi f€—€0\ 
k= i ( ‘) , (13) 

s—1 € 

II vit 
s equals the number of oscillators in the excited mole- 
cule. If k, in Eq. (12) is averaged over a thermal distri- 
bution of molecules to give k’, the result is the usual 
absolute reaction rate expression, as it must be, since 
both equations are derived from equilibrium considera- 
tions. The proof of this has been shown by Magee.® If 
there is not a thermal (high-pressure) distribution K,, 
but a distribution F,, the rate constant at any pressure 
is simply 








i] 


a pt (€,€0,€ ) 
ap(ewtde [ nt nt (14) 


0 p(e) 


k= — 


hF 4 0 
in which a, is described by Eq. (8). 
V. THE RICE-RAMSPERGER-KASSEL TREATMENT 


In order to arrive at the Rice-Ramsperger-Kassel 
results, a definite molecular model must be used. We 
must assume that (a) the molecular species are com- 
posed of classical harmonic oscillators, (b) there can 
be no bond extension so as to affect rotational partition 
functions, (c) the activated molecules must be in some 
sort of equilibrium with the active molecules, and (d) 
k_;=Z, the collision number. For classical oscillators, 
statistical mechanics gives us the formula, 


ee 


ed (15) 
(kT)T(s) 


This is equivalent to assumption (a). Assumption (c) 
as given by the original authors’ is in the form 


oo (—) (16) 
€ 


p will be identified presently. Use of Eq. (9) now leads 


6 J. L. Magee, Proc. Natl. Acad. Sci. 38, 764 (1952). 
7L. S. Kassel, Kinetics of Homogeneous Gas Reactions (Chem- 
ical Catalog Company, Inc., New York, 1932). 
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identically to the Kassel equation,’ 











pe eolkT ) e~zlkT dy 
= f , (17) 
T'(S)(RT)* J : 0/ZA 
xXx (X+ €0) s—l 


where use has been made of the substitution X = e— ¢. 
At high pressures, evaluation of the integral leads to, 


ke'= f K kede= ve! 7, (18) 
sed 


This rate must also equal 
kT F* 
Reg! = K— —e~ eo FT, (19) 
h F 4 


For the model employed (assumptions (a) and (b)), 








k,/=k ok, (20) 
II vit 
which identifies the quantities, 
II» 
pas, (21) 
II vit 


The difference between Eqs. (21) and (13) is found 
in the assumption that the transmission coefficient of 
(12) is unity. If it is not, Eq. (12) should be multiplied 
on the right side by x. Since the only assumption made 
in deriving (12) was that x=1, the expression is now 
completely general, and will lend itself to further 
modification of the expression k,. This equation has 
been used in a more general case,® that in which the 
decomposing molecule consists of 7 classical internal 
rotators. Other applications are possible. 

It is to be noted that under any circumstances the 
high-pressure reaction rate of common reactions cannot 
exceed the value given by Eq. (1) with x=1, except as 
tunneling makes x>1. A recent paper® that uses Slater's 
results? replaces kRT/h by a molecular constant, which, 
at least at low temperatures, is larger than k7/h. This 
of course means more than an equilibrium concentra 
tion of activated complexes; a contradiction of rigorous 
statistical mechanics. Slater’s paper deals with classical 
oscillators, and the results derived therewith form a 
special case of the general absolute reaction rate theory. 


VI. ISOMERIZATION REACTIONS 


Application of absolute reaction rate theory to unl 
molecular isomerization reactions involves several new 


8S. W. Benson, J. Chem. Phys. 20, 1064 (1952). 
9N. B. Slater, Proc. Roy. Soc. (London) A194, 112 (1948). 
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considerations. In the racemization of ethylene deriva- 
tives there is apparently competition between normal 
passage over the barrier of the reaction coordinate and an 
electronic reorganization which allows passage through 
the barrier at a lower level.!° The two competing rates 









are given approximately by the following expressions: 


k~104e-25 000/RT sec7! . 
and 
k~ 10! 16-45 000/ RT sec, 


A quantum-mechanical approach has been made in 
agreement with experimental values. A complete discus- 
sion is found elsewhere.'° 

Consider a sterically hindered biphenyl] that has just 
passed through the activated state. The molecule could 
possibly continue to rotate until deactivated, or, if the 
second barrier is higher than the first, the system might 
be reflected back through the same activated complex, 
repeatedly, and this may continue until the molecule 
is deactivated. The process of deactivation allows for 
several alternatives, all of which depend upon the pres- 
sure and certain molecular constants. The molecular 
constants are a function of the potential energy surface, 
and real progress must consist in their evaluation. The 
rate of reaction is given, again, at high pressures, by 
the absolute reaction rate expression. The transmission 
coefficient at these pressures has been shown to prob- 
ably equal unity." At lower pressures the transmission 
coefficient depends upon both the pressure and the pre- 
viously mentioned molecular constants. The evaluation 
of the transmission coefficient is always easily made in 
terms of the molecular constants, all of which represent 
rate of internal energy transfer. 

We will now define two molecular entities involved in 
the isomerization reaction A—B. At, we shall define 
as having the spatial configuration of A, but with suffi- 
cient energy in the reaction coordinate to spontaneously 
rearrange to B. We define Bt in the same manner. A%, 
with the configuration of A, is defined as having suffi- 
cient internal energy distributed within its internal 
coordinates to cross the potential barrier. B* is an- 
alogously defined. The latter two are usually referred 
to as active molecules. Consider the process of deactiva- 
tion for the above reaction. This may involve collision 
with either B* or B+, with resulting deactivation. In 
fact, at low pressures, B* and B+ may be in dynamic 
equilibrium, and the rate controlling step probably 
involves collision with that species having the longer 
lifetime. Since the adjacent groups are so large in 
sterically hindered biphenyls, B* will have a much 









Riko(Rrkst+RsksM + kaksM)M 





Fic. 1. 


greater lifetime than B*, so that its deactivation will be 
rate controlling. This will also be true for the smaller 
ethylene derivatives. In fact, the lifetime, 72, of B* 
relative to 71, of Bt, is 


T2 (= o** 

T\ ¢ ) . 
where €o is the energy of reaction. If B+ rotates several 
times when formed, then the transmission coefficient, 
which will be multiplied into Eq. (12), will be small. 
At high pressures, Bt will be deactivated immediately 
after reaction by collision. The transmission coefficient 
will then be unity. The path of reaction involving the 
larger transmission coefficient will, in general, determine 
the rate of reaction. 

As mentioned, the transmission coefficient is easily 
solved for in principle. We will illustrate the method 
of solution when deactivation of B* is rate controlling 
(low-pressure region). Figure 1 gives the scheme for 
reaction. M is the concentration of any species that may 
deactivate either A* or B*. The activated complex lies 
midway between At and B+. The rate of reaction can be 
written, 





kT 
k= (ns) exp(AS{/R) exp(—AHt/RT). (22) 


1 


The transmission coefficient x is composed of two 
separate coefficients, x, the nonequilibrium coefficient 
and ke, the reflection coefficient. x; we define as being 
that concentration of forward moving activated com- 
plexes when there is no product B divided by their 
concentration at complete equilibrium. Since forward 
moving activated complexes result directly from the 
rearrangement of A*, x; is equal to the concentration 
of At when there is no B divided by the equilibrium 
concentration of At. The result follows directly after 
solving the steady state equations for A*, A+, Bt, and 
B*, The value of x; is 





kK, = ——__—_- 


Ryko (Rrks t+ ksksM + kiksM)M+ 





”Glasstone, Laidler, and Eyring, Theory of Rate Processes (McGraw-Hill Book Company, Inc., New York, 1941). 
"F. W. Cagle, Jr., and H. Eyring, J. Am. Chem. Soc. 73, 5628 (1951). 


~——. (23) 
(kot kioM)M 


kikokskaks 
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ke represents the chance that a system, after having 
passed through the activated complex, will remain as a 
product molecule B. x2 is equal to, 


kiksM 
ksh; M+hsksM-+krks 





(24) 


Ke= 


The product of x; and xz is the total transmission coeffi- 
cient, x. 


1 


K=- eS ae oe area a ee 


-, (25) 
ks ky krkg Rok3\ 1 
a rig rare 
ky Rs ksks Roki / M 

x is, of course, completely symmetrical in A and B, 
and represents the transmission coefficient for either 
A-—B, or its reverse, BA. 

The transmission coefficient as derived above is for 
unit energy range. The observed transmission coeffi- 
cient, when the energy distribution is thermal, is an 
average of the expression x, above, weighted by the 
term Kf, the equilibrium constant of the activated 
molecule. 
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VII. CONCLUSION 


Many other unimolecular reactions have been studied 
that illustrate even more diverse phenomena. These 
aspects of the problem are discussed in The Theory of 
Rate Processes.” 

It is seen that the rate of any one of these reactions 
can be written in two ways: (a) strictly in terms of 
molecular constants, or (b) by equilibrium theory with 
a transmission coefficient that depends upon molecular 
constants and reduces to unity for a broad range of 
experiment.:The advantage of the latter is that it is 
founded upon the broad and powerful concepts of 
statistical mechanics, such that when summing over 
all possible quantum paths of reaction we merely use 
well-established partition functions. Otherwise we would 
need to invent a complete new set of mathematical 
tools for this summation process, and the result in the 
end would be of no more value. With the derivation of 
Eq. (12), and with the use of Eq. (6), (all of these are 
based upon equilibrium considerations), all rates, in- 
cluding the transmission coefficient, can be derived 
strictly from equilibrium theory. The big problem still 
remain of course, is the construction of satisfactory 
potential energy surface, and the quantum mechanical 
calculation of transmission coefficients. 
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Infrared absorption spectra of GeH;Cl and GeD;Cl have been observed and the fundamentals located at 


2121.2, 847.7, 422.6 cm™ (parallel) and 2129.4, 874.6, 604.1 cm™ (perpendicular) in GeH3Cl, and at 1522, 
614, 421 cm (parallel) and 1530, 630, 434 cm™ (perpendicular) in GeD3Cl. Analysis of the rotational 
structure of the perpendicular bands in GeH;Cl leads to these values of the rotational constants: A”, 2.603 
em; ¢, —0.059; ¢s, —0.124; ¢6, +0.209. Agreement with microwave A” is satisfactory. Thermodynamic 


quantities are computed for GeH3Cl and GeD;Cl. 


EXPERIMENTAL 
Preparation of GeH;Cl 


HE vibrational spectra of various monohalides of 
carbon and silicon have been investigated in 
detail, along with the rotational fine structure in many 
instances. The spectra of the germanium analogs have 


* This paper is based on a thesis submitted by C. M. Steese to 
the Graduate School of the Massachusetts Institute of Tech- 
nology in partial fulfillment of the requirements for the degree 
M.S. in Chemistry. The work received financial support from the 
Office of Ordnance Research (Contract DA-19-020-ORD-896), 
which is gratefully acknowledged. Deuterium was obtained on 
allocation by the Stable Isotopes Division, U. S. Atomic Energy 
Commission. 

t Present address: Department of Chemistry, California Insti- 
tute of Technology, Pasadena, California. 






not been studied, however, and for various reasons are 
of interest. In the present paper the rotation-vibration 
spectrum of GeH;C]l as resolved by a prism instrument 
is reported, along with the vibrational spectrum of the 
deuterium analog GeD;Cl. 

The preparation was based on the original prepara- 
tive method of Dennis and Judy! in which gaseous 
monogermane (GeH,) and HC] react in the presence of 
aluminum chloride to form GeH;Cl and hydrogen. The 
widest departure from the procedure of Dennis and 
Judy was the use of stopcocks instead of mercury float 
valves. Apiezon “M” grease was not suitable as a stop- 
cock lubricant, since it is rather readily dissolved by 


1 Dennis and Judy, J. Am. Chem. Soc. 51, 2321 (1929). 
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the chlorinated products, but Dow-Corning Silicone 
high-vacuum grease proved satisfactory. However, 
after extended contact with the chlorinated germanes it 
tended to become tough and rubbery, and occasionally 
stopcocks would develop striations. It is quite possible 
that a fluorocarbon grease might prove to be the ideal 
stopcock lubricant under these conditions. 

GeH, was obtained from Metal Hydrides, Inc.,{ and 
was used without further purification after its infrared 
spectrum had been examined. The spectrum showed 
only the previously reported bands? of GeH, with the 
exception of one of moderate intensity at 1035 cm. 
This new band is believed from its structure to belong 
to GeH, also. Mathieson anhydrous HCl and Baker’s 
reagent grade anhydrous AICl; were also used without 
further purification. 

After the reaction had proceeded to a considerable 
extent,® the GeH;Cl produced was separated from the 
lower-boiling unreacted GeH, and HCl, and from higher- 
boiling reaction products, by a series of bulb-to-bulb 
distillations. The efficiency of these distillations was 
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Fic. 1. Rotational structure of perpendicular band ys and 
parallel band »; in monochlorogermane. 


monitored carefully by frequent determination of the 
infrared spectra of the fractionated products. The 
final fraction of purified GeH;Cl, when condensed, was 
a colorless liquid which darkened slowly on standing. 
GeH;Cl gas also gradually decomposed on standing at 
low pressure (10 cm) and room temperature, a yellowish 
film being deposited on the walls of the glass vessel. 
However, the liquid was apparently quite stable when 
stored at dry-ice temperature. The over-all yield of this 
preparation was quite poor, being around 5 percent of 
the starting GeH, uncorrected for recoverable, un- 
changed GeHg. 

GeD;Cl was prepared from GeD, as a starting ma- 
terial in the same way. A better yield was obtained, 
probably because of the experience acquired with the 
GeH;Cl. GeD;Cl is also a colorless mobile liquid stable 


at dry-ice temperature for periods in excess of a week. 
ee 


t We are indebted to Dr. M. D. Banus, of Metal Hydrides, Inc., 
Beverly, Massachusetts, for preparation of both GeH, and GeD,. 
_*A.H. Nielsen and H. H. Nielsen, Phys. Rev. 48, 861 (1935); 
Straley, Tindal, and Nielsen, Phys. Rev. 62, 161 (1942). 

* Details of the preparative procedure will be found in the M.S. 
thesis of C. M. Steese. 
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Fic. 2. Rotational structure of perpendicular band »; and 
parallel band v2 in monochlorogermane. 


Determination of the Infrared Spectra 


The absorption spectra of GeH;Cl and GeD;Cl vapor 
were recorded with a Perkin-Elmer Model 12B spec- 
trometer modified! to permit the removal of atmospheric 
water vapor and carbon dioxide. Spectra were taken 
with prisms of LiF, NaCl, KBr, and TIBr—TII, each 
prism being used in its region of optimum dispersion. 
Achieved resolution was about 3 cm™ throughout, and 
absolute frequency measurement (in cm in vacuum) 
reliable to 1 cm™. The precision with which measure- 
ments could be repeated was better than this with the 
perpendicular bands of GeH;Cl. When these bands 
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4 Lord, McDonald, and Miller, J. Opt. Soc. Am. 42, 149 (1952). 
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were measured, spectra of carbon monoxide, ammonia, 
water vapor, and carbon dioxide (whichever was ap- 
propriate) were run immediately before and after the 
GeH;Cl spectrum. With the help of the standard fre- 
quencies for these bands,*~’? which are known to 0.1 
cm or better, the sub-bands of the perpendicular 
bands of GeH;Cl could be measured with a precision 
approaching 0.2 cm~. 

The absorption cell was 6 cm long with KBr windows 
and carried a side arm in which GeH;Cl and GeD;Cl 
could be condensed. Pressures used varied from 2 mm 
to 50 mm. The individual fundamental bands of GeH;Cl 
are shown in Figs. 1-4 and the fundamental frequencies 
for GeH;Cl and GeD;Cl listed in Table I. 


DISCUSSION OF SPECTRA 


There is little question from the rotational structure 
of the infrared bands that GeH;Cl is a symmetrical top 
of C3, symmetry. The assignment of the three sym- 
metrical and three degenerate fundamentals shown in 
Table I is likewise unambiguous, although the bands 
of vibrations 1 and 4 overlap, as do those of 2 and 5. 
Location of the center of the parallel band of vibration 4 
was effected as follows. A smooth envelope was drawn 
through the peaks of the weak sub-bands at both edges 
of the perpendicular band where the parallel band has 
negligible absorption. The two parts of this envelope 
were then joined smoothly at the band center. The 
contour so obtained was assumed to be that of the 
weak sub-band peaks near the center of the band, and 


TABLE I. Fundamental frequencies of GeH;Cl and GeD;Cl. 











Vib'l. species Vibr. Type of Frequency incm™ product 
and band type ino. vibration GeH;Cl GeD,;Cl rule 
Ai 1 Ge-—H stretching 2121.2 1522 = robs = 1.94 
(parallel) 2 GeHs bending 847.7 614 Teale = 1.97 
3 Ge —Cl stretching 422.6 421 
E 4  Ge-Hstretching 2129.4 1530) = robs = 2.69 
(perpendicular) 5 GeHs bending 874.6 630 = Teale =2.71 
6  GeHs rocking 604.1 434 








5K. N. Rao, J. Chem. Phys. 18, 213 (1950). 
6 Oetjen, Kao and Randall, Rev. Sci. Instr. 13, 515 (1942). 
( ’ a Dennison, Ginsburg, and Weber, Phys. Rev. 52, 160 
1937). 
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the difference between it and the observed weak sub- 
band peaks then was ascribed to the absorption of the 
parallel band. Several points on the parallel-band con- 

























































































° an | 
tour were thus obtained, and the envelope and center of a 
the band estimated therefrom. hal 
Parallel Bands cn 
tlor 
The spacing of the lines in parallel bands is governed Ge- 
by the rotational constant B, which is known from var 
microwave studies* to have the value of 0.144 cm™. ban 
It is thus impossible to resolve individual lines of L 
spacing 2B with our prism spectrometer. Moreover ban 
because of the very small ratio of B to the other rota- tion 
tional constant A, which ratio controls the intensity The 
banc 
TABLE II. Frequencies in cm™ (vac) of sub-bands in the « 
the 2129 cm™ band of GeH;Cl. ~ 
veak 
Assign- Frequency Rel. 
ment in cm™! int. ROK —POK ROK +P0OK 
FO.3 2196.5 w 135.4 4257.6 kaa 
FOr» 2191.9 S 124.9 4258.9 
FOn 2186.8 w 114.2 4259.4 As 
FOi0 2182.0 Ww 103.7 4260.3 =: 
FQ, 2177.4 s 93.7 4261.1 R 
ROs 2172.4 Ww 83.3 4261.5 Re 
RQ, 2167.6 w 13.2 4262.0 Ry 
RO, 2162.8 s 62.7 4262.9 R 
RO; 2157.5 w 51.9 4263.1 Ry 
RO, 2152.8 Ww 42.1 4263.5 Rr 
RQ; 2147.9 s 32.0 4263.8 R¢ 
FQ. 2142.4 Ww 20.9 4263.9 RC 
RO, 2136.9 Ww 10.6 4263.2 R¢ 
RO 2131.5 s R¢ 
PO, 2126.3 Ww RC 
PO. 2121.5 Ww RO 
PO; 2115.9 S RO 
PO, 2110.7 Ww PO 
PO; 2105.6 Ww PO 
POs 2100.1 S 
PO; 2094.4 w OQ 
POs 2089.1 w PO 
PO, 2083.7 s 0) 
POt0 2078.3 w PO; 
POU 2072.6 Ww ca 
POt>s 2067.0 ~ <a 
POs 2061.1 Ww - 
PO. 2055.9 w Assigni 
PO1s 2050.0 S lapped 
= propria 
, intensit 
ratio of the Q branch to that of the P and R branches, is negli 
the latter are each nearly ten times stronger than the hemad, 
Q branch. It therefore proved to be impossible even to The 
resolve the Q branch, and a doublet structure was ob- given b 
served for the parallel bands in all cases. The P—R ; 
spacing from the formula of Gerhard and Dennison’ — y= vo+| 
should be 16.1 cm~ at room temperature, and the ob- 
served spacings vary from 14.4 to 15.7 cm™. This can F 
be regarded as sufficient agreement, in view of the over- For the 
lapping of two parallel bands by perpendicular ones § ‘rm, (? 
and the effect of the numerous germanium-chlorine ar 
isotopic combinations on the shape of the third. qual to 
Was four 
—_ 





8 Dailey, Mays, and Townes, Phys. Rev. 76, 136 (1949); J. M. 
Mays and B. P. Dailey, J. Chem. Phys. 20, 1695 (1952). 
*S. L. Gerhard and D. M. Dennison, Phys. Rev. 43, 197 (1933): 
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Perpendicular Bands 


The large size of the rotational constant A enables 
an easy resolution of the sub-bands of the perpendicular 
bands in GeH;Cl. In GeD;Cl, however, where A has 
half its value in GeH;Cl, such resolution was not 
achieved, although it was hoped in advance that resolu- 
tion would be possible, at least for the band due to the 
Ge—D stretching vibration. The frequencies of the 
various sub-band peaks for the three perpendicular 
bands of GeH;Cl are listed in Tables II-IV. 

Location of band centers and assignments of the sub- 
band peaks are facilitated by the usual intensity alterna- 
tion resulting from the nuclear spin of the protons. 
The band center lies between the “Qo and ”Q, sub- 
bands, the former being the strongest Q branch near 
the center of gravity of the band and the latter the first 
weak Q branch on the low-frequency side of "Qo. 


TABLE III. Frequencies in cm™ (vac) of sub-bands in 
the 875 cm™ band of GeH;Cl. 








Assign- 
ment 





Frequency Rel. 


in cm7! int. ROK —POK ROK +POK 











941.3 133.1 1749.5 
FOn 935.8 Ww 120.8 1750.8 
FO 930.2 Ww 110.0 1750.4 
RO, 925.6 s 99.3 1751.9 
RO. 920.2 Ww 
RQ, 915.0 Ww 
RO, 910.1 s 
RO; 904.7 w 
KO, 899.5. w 
RQ; 894.2 s 
FO» 888.8 w 22.4 1755.2 
RO, 883.2 Ww 10.6 1755.8 
®Qo 877.4 s 
PO, 872.6 Ww 
PO. 866.4 w 
PO, 826.3 s 
PO 820.2 Ww 
POu 815.0 w 
POre 808.2 s 








Assignment of the sub-band peaks in the heavily over- 
lapped band of vibration 5 is made by choosing ap- 
propriate K values for sub-bands of comparable 
intensity on each side of the band where interference 
is negligible. Interpolation can then be made to over- 
lapped sub-bands. 
The equation for the sub-band frequencies is 
given by” 
v= vot+[A,’(1—2¢;)—B,’ J42( A,’ (1—-¢,) — By JK 
+[A,’—B,')— (Av”—B,")JK*. (1) 


For the purpose of obtaining the coefficient of the K 


p term, (7O0x—?Qx)/2 was plotted against K. The re- 


sultant straight line through the origin has a slope 
equal to this coefficient. Similarly the coefficient of K? 
was found from a plot of (?Qx+/’Qx)/2 against K?, the 





” G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., New York, 1945), p. 429. 





THE INFRARED SPECTRA OF GeH;Cl 






AND GeD;Cl 545 








TABLE IV. Frequencies in cm™ (vac) of sub-bands in 
the 604 cm™ band of GeH;Cl. 

















Assign- Frequency Rel. 

ment in cm™ int. ROK —POK ROx+?OK 
F013 656.4 w 

FO, 652.2 s 92.2 1212.2 
RO, 648.4 w 84.8 1212.0 
FOr 644.6 w 77.3 1211.9 
FO, 640.8 s 69.6 1212.0 
RO, 636.7 w 61.3 1212.1 
RQ; 632.7 Ww 53.7 1211.7 
RO. 628.8 s 46.0 1211.6 
RO; 625.0 Ww 38.2 1211.8 
RO, 620.8 Ww 30.8 1210.8 
RO; 617.1 ~ 23.3 1210.9 
FO. 613.5 w 15.9 1211.1 
RQ, 609.2 w 7.6 1210.8 
FO, 605.4 s 

PO, 601.6 Ww 

PO» 597.6 Ww 

PO; 593.8 s 

PO, 590.0 Ww 

PO, 586.8 w 

POs 582.8 s 

PO, 579.0 w 





567.3 Ww 











slope giving the coefficient and the intercept the con- 
stant terms in Eq. (1). Least-squares treatment of the 
individual points leads to the following equations for 
the sub-band peaks of the three perpendicular bands: 


v4=2132.1+5.19K —0.02K? (2) 
vs= 877.64+5.52K —0.02K? (3) 
ye= 605.5-+3.84K+0.005K?. (4) 


From Eqs. (1)—(4) and the expression for the ¢-sum 
of XYZ; molecules," which has the value B’/2A’, it 
follows that 


12A’—14B’ =29.08 (5) 


if the variation in A’ and B’ implied by the subscript 7 
be disregarded. Substitution of the microwave value® 
of Bo (0.144 cm) for B’ then gives A’=2.591 cm=, 
which represents an average value of A’ for the three 
perpendicular vibrations, i.e., (A4’+A5’+A¢’)/3. 

If it be assumed that B’=B” for all perpendicular 
vibrations, the coefficients of the K? terms then yield a 


TABLE V. Rotational constants of GeH;Cl. 








A” =2.603+0.006 cm™ 
B” =0.144 cm (microwave result) 
A 4’ =2.586+0.006 cm 
A;'=2.582+0.008 cm™ 
Ag =2.607+0.006 cm 

t1= —0.059-+0.004 

ts= —0.124+0.007 

ts= +0.209+0.004 








1 See E. Teller, Hand- und Jahrbuch der chem. Physik 9, II, 
43 (1934). See Table I of R. C. Lord and R. E. Merrifield, J. Chem. 
Phys. 20, 1348 (1952). 
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TABLE VI. Fundamental frequencies of 
CH;Cl, SiH;Cl, and GeH;Cl. 
































Vibn. 
no. CH;Cl SiH3Cl GeH;Cl 

1 2966.2 2196.0 2121.2 

2 1354.9 1097.5 847.7 

3 732.1 551.0 422.6 

4 3041.8 2147.4 2129.4 

5 1454.6 951.2 874.6 

6 1015.0 666.2 604.1 

TABLE VII. Thermodynamic functions for 
GeH;Cl in calories/deg/mole. 

TK —(F°—E)/T (H —E0)/T So C. 
200 49.78 8.55 58.34 10.38 
298.16 53.39 9.61 62.99 13.09 
400 56.37 10.79 67.16 15.30 
500 58.89 11.85 70.74 16.93 
600 61.15 12.82 73.97 18.28 
700 63.20 13.69 76.89 19.39 
800 65.05 14.45 79.51 20.32 
990 66.82 15.16 81.99 21.10 

1000 68.48 15.81 84.28 21.75 








set of equations from which the individual A’ values 
can be found. These latter, when substituted back into 
Eq. (1), in turn yield ¢ values for the three perpendicular 
vibrations. The results are listed in Table V. 

The value of A” of 2.603 cm™ is consistent with the 
microwave results of Mays and Dailey,’ who evaluate 
the Ge—H distance as 1.52+-0.03A and the H—Ge—H 
bond angle as 110°54’+90’. These values correspond 
to A’’=2.667+0.07, which agrees with the infrared 
value within the stated experimental error. It is per- 
haps worth noting that both values also agree within 
their limits of error with an A” calculated from the sum 
of the covalent radii of germanium (1.22A) and hy- 
drogen (0.32A) with an assumed tetrahedral H— Ge—H 
angle. The Ge—H distance in GeH, has been reported 
by Tindal, Straley, and Nielsen’ from infrared rotation- 
vibration spectra to be 1.478A, but it has been pointed 
out” that there may be minor objection to their method 
of evaluation of the rotational constants. 


12 Reference 10, p. 456, footnote 50. 


AND C. 





VIBRATIONAL FREQUENCIES FOR MONOCHLORIDES 
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OF METHANE, SILANE, AND GERMANE 


It is instructive to consider the frequencies of these 
three molecules shown in Table VI in relation to one 
another. The values for CH;Cl are those of Barker and 
co-workers as quoted by Herzberg” and for SiH;Cl 
are those of Monfils. In view of the fact that the de- 
generate frequencies 4 and 5 are higher than the corre- 
sponding symmetrical ones 1 and 2 in both CH3Cl and 
GeH;Cl, it is surprising that the reverse is true for 
both pairs in SiH;Cl. Also it is remarkable that the 
degenerate and corresponding symmetrical frequencies 
have such a wide separation in SiH;Cl. Since the funda- 
mental frequencies in each species do not lie near one 
another, such an irregular spacing in SiH;Cl is hard to 
understand on grounds of mechanical interaction within 


TABLE VIII. Thermodynamic functions for 
GeD,C1 in calories,/deg/mole. 








stig —(F°—F/))/T (H —Fo)/T So Cp 





200 50.85 9.14 59.99 12.20 
298.16 54.78 10.67 65.45 15.30 
400 58.13 12.17 70.30 17.59 
500 60.98 13.42 74.40 19.25 
600 63.54 14.51 78.05 20.52 
700 65.84 15.41 81.24 21.92 
800 67.95 16.24 84.19 22.28 
900 69.92 16.96 86.87 22.88 
1000 71.76 17.58 89.35 23.35 








either species. A possible explanation is that vibrations 2 


and 4 have been mislocated. These would be expected to 
lie just above 900 and 2200 cm, respectively. 


THERMODYNAMIC FUNCTIONS FOR GeH;Ci 
AND GeD,Cl 


These functions, calculated by the usual methods 
on the basis of the harmonic-oscillator, rigid-rotator 
approximation, are given for the ideal-gas state at one 
atmosphere pressure in Tables VII and VIII. 

13.4. Monfils, Compt. rend. 236, 795 (1953); J. Chem. Phys. 
19, 138 (1951). 





















T 


descri 
Ma 
meast 
oratol 
in line 
some | 
%™T 
are re 
bands 
The 
elsewh 
15 000 
gratin; 
The si; 
a Bair 
the spe 
wedge 
quency 
branch 
band |i 
precisic 
branch 
HCN y 
Reso 
0) bran 
the slit 
was 32( 
sure in 
mercury 
obtaine 
lower S) 
than de 
intensit: 
—— 
* This | 
269 Task 


t Prese 
Laborator 





we 


yds 
tor 
one 


hys. 












THE JOURNAL OF CHEMICAL PHYSICS 






VOLUME 22, NUMBER 3 MARCH, 1954 


l-Type Doubling in C,H, and HCN* 


T. A. Wiccrns, J. N. SHEARER, E. R. SHuttt AND D. H. RANK 
Physics Department, The Pennsylvania State University, State College, Pennsylvania 


(Received October 15, 1953) 


A high-resolution infrared grating spectrometer has been used to investigate /-type doubling of energy 


levels of the linear molecules CoH: and HCN. Resolving power of 145 000 was obtained at 4100 cm™ which 
permitted the resolution of the Q branch of »:+¥»;!(2,*—I1,,) of C2H2 to J” =6. The difference between the 
B’—B” value determined from the Q branch and the same quantity obtained from the P and R branches of 
this band vields a value of g=4.72X10~* cm™. The doublet structure in the difference band 0110-01!2 (x7) 
of HCN has been resolved for J’ >6in the R branch and J” >10 in the P branch. This 7 band is treated 
as two bands with slightly different molecular constants. Evaluation of rotational constants shows that 
different a values are obtained for the + and — components of these m states. The difference in frequency 
between lines of equal J” in the 000-002 and 01!0-01!2 bands is shown to be a quadratic function of J”. 


The value obtained for g’ was 7.68107 cm™. 


INTRODUCTION 


HE change in the B values caused by /-type doubl- 
ing in linear molecules has been observed and 
described by Herzberg.! 

Making use of high resolution and precise methods of 
measuring wavelength recently developed in this lab- 
oratory,” it has been possible to investigate / doubling 
in linear molecules in more detail. It will be shown that 
some of the assumptions usually made in the analysis of 
tn bands are not justified and that more constants 
are required to give an adequate description of these 
bands. 

The spectrometer has been described completely 
elsewhere.” It is sufficient to state that an eight-inch 
15000 lines/inch Bausch and Lomb plane transfer 
grating was used double-passed with ten-meter optics. 
The signal from the Eastman PbS detector was fed into 
a Baird phase-sensitive amplifier. Uniform scanning of 
the spectrum was accomplished making use of a sliding 
wedge prism arrangement. The precision of relative fre- 
quency measurement of the lines in the P and R 
branches of the 4100 cm! band of CoH» and the “‘hot”’ 
band lines of HCN at 6500 cm~ is +0.005 cm~. The 
precision obtained in measurement of the lines of the Q 
branch of »,;+;' of CoH» and lines of the 002 band of 
HCN was considerably higher. 

Resolution of 145 000 was obtained in the case of the 
( branch of the CoH» band. Theoretical resolution with 
the slit widths used was 175 000. The absorption tube 
was 320 cm long. It was necessary to reduce the pres- 
sure in the case of the acetylene band to 1.3 mm of 
mercury to achieve maximum resolution. The resolution 
obtained with the HCN “hot” band was somewhat 
lower since it was necessary to use a pressure higher 
than desirable to develop the “hot” lines with sufficient 
intensity, 





* This research was assisted by support from Contract N6onr- 
269 Task V of the U. S. Office of Naval Research. 

t Present address: Linde Air Products Company, Tonawanda 
Laboratory, Tonawanda, New York. 
'G. Herzberg, Revs. Modern Phys. 14, 219 (1942). 
nt Shull, Bennett, and Wiggins, J. Opt. Soc. Am. 43, 952 
93). 
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ACETYLENE 


The perpendicular band »;+;'(2,*—IL,,) of acetylene 
at 4092 cm™ has been measured to show the difference 
between the B’ values obtained from the Q branch com- 
pared to that obtained from the P and R branches. 
This effect of doubling has been observed and explained 
by Herzberg.' He has shown that due to the selection 
rules the z~ levels of the upper vibrational state are 
involved in the Q-branch transitions while the z* levels 
are involved in the production of the P and R branches. 
With the resolution available it has been possible to 
resolve the Q branch so that a value for B_’—B” can 
be found, where B_’ denotes the constant for the z 
levels of the upper state. The Q branch of this per- 
pendicular band is shown in Fig. 1. Intensity alternation 
is shown with the antisymmetric levels (odd values of 
J’) having the greater weight. Resolution to J’’=6 is 
shown. It would require theoretical resolving power to 
resolve the J’ =5 line. 

If we neglect the effect of the D correction terms we 
can write the expression representing the frequencies of 





Fic. 1. The Q branch of C:H: at 4092 cm™!. The line J’’=6 is 
resolved showing resolution of 145 000. 
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Fic. 2. Plot of frequencies in the Q branch of CoH» versus 
J(J+1). The upper plot shows the deviations between the meas- 
ured frequencies and a least squares fit. 





the Q branch as follows: 
v= vo_— B_'+ (B_’— B”)J(J+1) J>0. (1) 


A plot of the measured frequencies in this branch 
versus J (J+1) is shown in Fig. 2. Since the plot of this 
experimental data shows no trace of curvature it can 
be seen that the assumption regarding D is amply justi- 
fied. The deviations from the least squares fit of the 
data are shown in the upper portion of Fig. 2. The 
average deviation was found to be +0.002 cm“. 

If we make the assumption that D’=D’’=D, the 
expression for the frequencies of the lines of the P and R 
branches of this band becomes 


v= vo,— (By’+D)+ (B,’+B"+2D)m 
+ (B,!—B"+2D)m2—4Dm', (2) 


where m=J+1 for the R branch and —J for the P 
branch. 

The frequencies of eight lines out to J’ =17 in the P 
and R branches of this band were measured making 
use of the second-order 1.22u Fabry-Perot white light 
fringes as wavelength standards. The measured lines 
were fitted to Eq. (2) by least squares. The average 
deviation was +0.003 cm~. We have obtained the 
following molecular constants for this band expressed 
in cm: 


B" =1.17658 yoy. = 4092.34 

B,!=1.16952 vo-= 4092.37 

B_! =1.17424 q=4.72X10-. 
D=1.0X10-° 


These constants can be compared with previous work 
on acetylene. Herzberg’ quotes a value of B’’= 1.17692 
cm~', Bell and Nielsen’ obtained a value of B,’—B” 
= —(.0078 compared with —0.00706 cm obtained in 
the present investigation. 

3G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 


Company, Inc., 1945), p. 396. 
‘E. E. Bell and H. H. Nielsen, J. Chem. Phys. 18, 1382 (1950). 


SHEARER, 








SHULL, AND RANK 


HYDROGEN CYANIDE 


The difference band 01!0--01'!2(1—>7) associated with 
the 000-002 band of HCN has been observed under 
sufficient resolution to resolve the / doublets in the R 
branch for J’’>6 and in the P branch for J’’>10. 
The lines of the 000-002 band of HCN have been 
measured recently in this laboratory by Yost® with a 
precision comparable to that obtainable in the photo- 
graphic infrared. The work of Yost showed that no 
rotational perturbations appeared in this band. B” has 
recently been investigated with high precision.*.’ 

We have measured 20 lines in the 002 band by the 
Method of Exact Orders.? These lines are listed in 
Table I and are marked with an a. There is still 






TABLE I. Frequencies in vacuum wave numbers 
in two bands of HCN. 































m (000 +002) (0110 4012) An, 
— 26 6429.277% 7 ad 
—24 37.208* ee vee 
—23 41.116* 
—?21 48.8078 ne coe eee 
—20 52.593 6413.691 6413.910 —0.219 
—19 56.338* 17.422 17.632 0.210 
—18 60.0462 ees coe eee 
—17 63.712 24.791 24.982 0.191 
—16 67.335* 28.409 28.594 0.185 
—15 70.918 31.986 32.156 0.170 
—14 74.459* 35.529 35.679 0.150 
—13 77.958 39.031 39.183 0.152 
—12 81.415" 42.489 42.615 0.126 
—11 84.832 45.922 46.029 0.107 
—10 88.207 49.294 49.399 0.105 
— 8 94.832 6455.972 tee 
- 7 98.082 59.221 
— 6 6501.290 62.414 
-— 5 04.457 65.586 
— 4 07.582 68.716 
— 1 16.704* ee 
Q 19.661 80.771 
2 25.447 86.640 
3 28.277 89.472 
4 31.064 92.269 aiee 
7 39.170 6500.455 6500.366 +0.089 
8 41.787 03.085 02.974 0.111 
9 44.362 05.681 05.549 0.132 
10 46.893 08.263 08.107 0.156 
11 49.3828 eee eee eee 
12 51.828 13.254 13.050 0.204 
13 54.2298 15.679 15.456 0.223 
14 56.586 18.066 17.815 0.251 
15 58.901* 20.413 20.137 0.276 
17 63.400" 24.977 24.668 0,309 
18 65.585* 27.193 26.846 0.34i 
19 67.726 29.359 28.997 0.362 
20 69.824* tee tee dic 
22 73.891° 35.631 35.195 0.436 
23 75.8592 eee eee eos 
25 79.664* 
27 83.301* 





— 














® Measured frequencies. The other frequencies in this band are computed. 





5 E. L. Yost, M. S. thesis, The Pennsylvania State College, Jun¢. 
1953. 
® Rank, Ruth, and Vander Sluis, J. Opt. Soc. Am. 42, 6% 
(1952). 
7 A. E. Douglas and D. Sharma, J. Chem. Phys. 21, 448 (1953). 




































prob 
ment 
plete 
to be 
the p 
const 
in Ta 
measi 
band 
uremy 
meast 


where 
brancl 
of the 
Shulm 
seconc 
lated 
Av+q’ 
treatm 
It was 
to cons 
P brar 
plots w 
An @ 
possib] 
of g/— 
second 
value ¢ 
measur 
doublet 


A plot « 


Fic. 3, 
HCN at 6 
Ss added 
hegative, 
enescnseisens 


*R.G.: 











the 
1 in 
still 





0.219 
0.210 
0.191 
0.185 
0.170 
0.150 
0.152 
0.126 
0.107 
0.105 


- 0.089 
0.111 
0.132 
0.156 
0.204 
0.223 
0.251 
0.276 
0.309 
0.347 
0.362 


0,436 


mputed. 


e, June, 
42, 693 
(1953): 








probably a small systematic error in these measure- 
ments somewhat less than 0.010 cm™ across the com- 
plete P branch. We shall assume the microwave B’”’ 
to be 1.47823 cm and B’ to be 1.45691 cm, which at 
the present time are the most probable values of these 
constants. The remaining lines of the 002 band listed 
in Table I have been obtained by interpolation between 
measured lines. The frequencies of the lines of the 002 
band thus determined were used as standards for meas- 
urement of the m—7 band lines. The results of these 
measurements are compiled in Table I. 


Determination of g 


On the basis of the theory presented by Douglas and 
Sharma’ the frequency separation of the / doublets in 
a t—m band is given by 


Av=q'(m?+ m—1)—q" (m?—m—1), (3) 


where m=—J for the P branch and J+1 for the R 
branch, g’= B_’— B,’ and q’’= B_""—B,”. Making use 
of the direct measurement of g’’=7.47X10- cm by 
Shulman and Townes* by microwave methods, the 
second term on the right side of Eq. (3) can be calcu- 
lated for each doublet. In Fig. 3 we have plotted 
Av+q’’(m?—m—1) vs (m*+m—1). The least squares 
treatment of this data yielded g’=7.76X10 cm™. 
It was found necessary in making the plots in Fig. 3 
to consider the doublet separation to be negative in the 
P branch and positive in the R branch so that both 
plots would have the proper intercepts and equal slopes. 

An alternate method of analysis of the / doublets is 
possible which should yield much more reliable values 
of g’—q” than the above treatment. However, this 
second method does not give as precise an absolute 
value of the q’s as is obtainable from the microwave 
measurements. We can express the separation of the / 
doublets to sufficient approximation by 


Av= (q'—q’’)m?+ (q'+q’’)m. (4) 
A plot of the data using Eq. (4) is given in Fig. 4. The 
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Fic. 3. Splittings in the P and R branches of the rm band of 
HCN at 6481 cm-!. The frequency difference between the doublets 
's added to the quantity g’’(m’—m—1) and the sum plotted 
versus (m*+-m—1). The separation in the P branch is taken to be 
negative, and the R branch to be positive. 
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*R. G. Shulman and C. H. Townes, Phys. Rev. 77, 421 (1950). 
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Fic. 4. Plot of the doublet separation Av/m versus m for the lines 
of the 01'0-01'!2 band of HCN. The points indicated by X were 
not used in the determination of gq. 





absolute value of g is determined by the absolute value 
of the doublet separations which can be subject to 
systematic error when close line pairs are involved. 
We have put the data to least squares using only the 
completely resolved doublets, i.e., Ayv>0.17 cm~. From 
this analysis we obtain g/’=7.59X10~ and g’=7.80 
X10-*. Even though the absolute value of g’’ does not 
agree exactly with the microwave q’’ we believe q’—q’’ 
is much more accurate than the value obtained from 
the use of Eq. (3). From g’—q” determiried from Eq. (4) 
the most probable value of q’ is 7.68 10-* cm. 

The absence of intensity alternation in the doublets 
such as would occur in a symmetric molecule prevents 
a unique assignment of the lines of the doublets to a 
given energy level. However, on the basis of the re- 
quired signs for the doublet separations noted above, 
it is concluded that the higher-frequency component of 
the R branch is associated with the same energy level 
as the lower-frequency component of the P branch and 
vice versa. To show this, an energy level diagram was 
constructed similar to the one shown by Herzberg? for 
a m—m band. The result is the same as shown by Herz- 
berg” for ‘t—'r bands of diatomic molecules. This 
result differs from the diagram for linear molecules only 
in the order of the doublet components in the P branch. 
It is concluded that the w+ (lower-energy) levels are 
associated with the higher-frequency doublet component 
in the P branch and the lower-frequency component in 
the R branch; the m~ (higher-energy) levels with the 
lower-frequency doublet component in the P branch 
and the higher-frequency component in the R branch. 

Since as was noted above the energy levels are double 
in w states, we actually have two sets of rotational 
constants and effectively a m—2 band is two bands 
which are almost identical. We shall call one of these 
bands + and the other z-. If we assume D’=D” for 
these hot bands the frequencies of the band lines can be 
expressed by the following equation: 


Vr= Von— (B,’—Bi”")+ (Bi’+Bi/’+4D),)m 
ae (B,’ —B,!")m?—4D,m'. (5) 


A fit of the band lines by means of least squares was 


® See reference 3, p. 389. 


10 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950), second edition, p. 267. 
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VeVy cm" The molecular constants for the r+ and 7~ bands have 
been determined applying least squares methods to the 
data using Eq. (5) and Eq. (6). In addition, the conven- 














he | oe tional A.¥” method was used for the + and a~ bands 
ad and also for the average of the two bands. The results 
are summarized in Table II. The fifth figure beyond the 
i decimal point has little significance and is carried as an 
inferior number. The agreement with the results ob- 
| tained by Douglas and Sharma’ for the 01'0 state 
2 average is excellent. It should be pointed out that our 
r~ analysis shows unequivocally that the r+ and z~ states 
- 20 , ri F 2 8 a ° 4 8 12 16 20 24 ‘ . ; 2 
m rasieE II. Rotational constants of 01!0-01!2 bands in vacuum 
; none rave bers de ined by diff thods. 
Fic. 5. The difference between frequencies in the 000--002 band —__ * es empresas cnteannin dumaneinannnes 
and the 01!0-01!2 band of HCN are plotted versus m. —— sie li a iia A 
x* band 
_— i —o “ Constant Ao” Eq. (5) Eq. (6) 
performed. The fit gave an average deviation of SK the : 
+0 007 ——— B" 1.47870 1.47868 fn he } 
RE ea ; ; B ve 1.45788 vee phore 
Douglas and Sharma’ have pointed out that it a!” —(),00057 — 0.00097 +0.00025 and ; 
should be possible to determine a2 from the difference a “we — 0.00045 — 0.00006 neces 
sega saerbe ‘spilg mf =~ 6480.807 6480.809 : 
in frequency of “hot” and “cold” band lines (average coeffi 
frequency of / doublets) of the same J. The attempt of 7 band yield: 
these authors to evaluate a2 in this manner from the 003 . 1.48519 —_ vee to ar 
Tae Pea. rT ye, e eee 3" wee 46 pw A cigs 
band and its accompanying hot” band was unsuccess a! ~ 0.00696 ~ 0.00680 ~0,00691 diluti 
ful and perplexing. We have made an attempt to per- a! a —0.00753 — 0.00746 of the 
form the same type of analysis as Douglas and Sharma vo 6480.810 6480.806 comp: 
on the 002 band and its accompanying hot band with Seilidik svieniiins there 
even more perplexing results. Since our relative fre- B" 1.48194 1.48185 cs conce 
quency measurements were considerably more accurate B’ eats pa inate centri 
‘ © ade i . ’ a, een a” — 0.0037 —0. ) — 0.0033: 
than those made in the photographic infrared, our “ iin — 0.00425 —~0:00376 sharp 
scatter of points was much smaller than that obtained D” 3.40 10-8 Ke =e preser 
by Douglas and Sharma. The plot of the difference be- ne suffici 
ane } »f > ES. ne f tl ee ld” li hy itl > average Q(1) cale 6480.767 that 
tween the Irequencies 0 ne coid lines and the ave age Q(1) obs 6480.71 a t 
frequency of the appropriate doublets versus m yielded nas is ieee a sedim 
a smooth curve instead of the straight line predicted a plat 
by first order-theory. yield a, values of a completely different order of mag- solutic 
The difference between the frequencies for the same nitude. It also appears that the a2 value for the 01'2 — which 
value of J in the “hot” and “cold” bands can be shown - state is slightly larger than that for the 01'0 state. but m: 
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Generalization of the Radial Dilution Square Law in Ultracentrifugation* 
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The classical square law of radial dilution, which relates the concentration of a single component to the 
boundary position in the ultracentrifuge cell, has been examined and found to be valid for a single component 
as well as for a multicomponent system even though the sedimentation rates are dependent on concentration. 

The square law has been generalized to give corrected concentrations without the necessity of determining 
boundary positions explicitly. A system of warped coordinates has been introduced to simplify this applica 
tion of the square law. A special template and its use is described which incorporates both the warped coordi- 
nates and the baseline and which enables very rapid reading of areas from routine ultracentrifugal runs. 





MACROSCOPIC moving boundary theory for 

ultracentrifugation paralleling either the weak or 
the strong electrolyte theory developed for electro- 
phoresis'~* is complicated by the inhomogeneous field 
and sector shape of the centrifuge cell. Moreover, it is 
necessary to consider the dependence of sedimentation 
coefficient (‘‘s rate’) on concentration, since this effect 
yields area anomalies,’ and also gives a time dependence 
to areas® in addition to that indicated by the radial 
dilution square law.** This paper presents an extension 
of the classical square law of radial dilution to single 
component and multicomponent systems in which 
there exists a dependence of sedimentation rate on 
concentration. This analysis is for the velocity ultra- 
centrifuge for solutions in which diffusion, artificial 
sharpening and blurring effects, and convection can be 
present in the boundary regions, if these effects are 
sufficiently small in comparison to sedimentation so 
that the phase just preceding the bottom of the cell in 
sedimentation (and the meniscus in flotation) remains 
a plateau solution during centrifugation. By a plateau 
solution is meant a phase of limited radial extent in 
which the concentration is independent of the radius, 
but may be time dependent. A necessary condition for 
a plateau solution is that the schlieren pattern return 
to the baseline; thus implicitly the assumption is made 
that no component has completely traversed the length 
of the cell. 


SINGLE-COMPONENT SYSTEM 


A boundary region in a cell can be defined as a region 
in which the concentration depends on the distance 


_* This work was supported (in part) by the U. S. Atomic Energy 
Commission and by a grant from the Life Insurance Medical 
Research Fund. 

'L. G. Longsworth, J. Am. Chem. Soc. 65, 1755 (1943). 

*H. Svensson, Arkiv Kemi, Mineral. Geol. A22, No. 10, 8 (1946). 

*V. P. Dole, J. Am. Chem. Soc. 67, 1119 (1945). 

*H. Svensson, Acta Chem. Scand. 2, 841 (1948). 

*R. A. Alberty, J. Am. Chem. Soc. 72, 2361 (1950). 
_,R. A. Alberty and H. H. Marvin, J. Phys. and Colloid Chem. 
34, 47 (1950). 
aig) Johnston and A. G. Ogston, Trans. Faraday Soc., 42, 789 
W. F. Harrington and H. K. Schachman, J. Am. Chem. Soc. 
75, 3533 (1953). 

i Svedberg and K. O. Pedersen, The Uliracentrifuge (Claren- 
don Press, Oxford, 1940); a, p. 7; 6, p. 21. 
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from the center of rotation x. Let the material be hypo- 
thetically rearranged to give an equivalent infinitely 
sharp boundary between the two concentrations at the 
extremes of the boundary region. The boundary posi- 
tion %, a function of the time, is defined as the location 
of this step in concentration!* and, for the sector cell, 
is the square root of the second moment of the concen- 
tration gradient curve" (see Fig. 1 and Eq. 12). 

For the sector cell, the law of conservation of mass 
can be applied on a differential basis to give an equation 
of continuity®” which is valid at any radius « and time 
t. In the plateau region, c is independent of «; therefore, 
the partial derivatives can be replaced by total deriva- 
tives and the equation of continuity becomes 


dc/dt= —2w*sc. (1) 


Refer to Fig. 1 and choose a lamina of very small 
width at position x which lies in the plateau region to 
the right of we. Let x’ be the distance of this lamina 
from the center of rotation at any time /. Let the lamina 
move through the cell with the s rate of the enclosed 
molecules which is, by definition 

s= (dx’/dl)/w*x’. (2) 


— 


Now the quantity VY of material behind this lamina is a 
constant. Therefore, both the equivalent infinitely 
sharp boundary at a distance € and the lamina at x’ 
move down the cell subject to the following condition 
(expressed per unit half-angle per unit thickness of 
cell): 


dQ 
dt 7 


Q. (3) 


Differentiating with respect to time gives 


dx’ dz de 
(2x—- 20— Je (x”— z)—=0. (4) 
dl dt dt 


10R. Goldberg, J. Phys. Chem. 57, 194 (1953). 

1R. Trautman, “Theoretical considerations on cell shape, 
convection, and an area anomaly pertinent to developing a moving 
boundary theory for ultracentrifugation,” University of California 
Radiation Laboratory Progress Report No. UCRL 1869, contract 
No. W-7405-eng 48 (July 8, 1952). 
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Fic. 1. Distribution of mass during sedimentation 
in the sector cell. 


From the equation of continuity, dc/dt can be elimi- 
nated, 


dx’ dz 
( 2x’—-— 26) — (x?—Z?)2w*sc=0. (5) 
dl dt 


Substitute Eq. (2) into Eq. (5) and rearrange, 
(d&/dt)/wt%=s. (6) 


Therefore, the s rate of the equivalent boundary posi- 
tion of a single component is the same as the s rate of 
the molecules in the plateau region. As long as a plateau 
region exists, this result is independent of the actual 
shape of the boundary. 

In order to determine the relationship between the 
plateau concentration c and boundary position @Z, 
Eq. (1) can be divided by Eq. (6), 


d \nc d |nz 


(7) 
di di 





Integrating from c® and x at ‘=0 to c and Zat time, 
gives 

/c= (€/x»)?. (8) 
Equation (8) shows that the square law is valid for a 


single component even if the dependence of s on ¢ 
causes a marked change in the sedimentation coefficient 


during the course of the run.” 


2 This conclusion is different than that presented without de- 
rivation by Kinell. [P.-O. Kinell, J. Chem. Phys. 44, 53 (1947); 
P.-O. Kinell and B. G. Ranby, Advances in Colloid Science (In- 
terscience Publishers, Inc., New York, 1950); Vol. ITI, p. 181]. The 
authors of this paper believe an ambiguous interpretation of the 
symbol dx must have been used to obtain his result. 
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EXTENSION TO MULTICOMPONENT SYSTEM 
OF NONINTERACTING COMPONENTS 
The effect of radial dilution upon the observed area of 
a multicomponent system will now be considered. 
Throughout the following derivation, it is assumed that 
no component has completely traversed the length of 
the cell, and that a plateau region exists between the 
boundary position of the fastest component and the 
bottom of the cell. This will be denoted the y plateau. 
Any disturbance in the boundary region, such as con- 
vection,® will not affect the validity of this treatment, 
as long as all disturbances, if any, extend from wall to 
wall of the cell and as long as no convection of any form 
occurs in the y plateau region. Equation (8) may be 
written for each of the m components in the cell; 
however, the individual #’s may not be observed on the 
pattern because of the superposition of the boundaries. 
For the ith component, 


84° 
cf= (=) C3", (9) 
Xo 


where the superscript y refers to the y plateau region. 
Multiplying by the specific refractive increment aj, 


Zz; 2 
CPa;= (-) Ci 1Q;. (10) 
Xo 


The left-hand side of Eq. (10) is the initial concentra- 
tion expressed in refractive index units. Summing 
Eq. (10) for all of the m components in the cell, 


- m #2 
> cLa:=>- (=) Ci7Qi. (11) 
i=l i=l Xo 


Regardless of the shape of the concentration gradient 
curve between x» and the plateau, for each component 
the quantity (%;/xo)? obeys the following relationship 
as shown by Goldberg :” 


=P 4 X\? dail; 
Li>* 
Zi 2 x0 Xo Ox 
gee « 
Xo aici? 


where x, is any point in the y plateau region. Substitute 
Eg. (12) in Eq. (11) 


tp £ 2 0a;C; 
-- dx 
x0 Xo Ox 
m 
0 Zz. ayCi 


Zp x 2 i=l 
-f (=) de te 
z0 Xo Ox 
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Dividing by >> aic;7 


i=l 









Ce) Zz QC; 
- Ip x 2 i=l 
ra ac; J (-) ——— —alx 
i=l z0 Xo Ox 
= : (14) 
Dd aici? Dd aici? 
i=l 


i=l 


The right-hand side of Eq. (14) is, by definition, 
(°>*/x9), where (%°>*)? is the second moment of the 
observed concentration gradient curve. Therefore, the 
generalized square law of radial dilution may be written 
in two forms: 


m 


» i aici” 


i=1 gobs 2 
m Xo 
> aici? 


i=l 


“Pp fx \" On 
ant= f (=) —dx, (16) 
0 Xo Ox 


where ” is the total observed index of refraction at 
any point x and 





or 


m 
AWw=>> ac. 


i=! 


By application of Eq. (15), the total observed area on 
the schlieren pattern can be corrected for the effects of 
radial dilution if the boundary position #°>* is deter- 
mined for the complete pattern. 

If several peaks are observed on the schlieren pat- 
tern, Eq. (16) can be written 


2 On 
J () —dx 
Lo Ox 


An*= An 1 





x\2 On 
f (= —dx 
2 Xo Ox 


+ Ano+:: 
Ans 





where the integral from x to x» has been broken into a 
consecutive series of integrals each one extending 
through a peak, and An; is the observed (time depend- 
ent) area of the ith peak. The subscripts 1, 2, .. . denote 
the various peaks. Equation (17) gives immediately 


Zi\? E2\? 
An= (=) An,+ (=) Ano+:--. (18) 
Zo Xo 
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Therefore, the sum of the square-law corrected areas 
equals the sum of the initial concentrations. 


WARPED COORDINATES 


Equations (15) and (18) are difficult to apply, be- 
cause they involve determination of the second moment 
of the concentration gradient curve. This difficulty 
may be eliminated by the application of the warped 
coordinate technique of measuring areas. Equation (16) 
can be written as the limit of a sum from 2p to x», but 
for practical purposes the limiting process can be 
stopped when the Ax; are small enough to give the 
accuracy desired 


q Xj 3 
An’=>- (=) yjAx;, (19) 


i=t \2o 


where y;=0n/0x is an ordinate on the schlieren pattern 
and q is the number of parts into which the interval 
between xo and x, is divided. Since, in the limit, the 
intervals into which the pattern is divided do not need 
to be of uniform size, they may be chosen so that 
(%,;/%0)?Ax; is a constant. Then 


constant = (x;/x9)?Ax;= Az. (20) 


Choose the ordinate y,; at the center of each Az interval. 
Then (20) becomes 


q 
An = Az >> »;. (21) 


7=1 


Thus, the schlieren area corrected for radial dilution 
can be determined as a simple summation of ordinates. 
The position of these ordinates can be marked off at 
the center of each Az interval. The required relationship 
between x and z can be found by taking the limit and 
integrating Eq. (20), 


f wal “fi (=) a 
107) 


which gives 


and, inversely, 


Thus, the midpoint of the first interval is 





—] 


Xo 


m= nf 1+ 


In constructing the template, Fig. 2, advantage has 
been taken of the fact that the baseline (the pattern that 
would have been obtained if no lipoprotein molecules 
were present) is the same, at a given time after start of 
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centrifugation, for the several cells used. Therefore, it 
can be incorporated in the template, and the ordinate 
scale is marked off on the vertical lines in equal units 


below the baseline. These vertical lines lie at the center 
of the Az interval.!* 

The task of determining the area of the pattern has 
now been reduced to the simple job of summing the 
ordinates. This is easily done with an adding machine 
that will print both the subtotals and the number 
punched in. The adding machine tape gives the integral 

3 Tt is possible to use a standard set of warped coordinates for 
all ultracentrifugal patterns. The formulation is 


x. 2 q 

Vr . 

An? = (“) As 2 yj, 
Xo, j=l 


where x9 is the observed meniscus position for sedimentation or 
the bottom of the cell for flotation, and «; is the value chosen in 
constructing the warped coordinates. 
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Fic 2. Template of warped 
coordinates. The bottom of the 
cell is the vertical line at the 
extreme right. The salt redis- 
tribution baseline is the upper 
curve and is the zero for the 
ordinate scale measured down- 
wards. The scale at the extreme 
left is used in _ positioning 
r 9 the template. The observed 
gti schlieren pattern of the float- 

ing lipoprotein sample is traced 
using a 5x enlarger. Square- 
20121 law corrected areas are ob- 
tained by summing the read- 
ings taken off the vertical lines 
which are located at the center 
[74425 of the Az intervals. 
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curve corrected for radial dilution, and also the slope 
of this curve (the ordinate) at each point. It is important 
to remember that since the vertical lines lie at the 
center of the Az interval, the sum obtained represents 
all the area up to a point midway to the next vertical 
line. 
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An analysis of mass distribution in the ultracentrifugation of mixtures of two sedimentable components has 
been made. This treatment predicts the magnitude of the slow component concentration in the region be- 


tween the slow and fast boundaries as well as the change in this concentration during the run. The theory has 
been applied to a series of mixtures and is in agreement with the experimental data. The existence of con- 
vection during the ultracentrifugation of mixtures is briefly discussed as well as the application of the theory 


to a determination of concentrations in unknown systems. 





INTRODUCTION 


ECENT work by Harrington and Schachman! on 
the ultracentrifugal analysis of known mixtures of 
a two-component system demonstrates that the sector 
cell and inhomogeneous field complicate the conserva- 
tion of mass analysis first proposed by Johnston and 
Ogston.” It was observed in their work that the area of 
the schlieren peak of the slow component decreased with 
distance moved much more than accounted for by the 
square law; this decrease could be related to changes in 
the sedimentation coefficients due to radial dilution. 
This paper presents a theoretical extension of the 
Johnston-Ogston analysis and applies the theory to the 
determination of the initial concentrations in two-com- 
ponent mixtures. 


THEORY 


The concentration relationships in a two component 
mixture are shown in Fig. 1, following the hypothesis of 
Johnston and Ogston and using the boundary and phase 
notation of moving boundary electrophoresis theory.*4 
Trautman and Schumaker® have indicated that the 
square law of radial dilution is valid for the sum of all 
the components in the cell even if there is a dependence 
of sedimentation coefficient on concentration, provided 
there is no convection present in the solution con- 
taining all of these components. Thus in the two- 
component mixture it is assumed that there is no 
convection ahead of the fast boundary (i.e., in the y 
solution). Therefore the square law of radial dilution 
may be written 


Zobs 2 = p°’s 2 
Cr+cs°= cg°hs+ Cp°”®, (1) 
Xo Xo 








*This work was supported (in part) by the U. S. Atomic 
Energy Commission and by contract between the University of 
California and the U. S. Office of Naval Research. 

_'W. F. Harrington and H. K. Schachman, J. Am. Chem. Soc. 
75, 3533 (1953). 
pe Johnston and A. G. Ogston, Trans. Faraday Soc. 42, 789 

°L. G. Longsworth, J. Am. Chem. Soc. 67, 1109 (1945). 

*V. P. Dole, J. Am. Chem. Soc. 67, 1119 (1945). 

*R. Trautman and V. N. Schumaker, J. Chem. Phys. (in press). 


The symbol # indicates the equivalent boundary posi- 
tion which would result if the material were rearranged 
to give infinitely sharp boundaries.* The superscript 
“obs” denotes quantities which may be observed on the 
schlieren pattern. By inspection (Fig. 1), the following 
relations may be written: 


C gobs =C gs’, 


Cp?s= Cr?¥+cs? —cgF, 


Substituting Eq. (2) into Eq. (1) and rearranging, 


£ p°?s 2 
Cr’ —cri — 
Xo 


- 9 


Z ps 2 E5°* 2 
™ (cs?—cs°*)+-[ —— } —cs°. (3) 
Xo Xo 
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Fic. 1. Boundary and phase notation for a two-component system 
in the ultracentrifuge. 
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The fast component in the y phase obeys the square law: 
Cr’= (Er7/x0)’cr? where Zp” is the equivalent boundary 
position which would be obtained if just the fast com- 
ponent were rearranged. Therefore, if Zp°**=Z 7, the 
left-hand side of Eq. (3) vanishes. Rearranging the 
remaining terms, 


(€s°P8/x)*cg°* (Ep°>*/x)*cs/yes°—1 


Cg° (¥ p°>8/Z 598)? 1 


r. (4) 





For simplicity of notation, the right-hand side of 
Eq. (4) has been denoted by “‘r.” The quantity (r—1), 
which is the increase in the square law corrected area, 
will subsequently be termed the “buildup” of the slow 
component. Then, substituting Eq. (4) into Eq. (1), 


(% p°>S/x9)?c pos Cs° 
Seared). (4a) 


Cr° CF 





Notice that it was not necessary to assume that the 
sedimentation coefficients were constant during the run 
and hence Eqs. (4) and (4a) are valid even if the de- 
pendence of s on ¢ is significant. The equations do, 
however, involve two basic assumptions: (1) There is no 
convective transport in the y solution, and (2) the 
boundary position of the fast component Zr” coincides 
with the observed boundary position £,r°*.’? The use- 
fulness of Fq. (4) is limited, since both cs? and cs° are 
unknown quantities. However, as is shown below, the 
ratio cs?/cs° which appears on the right-hand side of 
Eq. (4) may be related to the observed quantity 
%p°’* and to the s rates of the fast and the slow com- 
ponents. Let o be a quantity such that 


cs*/¢3°= (%o/Er°”*)”*. (5) 


Solving this equation for ¢, and making use of the equa- 
tion of continuity and the definition of sedimentation 


coefficient, 


t 
f Sstdt 
Incs7/cs° 0 
c= = ; (6) 


~ 2 Inao/E p> ‘ 
ff sea 





0 


To evaluate o, it is necessary to assume that some 
function relating s to c holds during the course of the 
run. It has been suggested by Harrington and Schach- 
man! that 

SoT=S$09 V Cot 

Ss Ss filcr CS ), (6a) 

Sp?=Sp° fo(cr?,cs”), 


filcr’,cs’) = fo(cr?,cs”). 


7 The percent error in the calculation of cs® using Eq. (4) is 
nearly equal to the percent error in £p°>*—Z 5°. 


where 
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If this formulation is correct, the ¢ may be evaluated, 


t 


f ssvdt 
0 ss° 


=—=9. (7) 


t sp? 
J Spidt 
0 


In reality, however, f1(cs’,cr7) is probably not identical 
to fe(cr7,cs’). Still, it is quite reasonable to suppose 
that the ratio of the functions is nearly equal to unity 
and essentially constant during any one run. In this case 
Eq. (7) is more closely approximated by: 


Ss° fi(cs®,cr°) 
ee plrie intitle (8) 


Sr fo(cs°,cr°) 


After determining cs° and cr from the pattern using 
Eqs. (7) and (9), a better value of o can be calculated if 
the functions f; and fe are known. The approximation 
o=Ss°/sr° is probably sufficiently accurate to allow a 
useful determination of cs°, as will be shown experi- 
mentally in the next section of this paper. 
Equation (4) may now be written: 
(F p°”S/x9)24- —] 
r= ; (9) 
(Z p°>8/F% 5°)? 1 


€39= (Es°P*/x9)*c3°*/r. (10) 





Equations (9) and (4a) have been plotted in Fig. 2 for 
the special case in which o=s3°/spr°=0.700. The de- 
pendence of the sedimentation coefficient of the slow 
component on its own concentration was assumed to be 
negligible (ks=0). Thus, %s°”* was given by the re- 
lationship: £ 5°°*= 2» exp(w’s 5°). The position of the 
fast peak Z,°* was calculated by integrating the 
equations 


Sp?=Sp/(14+R ec r?) = (dé p°?*/dt)/w°E p*, 
Cr¥= (29/Ep*)2c p?. 


This yields 


Eps rc p° Xo 2 
em ( ) _ 1] ers, (11) 
Xo 2 Z ps 


which is the functional relationship between x and ¢ fora 
single component with s versus c dependence at constant 
temperature. It should be noticed (Fig. 2) that the 
percentage change in the buildup of the slow peak is 
different from the percentage change in the build down 
of the fast peak. Thus a 10 percent drop in the square- 
law corrected slow area during the run could have a 





+ If se’=spr°(1—krcr”), then the corresponding relationship is 


obs)2__ 
(r™) hrcrin exp (2w’s p%). 
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concomitant 300 percent increase in the fast square-law 
corrected area. 

Equation (9) can be rewritten in a more familiar form 
by making a fairly good approximation 


a*~1+-<~ Ina, 


which is valid when x Ina is small. Thus (9) becomes 





(s°>*/x9)?c9°* tug 
Cs° ‘ InZ5°>8/x9 
Inz p°>*/x9 
t t 
J Sp?dt— J Sstdt 
0 0 
= ,» (12) 





t t 
f Spr%dt— f sgfdt 
0 0 


where it has been assumed that In¥s°*/xp=w* fo's s*dt. 
Here the quantity ss° is the s rate of the slow com- 
ponent which would be observed in a plateau region of 
concentration cs°. This equation bears a formal simi- 
larity to that obtained by Johnston and Ogston. From 
Eq. (12) it is to be expected that observed areas will 
have a time dependence over that of the square law of 
radial dilution alone. 


MATERIALS AND METHODS 


The validity of this analysis has been tested by 
applying it to data obtained by Harrington and 
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_Fic. 2. Theoretical plot of area changes over and above radial 
dilution during ultracentrifugation as a function of boundary 
Separation (two component system). 


ULTRACENTRIFUGATION OF TWO-COMPONENT SYSTEMS 








oooh deal 


16 min 36 min 


Fic. 3. Convection in the ultracentrifugation of a TMV-BSV 
mixture. Mixture of 3 mg/cc BSV+6 mg/cc TMV. Pictures taken 
at 16 and 36 min after reaching speed. Bar angle, 50°. Solvent was 
sy phosphate, pH 7. Speed, 15 220 rpm. Sedimentation is to 
the left. 


Schachman! consisting of a series of five runs on mix- 
tures of bushy stunt virus (BSV) and tobacco mosaic 
virus (TMV). In these mixtures the concentration of the 
slow component (BSV) was held constant (3 mg/cc or 
a An of 50-10-* index of refraction units) and the 
concentration of the fast component (TMV) was varied 
from 2 mg/cc to 10 mg/cc. The resulting buildups were 
from 50 to 300 percent. The runs were made at 15 220 
rpm in a Spinco Model E analytical ultracentrifuge, 
using a bar as a schlieren diaphragm. In order to obtain 
the required data to test the theory, not only area 
measurements were needed but also the equivalent 
boundary positions. These were not the maximum 
ordinates, but the square root of the second moments 
about the center of rotation,®* and were calculated by 
dividing the projected (4.5X) area into vertical strips 
and weighting each strip properly. 

The difference between the maximum ordinate and 
the second moment (which is closely approximated by 
the center of gravity) is accentuated in skew boundaries. 
Figure 3 shows a schlieren pattern from a 3:6 mixture in 
which the slow peak is visibly skew. The reason for the 
appearance of skew boundaries in the mixture runs will 
be discussed later. Note, however, that in the 3:6 mix- 
ture the fast boundary is extremely sharp. Measure- 
ments of the boundary positions on the sharp, fast 
boundaries were made from the projected image using a 
transparent scale, and also, directly on the plate, using a 
microcomparator.’ Areas were determined: (1) by 
averaging five separate planimeter measurements using 
both the outside and inside areas from 7.5X tracings, 
and (2) from summation of the strips used in calculating 
%s°** on the 4.5X projector. Areas agreed between the 
methods within a standard deviation of 2 percent, which 
was the standard deviation of either method alone. 

In order to evaluate a, the infinite dilution sedimenta- 
tion coefficients had to be precisely determined. To 
determine these coefficients, an s vs c plot was made and 
extrapolated to infinite dilution. To get the required 
precision, each point on the s vs c plot must be corrected 


8H. K. Schachman and W. F. Harrington, J. Polymer Sci. (to 
be published). 
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for two effects: (1) the influence of temperature changes 
during the run, and (2) the influence of radial dilution on 
s vs c dependence. The temperature correction may be 
handled by several methods.*- In order to correct for 
the radial dilution effect, Kegeles'' has suggested that a 
least-squares line be drawn through the logx vs ¢ data 
and plotted for the average concentration between the 
first and the last frames. 

Another method, which takes into account both 
radial dilution and temperature corrections, has been 
used to obtain our data. Generally only three of the five 
places of the logarithm can be plotted in logx (cm) vs 
time (min) graphs. The remaining two places contain 
the slight change in shape which is to be determined. In 
order to plot these, the equation for the straight line 
between the first and last points is determined and the 
difference between the observed log and the straight line 
at that same time (¢) is calculated. The difference is 
plotted as a function of ¢. Such a plot for a 10 mg/cc 
TMV solution is shown in Fig. 4. Thus initial s rates can 
be determined by subtracting the initial slope on the 
expanded plot from the slope of the straight line chosen. 
This initial s rate is that of the material at the initial 
concentration c° and the initial temperature of the run. 
If the temperature change during the run is assumed to 
be linear, then a linear temperature scale may also be 
included on the expanded logx vs ¢ plot (see Fig. 4). 
Therefore, the slope of the expanded plot at any time 4, 


°R. Cecil and A. G. Ogston, Biochem. J. 43, 592 (1948). 

Max A. Lauffer, J. Am. Chem. Soc. 66, 1195 (1944). 

"G. Kegeles and F. J. Gutter, J. Am. Chem. Soc. 73, 3770 
(1951). 
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subtracted from the slope of the straight line, gives the s 
rate of the material at the concentration ct=c° (%0/#t1)”, 
and at the corresponding temperature. 







RESULTS AND DISCUSSION 





The data obtained from the mixture runs is sum- 
marized in Table I; the values of o are calculated from 
Eq. (9) using the known value of cs°. From s vs c plots 
made on the same samples of TMV and BSV, the ratio 
of infinite dilution s rates, ss°/sp°, is 0.70, which is in 
agreement with the values calculated. Alternately, using 
the independently determined value of s5°/s r°= 0.70, cs° 
was calculated for each frame of each run, and, as seen 
from Table I, this value is 49+-2, which is in excellent 
agreement with the expected value of 50-1 obtained 
from a run of 3 mg/cc BSV alone. 

It is interesting to note that the value of o comes out 
as a constant not only for each run, but also from run 
to run. Since cr? was varied from 2 mg/cc to 10 mg/cc 
this means that within experimental error the value of 
the function f; in Eq. (6a) is identical to fo. Therefore, 
the relative decrease in the sedimentation rate of BSV 
appears to be identical to that of TMV in the y phase. 
It would be of value to determine if c= 55°/s,° for other 
systems. 

If theoretical curves are drawn from Eq. (9) (Fig. 2), 
it is evident that the buildup (r—1) is a decreasing 
function of time. This progressive decrease in buildup 
is due to the effect of the radial dilution of the fast 
component upon the sedimentation coefficient of the 
slow in the y phase. Therefore, immediately behind the 
fast boundary the quantity of slow component being 
uncovered is not sufficient to maintain a plateau in the 8 
phase. Consequently, there is a tendency toward 
density inversion in the region between the boundaries. 
Thus, one of the aspects of sector centrifugation of 
mixtures predicted by this theory is the existence of 
convection in the region between the slow and the fast 
boundaries. If the theory is correct, convection is always 
present in mixture runs during sedimentation. The 
magnitude of this convection increases with increasing 
s us c dependence of the fast components. 

The manifestations of this convection can be observed 
on the schlieren pattern. (1) In Fig. 3 the slow peak is 
skew in frame 5 but is visibly more symmetrical at a 
later time in frame 10." Slow component alone is 
symmetrical for the entire run. (2) An apparently 
isolated peak not obeying the square law implies that 
some process other than sedimentation is present. In the 
frames where the peaks are separated, base line region 
is seen, yet the slow area drops off more than accounted 
for by the square law. In spite of this convection between 

















































2 Tt can be shown from the theory that the rate of convective 
mass transport is proportional to the rate of change of the buildup. 
In addition it should be noted that the ratio of convected mass to 
total mass in the 8 phase is decreasing. Therefore, the effect of 
convection on the shape of the boundary is greater at the beginning 
of the run. 
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ULTRACENTRIFUGATION 





OF 


TABLE I. 






TWO-COMPONENT SYSTEMS 








3:2 Mixture _ 
ts\* _. 

Frame (=) _ (yr —1)100 cs° o 
5 62.0 24% 47.6 0.713 
6 60.6 21% 46.5 0.721 
7 61.5 23% 48.3 0.710 
8 60.1 20% 46.4 0.721 
9 58.9 18% 45.4 0.724 


10 58.9 18% 45.5 


0.726 





3:8 Mixture 





us F obs 
Frame x0 - (ry —1)100 cs® o 
6 157.4 215% 48.6 0.708 
7 145.4 191% 54.1 0.680 
8 147.9 196% 50.1 0.700 
9 137.6 175% 48.7 0.704 
10 131.4 163% 48.5 0.709 
11 126.0 152% 47.6 0.714 





3:4 Mixture 








3:6 Mixture 


Frame 


(y —1)100 cg® o 






3:10 Mixture 


Frame xo (ry —1)100 cs® a 





5 : 130% 53.1 0.682 
6 108.6 117% 50.9 0.695 
7 107.8 116% 52.7 0.684 
8 102.1 104% 49.7 0.702 
9 98.9 98% 18.8 0.704 


10 94.2 8907 46.4 0.721 





8 201.0 302% 51.3 0.692 
9 199.8 300% 54.4 0.676 
10 191.9 284% 51.4 0.692 
: oe pone as re 

74. 9%, 31. 0.69 
13 182.4 266% 50.2 0.698 











the fast and slow peaks, the s rate of the slow peak 
calculated from log%svs¢ plots was not significantly 
different from the value of ss* determined from the 
svs.c plot of BSV. 

There is another type of convection which can pre- 
sumably take place, but which was not observed to be 
significant in these runs. If the buildup in the 6 phase is 
such that the concentration there is greater than the 
total concentration in the y phase, then it is to be ex- 
pected that the 6 phase will tend to convect into the y 
phase by a hydrostatic leveling process. In the 3:10 
mixture, such an effect is to be expected from the 
theory, but the buildup drops off so quickly with 
distance that it falls below the density inversion level 
before an appreciable amount of the slow component is 
displaced. 

In a concentration analysis of noninteracting sys- 
tems, ideally the individual component of the mixture 
should be isolated in order to establish the infinite 
dilution sedimentation constants through a series of 
tuns at varying concentrations. In such a study the 
expanded log~ vs ¢ plot can be utilized to obtain accurate 
sedimentation coefficient data at known concentrations. 
In many cases, however, it may not be feasible to isolate 





and study the mixture components independently. 
Nevertheless it is still possible to obtain reasonably 
accurate values for infinite dilution sedimentation 
constants by plotting the fast component against total 
concentration and the slow component against its ap- 
parent concentration as determined from area measure- 
ment. The ratio of infinite dilution sedimentation 
constants o then allows a determination of true 
concentration for each component in any subsequent 
mixture run. 

The theory may possibly apply in the study of 
equilibrium systems in which the equilibrium position is 
dependent on total protein concentration and the rate 
of equilibration is slow compared to the time of a 
centrifuge run. Systems containing antigen-antibody 
complexes such as those studied by Singer and Camp- 
bell! exhibit such behavior. Again the infinite dilution 
sedimentation constants can be evaluated from a dilu- 
tion series and as long as both components are present 
at the lower concentrations, a reasonable determination 
of « can be made. This method should be valuable in 
determining equilibrium constants for these systems. 


13S. J. Singer and Dan H. Campbell, J. Am. Chem. Soc. 74, 1794 
(1952). 
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Proton Magnetic Resonance Spectrum of Ammonia and the Interactions Involved 


in Hydrogen Bond Association 


RicHarp A. Occ, Jr. 


Department of Chemistry, Stanford University, Stanford, California 


(Received December 15, 1953) 


High-resolution proton magnetic resonance spectra are presented for the liquid and vapor states of 


ammonia. The vapor spectrum displays the expected spin-spin interaction multiplet structure. This is 
likewise found in the liquid state, provided the ammonia is rigorously anhydrous. A trace of water results 
in the appearance of a single resonance—an effect attributed to chemical exchange of protons. A marked 
shift of resonance between the liquid and vapor states is found, interpreted as decreased shielding in the 
liquid state. This effect, not observed for the non-polar substance propane, is discussed in connection with 


so-called “hydrogen bonding.” 








ROTON magnetic resonance spectra in ammonia 
have been studied with the 30-megacycle high- 
resolution spectrometer of the research and develop- 
ment laboratories of Varian Associates. The isotopically 
ordinary ammonia was a synthetic product of high 
purity, stored in a cylinder containing metallic sodium 
(to remove traces of water). Additional drying was 
achieved in the vacuum system by condensation in a 
trap containing metallic sodium. Samples from this 
solution were distilled into a small two-legged Faraday 
tube constructed of 5 mm o.d. Pyrex glass tubing. This 
was then sealed off while cooled in liquid nitrogen. 
Insertion of the appropriate leg of the sample tube into 
the spectrometer probe allowed study of proton reso- 
nance in ammonia vapor and liquid, respectively. The 
spectrum of the saturated vapor at room temperature 
(partial pressure about ten atmospheres) is presented 
in Fig. 1. Despite the rather low signal to noise ratio, 
the spectrum shows very clearly the expected triplet 
structure, due to spin-spin interaction with the N™ 
nucleus. The proton spectrum of the corresponding 
liquid sample is presented in Fig. 2B, and is seen to be 
a sharp singlet. 

Another Faraday sample tube was prepared as above, 
with the additional precaution of including a sample of 
redistilled metallic sodium within the tube itself. By 
careful distillation of the ammonia from one leg to 
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Fic. 1. Proton resonance spectrum of “wet” ammonia vapor. 
Magnetic field increasing to right. Scale indicates shift in parts 
per million from water reference. This and all other samples are 
at room temperature. 
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another a colorless (sodium free) sample was finally 
obtained. The spectrum of this liquid is presented in 
Fig. 2A, and is seen to have a triplet structure sub- 
stantially identical with that of the vapor. The marked 
difference between the spectra in Figs. 2A and 2B is 
obviously due solely to a trace of water in the liquid 
sample of 2B, despite the precautions taken to assure 
anhydrous conditions. (This trace probably resulted 
from moisture adsorbed on the glass.) The ultimate 
rigorous drying in the Faraday tube containing sodium 
sufficed to reduce the water content below the critical 
level (see below). 

A sample of ammonia containing approximately 15 
percent of the N! isotope was prepared in the vacuum 
system by interaction of isotopically enriched ammo- 
nium salt (from Eastman Kodak Company) and con- 
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Fic. 2. A. Proton resonance spectrum of “dry” liquid ammonia. 
Magnetic field scale as in 1. B. Proton resonance spectrum 0 
“wet” liquid ammonia. Magnetic field scale as in 1. 
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Fic. 3. Proton resonance spectrum of “dry” liquid ammonia 
enriched in N? isotope. 


centrated aqueous sodium hydroxide. After drying with 
metallic sodium this was distilled into a Faraday tube 
containing sodium, and handled as above. The spectrum 
of this sample is presented in Figs. 3 and 4. The addi- 
tional satellite peaks are clearly the spin-spin doublet 
expected from the nuclear spin quantum number 3 for 
the N'* nucleus. The ratio of multiplet separations 
agrees quantitatively with the relation of the known 
gyromagnetic ratios of N“ and N'* nuclei. 

The effect of a trace of water (estimated not to exceed 
one part in ten million) in causing disappearance of the 
proton resonance spin-spin structure in liquid ammonia 
is attributed to the reaction 


H.0+NH;@OH-+ NH,", 


resulting in rapid exchange of protons between ammonia 
molecules. From the data for an aqueous medium it may 
be inferred that the above reaction is endothermic by 
only a few kilocalories per mol. With an activation 
energy of this magnitude a sufficiently great rate con- 
stant is expected. This ionic reaction is not possible in 
gas phase, and it is significant that the “wet” vapor 
yields a multiplet spectrum. 

Ammonia is typical of the liquids showing “hydrogen 
bond” association. The retention of multiplet structure 
for the proton resonance in the really pure substance 
indicates clearly that this “hydrogen bonding” is a 
purely electrostatic dipole-dipole interaction, with no 
electron exchange between neighboring molecules. How- 
ever, it is to be noted that there is a marked shift of the 
absolute position of the proton resonance between the 
vapor and the liquid. The scale at the top of Figs. 1 
and 2 indicates the position of the proton resonance in 
reference to that in pure liquid water, one unit displace- 
ment corresponding to one part per million (30 cycles). 
This also gives the absolute magnitude of multiplet 
separations. It is seen that the vapor resonance occurs 
at higher magnetic fields. With the geometry employed 
the correction for bulk magnetic susceptibility is 
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Fic. 4. A. Proton resonance spectrum of liquid propane. Mag- 
netic field scale as in 1. B. Proton resonance spectrum of gaseous 


propane. Magnetic field scale as in 1. 


negligible but it is to be noted that any residual cor- 
rection would be such as to place the resonance in the 
liquid at higher fields than that in the vapor (that is the 
observed separation is a lower limit). It was judged 
desirable to make a similar liquid-vapor comparison 
with a typical nonpolar substance. That chosen was 
propane, whose physical properties are very similar to 
those of ammonia. A similar Faraday tube was con- 
structed containing liquid and gaseous propane. For this 
substance no detectable difference in absolute position 
of the proton resonance between vapor and liquid was 
observed. 

The normal interpretation of the liquid-vapor differ- 
ence for proton resonance in ammonia would lead to 
the conclusion that protons in the liquid are less 
shielded diamagnetically than those in the molecules of 
the vapor. In short, the strong electrostatic dipole- 
dipole attraction between neighboring molecules in the 
liquid polarizes the molecules in such a sense as actually 
to decrease the electron density effective in shielding 
the protons. This effect must be explained by any 
satisfactory theory of “hydrogen bonding.’”’ Where no 
appreciable dipole interaction occurs, as in propane, 
evidently the distortion of neighboring molecules in a 
liquid leads to negligible change in proton shielding. 

The author wishes to acknowledge the assistance of 
Dr. James Shoolery, of Varian Associates, in the per- 
formance of the nuclear magnetic resonance studies. 
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The Pure Quadrupole Spectrum of Solid Hexa- 
chlorobenzene and Its Interpretation 
JULES DUCHESNE AND ANDRE MOonrFILs* 


Institut d'Astrophysique, University of Liege, Cointe-Sclessin, Belgium 
Received December 14, 1953) 


ECENTLY the pure quadrupole transitions for the mono- 

and dichlorobenzenes were studied at different tempera- 
tures.'! The purpose of this note is to extend these previous data 
to hexachlorobenzene and to suggest a general interpretation of 
the behavior of the spectra through this series of compounds. In 
our experiments a frequency-modulated regenerative oscillator 
was used and the absorption lines were viewed on an oscilloscope. 
The resonant frequencies observed for Cl**, as a function of tem- 
perature, are given in Fig. 1 and are in good agreement with an 
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Fic. 1. Resonance frequency of Cl*5 as a function of temperature in CeCle. 
1 


earlier measurement made at liquid-nitrogen temperature.? It 
is shown on Fig. 1 that, within the range of measurements con- 
sidered, the three component frequencies of the lines decrease 
with increasing temperature, as was already observed in other 
cases.3 However, each component shifts to a different ex- 
tent, so that decreasing spacings are obtained on going from 77 to 
278°K. 

We now turn to the nuclear quadrupole coupling constants 
derived from the resonance frequencies found at 173°K for 
hexachlorobenzene and already known for other chlorobenzenes.' 
A temperature as high as this was selected in order that the 
data should be as complete as possible, and average couplings 
have been used when multiple lines were present. We have repre- 
sented these couplings in Fig. 2 in terms of the number of Cl atoms 
substituted in the benzene ring. It is seen that they increase in 
magnitude from CsHsCl to p-CsHyCle, though they remain ap- 
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proximately constant in isomeric molecules (m-CgHyCh, 
p-CeH,Cle), provided these are not substituted in adjacent posi- 
tions. On the other hand, the CCl bonds in chlorobenzenes? 
have a small amount of double-bond character (C=Cl*), which 
is known to be almost constant for isomers and decreases slowly 
when the number of chlorines increases.° On account of this 
x-bonding effect, egQ ought to be smaller than would be the case 
if only the pure o bond were considered, and it follows that this 
factor alone explains the general behavior of the couplings. Now, 
by linear extrapolation through the first two experimental points, 
the egQ value for CeCls becomes 73.00 Mc, instead of the actual 
value of 76.52 Mc. The theoretical result would have been the 
true one if the regular changes in the proportion of the double- 
bonded structures had been entirely responsible for the phenomena. 
The abrupt anomalies which only appear when adjacent chlorines 
are present and amount to 1.6 Mc for O—C,sH,Cl: and to 3.5 Me 
for CeCle presumably rest on the fact that in these particular 
molecules the CCl bonds do not remain planar but are bent out 
of the benzene ring. As a consequence, a further decrease of 
the resonating double-bonded structures is to be expected, and 
if it is assumed that their proportion varies approximately as 
cos® (& being the angle between the z orbitals), a change of about 
5 percent must result from a CCl bending of 18° found in 
O—C,H.Cle.6 The increase observed in egQ is therefore ex- 
plained on this basis and could not depend upon a change in the 
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Fic. 2. Cl55 quadrupole couplings in the chlorobenzenes at 173°k. 


ionic character of the CC] bonds which would give a reverse eflect. 
The fact that the egQ value predicted for 1-3-5 trichlorobenzene 
(70.2 Mc) is smaller than that observed for O—CsH4Cle (70.9 Mc) 
indicates that the addition of a chlorine is less effective in reducing 
resonance than an 18° CCI bending. As the change in egQ is larger 
for CeCle (3.5 Mc) than for O—CsH;Cle (1.6 Mc), it is almost 
certain that the CCl bending is more important in the former 
compound than in the latter one, and it may be estimated at 
about 25°. This result differs noticeably from that obtained by 
Bastiansen and Hassel® who found only 12°. 

The suggested theory now allows the prediction of egQ values 
for any chlorine derivatives of benzene. 

* Aspirant du Fonds National Belge de la Recherche Scientifique. 

1C, Dean and R. V. Pound, J. Chem. Phys. 20, 195 (1952). ® 

2 Weatherly, Davidson, and Williams, J. Chem. Phys 21, 761 (1953). 

3 R. Livingston, J. Phys. Chem..57, 496 (1953). ia ' san 

4L. Pauling, The Nature of the Chemical Bond (Cornell University Press, 
Ithaca, New York, 1939). cape 

5). A. A. Ketelaar, Rec. trav. chim. Pays-Bas 58, 266 (1939) ; J. Sherman 


and J. A. A. Ketelaar, Physica 6, 572 (1939). * 
6Q. Bastiansen and O. Hassel, Acta Chem. Scand. 1, 489 (1947). 
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On the Relation between the Chemical Reactivity 
and Energy Levels of the Chemical Reagent 


S. NAGAKURA AND J. TANAKA 
Institute of Science and Technology, University of Tokyo, 
Meguro-ku, Tokyo, Japan 
(Received December 23, 1953) 


N a previous paper,! it was shown that the electron migration 

of the monosubstituted benzene molecule can be explained 
by taking into consideration the interaction between the highest 
occupied and the lowest vacant orbital of both the benzene ring 
and the substituent. In this letter, the cationoid substitution 
reaction of aromatic compounds will be treated from the same 
point of view. 

The highest occupied level of benzene (Hg) and the lowest 
vacant levels of some cationoid reagents (Vs) such as nitro and 
halogen cations? can be obtained as shown in Fig. 1. The lowest 
vacant levels of the iodine molecule and the silver cation are 
also given in the figure for the purpose of comparison. These two 
substances are taken as the typical examples which can form the 
molecular complex with benzene but cannot react with it.’ By a 
study of this figure, it is seen that there is a very distinct difference 
in the location of the lowest vacant orbital between cationoid 
reagents and the silver cation. or the iodine molecule. Namely, in 
the case of molecular complex formation, the highest occupied 
level of benzene (Hg) lies lower than the lowest vacant orbital 
of the partner, whereas in the system benzene-cationoid reagent, 
the level Hx lies higher than the lowest vacant level of the reagent. 
As is well known, it may be expected that in these two cases the 
r electron of benzene migrates to some extent toward the partner 
by the interaction of the level Hg with the level Vs and the extent 
of the electron transfer becomes greater the lower the Vs.! So the 
above-mentioned fact seems to show that in the interaction be- 
tween the cationoid reagent and reactants the extraordinarily 
large electron transfer might occur compared with the case of the 
molecular complex formation. 

This may be important in considering the mechanism of the 
cationoid substitution because it may be inferred from this fact 
that in the course of the substitution reaction almost one 7 elec- 
tron should remove from benzene or other reactants toward the 
reagent. As the Greek result of this large electron transfer, the 
reactant may probably become similar to its odd cation in the 
electronic structure and the reagent cation to the neutral radical. 
Then, immediately, the reagent will attach to a carbon atom 





Ag’ | 12 | GH.| CHy | NO] If | BY | ce | Ht 
-2F 
ev 
"leis 
v Te 
Sl 70 
-8F 16 He 
100-00} 
rO-O- 
-jo- 9.41 9.24 Vv a 
a oO, 
HO-O- 11.0 Sates 
— 1.72) Hn» Me) Vv y 
_ 13.0 }---- 
—14- 13.0 13.6 



































Fic. 1. Energy level diagrams for some reagents and reactants. The 
method of estimation of these energy levels is described in the previous 
Paper. Vacant levels are shown by dotted lines. The vacant levels of silver, 
iodine, bromine, chlorine, and hydrogen cations are taken as the first 
ionization potentials of these atoms. The vacant level for the nitronium ion 
is taken as the ionization potential of nitrogen dioxide. Ionization potential 
data necessary for determinations of these energy levels are obtained from 
the following references: benzene, W. C. Price and R. W. Wood, J. Chem. 
Phys. 3, 439 (1935); methane, R. E. Hornig, J. Chem. Phys. 16, 105 (1948); 
iodine, J. D. Morrison and A. J. C. Nicholson, J. Chem. Phys. 20, 1221 
(1952); nitrogen dioxide, E. C. G. Stueckelberg and H. D. Smyth, Phys. 
Rev. 36, 478 (1930). 
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THE EDITOR 
in the reactant. In that case, which carbon the reagent attaches 
to will be determined by the free valency values calculated with 
the cation of the reactant because it is generally known that the 
radical substitution reaction will occur at the point of the large 
free valency values.‘ In practice, the free valencies calculated 
with cations of some monosubstituted benzenes and naphthalene 
by the use of the simple LCAO method can explain the orientation 
effect obtained experimentally with their cationoid substitutions 
as shown in Table I. 


TABLE I. Calculated free valency values for the cation 
of some aromatic compounds. 








Free valency values Orientation 





Compound o m p Theoretical Observed 
Toluene 0.502 0.454 0.697 p>o>m p>o>m 
Phenol 0.497 0.431 0.622 p>o>m p>o>m 

a B 
Naphthalene 0.566 0.437 a>Bp a>p 








According to this mechanism, nonoccurrence of the general 
cationoid substitution on unsubstituted paraffins such as methane® 
in contrast to its ease in benzene can easily be explained because 
the highest occupied level of methane (Hy) lies lower than the 
lowest vacant level of most cationoid reagents as shown in Fig. 1, 
and therefore the occurrence of the large electron transfer may 
be difficult in this case. Furthermore, from this point of view it 
may be expected that the hydrogen cation, whose lowest vacant 
orbital lies evidently lower than the level Hg may react with 
benzene (see Fig. 1.) This expectation is fulfilled by the fact that 
the hydrogen atom of benzene can be exchanged with deuterium 
by the cationoid substitution reaction.6 The above-mentioned 
mechanism seems to be interesting in connection with the one 
electron transfer theory on the organic reaction suggested by 
Weiss.? 

1 To be published in J. Chem. Phys. 

2M. J. S. Dewar, The Electronic Theory of Organic Chemistry (Oxford 
University Press, London, 1949), p. 16. 

3H. A. Bensei and J. H. Hildebrand, J. Am. Chem. Soc. 71, 2703 (1949); 
L. J. Andrews and R. M. Keefer, J. Am. Chem. Soc. 71, 3644 (1949), 72, 
3113 (1950); R. S. Mulliken, J. Am. Chem. Soc. 72, 600 (1950), 74, 811 
(1952), J. Phys. Chem. 56, 801 (1952). 

4D. H. Hey and G. H. Williams, Disc. Faraday Soc. 14, 216 (1953). 

5 See reference 2, p. 163. 


6 Ingold, Raisin, and Wilson, J. Chem. Soc. 1637 (1936). 
7 J. Weiss, Trans. Faraday Soc. 42, 116 (1946). 





Microwave Spectrum of Cyclopentanone 
GUNNAR ERLANDSSON 


Department of Physics, University of Stockholm, Stockholm, Sweden 
(Received December 22, 1953) 


HE microwave spectrum of cyclopentanone has been in- 
vestigated in the region 18.5-25.6 kMc/sec. 22 lines have 
been identified as pure rotational transitions with AJ =1 or AJ=0. 
These lines are listed in Tables I and II. Most frequency meas- 
urements are accurate to +5 Mc/sec. The analysis is based on 
the theory of the rigid asymmetric rotator. Frequency calculations 
have been carried out by means of the continued fraction method 
of King, Hainer, and Cross.! The following values have been used 
for the rotational constants: 


A=6.6189 kMc/sec, B=3.3508 kMc/sec, C=2.4099 kMc/sec, 


and the asymmetry parameter x= —0.5529. The corresponding 
moments of inertia are 


I4=76.361 AA*, [g=150.837 AA*, [¢=209.73 AA?. 


The difference 74+] ,2—Ic=17.47 AA? is too large to be caused 
by the hydrogen atoms alone. The results thus confirm the as- 
sumption of a nonplanar carbon ring.? Bond distances cannot be 
calculated accurately from the present results. A C—C distance 
of 1.52A seems, however, to be reasonable. 
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TABLE I. 


























Transition Veale Vobs 
21.1 —31.2 18 572 18 573 
30.3 —40.4 21 564 21 565 
31.3 —41.4 20 864 20 863 
31.2 —41.3 24 505 24 503 
32.2 —42.3 22 905 22 911 
32.1 —42.2 24 382 24 381 
33.1 —43.2 23 340 23 335 
33.0 —43.1 23 462 23 462 

TABLE II. 

Transition Veale Vobs 
144.11 —144.10 23 548 23 551 
196.14 —196.13 20 891 20 893 
227.16 —227.15 22 194 22 206 
258.18 —258.17 43 251 23 256 
289.20 —289.19 24 086 24 089 

3110.22 —3110.21 24 720 24 723 
3411.24 —3411.23 25 169 25 172 
3712.26 —37 12.25 25 452 25 460 
4013.28 —4013.27 25 584 25 594 
4314.30 —43 14.29 25 580 25 589 
4615.32 —4615.31 25 455 25 464 
4916.34 —49 16.33 25 217 25 234 
5217.36 —5217.35 24 883 24 899 
5518.33 —5518.37 24 466 24 484 








Each one of the lines in Table I is accompanied by a few 
weaker satellite lines on the high-frequency side, the strongest one 
being about 4 of the main line. These may be due to some low- 
lying vibrational states. The corresponding Q-branch lines are 
not so easily associated with the ground-state lines since their 
spacings are larger. 


1 King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943). 
2 Aston, Fink, and Schumann, J. Am. Chem. Soc. 65, 341 (1943). 





Force Constants of Hydrides 
SHASHANKA SHEKHAR MITRA 


Depariment of Physics, Allahabad University, Allahabad, India 
(Received January 11, 1954) 


T has been found that the square root of the force constants 
of the hydrides of the elements occupying the same period 
of the periodic table are additive with the group numbers. 
The force constant (k-) is given by 


4y PC*w? = 5.8883 X10 naw? d/cm, 


where the symbols have their usual meanings. The experimental 
data fit well in the formula 


(ke)#=A+Bn, (1) 


where A and B are constants and is the number of electrons in 
the outermost shell of the atom of the element considered. 
Equation (1) is shown graphically in Fig. 1. The values of A and B 
are 271.6 and 101.4, respectively, for the II period, and 205.7 
and 73.0, respectively, for the III period. Table I gives the ob- 
served and calculated values of (k)! for the second and third 
period elements. The additivity could not be examined for the 
other periods due to insufficiency of experimental data. 











TABLE I. 
II period III period 
Periods (ke)# 10-1 (ke) # 10-1 (ke)* 10-1 (ke)# 101 
n Hydrides obs calc Hydrides obs calc 
1 LiH 32.00 37.30 NaH 27.96 27.87 
2 BeH 47.56 47.44 MgH 35.71 35.17 
3 BH 57.11 57.58 AIH 40.25 42.47 
4 CH 66.98 67.72 SiH 49.78 49.77 
5 NH 77.68 77.86 PH 57.07 57.07 
6 OH 88.26 88.00 SH oe 64.37 
7 FH 98.25 98.14 CIH 71.81 71.67 
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Fic. 1. The square root of the force constants (dynes/cm) of the hydrides 
of the II and III period elements have been plotted against the group 
numbers. 


The force constant of SH is not known experimentally, and it 
has been predicted to be 4.154105 d/cm by the formula (1). 

It has also been observed that a simple relationship exists be- 
between the force constants of the hydrides of the second and 
third period elements. When the square root of the force constant 
of the III period hydrides are plotted against that of the II 
period molecules a straight line passing through the origin is ob- 
tained and is shown in Fig. 2. This implies that the ratio of the 











TABLE II. 
III period (ke)# 10-1 II period (ke)? 10-1 
hydrides obs hydrides obs Ri R} (mean) 
NaH 27.96 LiH 32.00 0.8738 
MgH 35.71 BeH 47.56 0.7509 
AIH 40.25 BH 57.11 0.7047 
SiH 49.78 CH 66.98 0.7433 0.7329 
PH 57.07 NH 77.68 0.7347 
SH 64.69* Oo 88.26 tee 
CIH 71.81 FH 98.25 0.7310 








force constants of the hydrides of the III and II period elements 
is a constant for all the groups, i.e., 
k-(III period) _ 
ke(II period) —” 
R being a constant. Table II shows the constancy of R}. (h-)! of 
SH has been predicted (marked with asterisk) from the mean value 


(2) 
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Fic. 2. The square root of the force constants (dynes/cm) of the hydrides 
af pA III period elements have been plotted against those of the II period 
ydrides. 
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of R* excluding the I group. This procedure gives a value 4.184 
X10° d/cm for the force constant of the molecule and is in very 
close agreement with the value predicted by Eq. (1). The data 
have been taken from standard sources.! 

The author wishes to acknowledge his grateful thanks to Dr. K. 
Majumdar for his guidance in the work and to Dr. D. Sharma for 
his interest. 

1 (a) Herzberg, Molecular Spectra and Molecular Structure (1951), Vol. I; 
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Microwave Spectrum of Pyridine 
BO@RGE BAK, LisE HANSEN, AND JOHN RASTRUP-ANDERSON 


Chemical Laboratory, University of Copenhagen, Copenhagen, Denmark 
(Received December 18, 1953) 


N a recent communication,! two of the authors discussed the 
microwave spectrum of pyridine observed by us in the 18 700- 
25 800 MHz interval. By comparing the microwave spectrum as 
predicted from electron-diffraction measurements on pyridine? 
with observed absorption lines it was found that the asymmetry 
parameter «x would have to be 1.00, 0.85, or 0.70. Since Stark dis- 
placement measurements ona line at 20 211 MHz (interpreted 
as a 6_2—6o transition) seemed to indicate that x=0.70, a pre- 
liminary analysis of the microwave spectrum was attempted on 
this basis. Experiments now performed with an improved “Stark” 
cell immediately revealed, however, that the “J” of the line at 
20 211 MHz certainly exceeds 6(~9-11). The interpretation 
given above, therefore, has to be abandoned, and our attention 
was hereafter focused on the possibility «=0.85. In the meantime, 
McCulloh and Pollnow® have interpreted the pyridine spectrum 
observed by them in the 22 140-27 300 MHz region. They found 
xk=0.84777, A =6039.13, B=5804.72, and C=2959.25 MHz. A 
was found to refer to the N—H(4) axis. By using these rotational 
constants we have found good agreement with our observed fre- 
quencies as shown for a few examples in Table I. A recalculation 
of the rotational constants may be carried through by observing 
that 


1.5( 110211) — (212-9313) 
(6127 25) a (652-735) 
- 2(«®+15)°-5+3.5«—4.5 _ 9851.7 
~ E_3" (x) —E_2°(x) —E_2"(x) +E_s6(x) 918.0 
if experimental values are used. By trial and error it is found that 
x=0.84704, (A—C)/2=1540.8 MHz, and (A+C)/2=4499.8 
MHz. These constants indicate that the transitions 642—72;, 
652735, and 330-413 should be found at 21 394.2, 20 476.2, and 
20 599.6 MHz, respectively. The agreement with observed fre- 
quencies is a trifle better than in Table I. We do not want to 


suggest, however, that the rotational constants so calculated 
(A =6040.6, B=5804.9, C=2959.0 MHz) are “‘better” than those 








= 10.7317 


TABLE I. Observed and calculated pyridine microwave lines using the 
rotational constants found by McCulloh and Pollnow. 











Transition Observed frequency Calculated frequency 
lio211 20 373.8 20 373.41 
212-9313 20 709.0 20 709.74 
202303 20 722.5 20 723.10 
330413 20 594.0 20 603.8 
652-9735 20 481.5 20 489.5% 
642-77 25 21 399.5 21 398.78 
524523 20 691.0 20 688.688 
631633 20 648.5 20 645.018 
851853 20 430.0 20 428.8> 
814863 20 666.8 20 665.5> 
96493 20 211.25 20 211.7> 
954973 20 678.5 20 677.4» 

11gg—>1 183 19 405.4 19 405.38 

1294-12093 18 760.9 18 760.7% 








* Uncorrected for centrifugal distortion effect. r 
> Calculated and corrected for centrifugal distortion effect by Pollnow. 
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derived by McCulloh and Pollnow, but a comparison between the 
two sets of rotational constants is instructive as to the error in 
the constants. 

Among the experimental results in Table I, the observation of 
the 110-21: transition is especially valuable since its frequency 
is simply 3B+C. By careful Stark measurements on this line its 
identity was unambigously established. These experiments also 
served to verify the selection rules used by McCulloh and Pollnow 
since the Stark displacements as calculated by means of the 
tables by Golden and Wilson‘ and the dipole moment (2.36d) of 
pyridine® (using A+C=9000 MHz) are significantly different in 
the two cases as shown in Table II. 


TABLE II. Comparison between observed and calculated displacements of 
the two Stark components (M =0, M =1) of the line at '20 373.8 MHz. 








Electric field 





intensity Calculated Calculated 
volts/cm wa lines Observed wb lines 
250 — 6.69 — 6.5 —5.80 
262.5 — 7.37 — 7.2 —6.39 
275 — 8.10 — 8.1 —7.03 
287.5 — 8.85 — 8.8 —7.66 
300 — 9.63 — 9.6 —8.37 
312.5 —10.46 —10.5 —9.06 
325.0 —11.31 —11.2 —9.81 
675 7.06 tee 8.0 9.62 
775 9.31 10.0 12.69 
875 11.87 tee 13.2 16.19 
M=0 M=1 M=0 M=1 








Two independent checks have, therefore, served to show that 
the pyridine dipole moment, lying in the N —H (A) axis, coincides 
with the axis of Jeast moment of inertia. We want to stress this 
point because the A value (6039 MHz) corresponding to this may 
be said to be somewhat high. The rotational Raman spectrum of 
benzene® shows that here A =5682 MHz. Microwave absorption 
measurements on fluorobenzene’ gave A =5664 MHz. While the 
benzene carbon-hydrogen nuclear skeleton appears to be very 
nearly conserved in fluorobenzene the possibility that this might 
be the case for the 5 carbon atoms and the 5 hydrogen atoms of 
pyridine now seems to be excluded. The pyridine molecule is 
definitely more “slim” than benzene. Studies of deuterated 
species of pyridine are in progress in order to establish its in- 
teresting structure. 

1B. Bak and J. Rastrup-Andersen, J. Chem. Phys. 21, 1305 (1953). 

2'V. Schomaker and L. Pauling, J. Am. Chem. Soc. 61, 1769 (1939). 

3K. E. McCulloh and G. F. Pollnow, J. Chem. Phys. 21, 2082 (1953). 

4S. Golden and E. B. Wilson, Jr., J. Chem. Phys. 16, 669 (1948). 
“ese A. Rau and B. N. Narayanaswamy, Z. physik. Chem. B26, 23 


6 B. Stoicheff, J. Chem. Phys. 21, 1410 (1953). 
7G. Erlandsson, Arkiv Fysik (1953). 





Gamma-Ray Polymerization of Acrylamide 
in the Solid State* 


ROBERT B. MESROBIAN AND PAUL ANDER, Polymer Research Institute, 
Polytechnic Institute of Brooklyn, Brooklyn, New York 
AND 


Davip S. BALLANTINE AND G. J. DieENgEs, Brookhaven National 
Laboratory, Upton, Long Island, New York 


(Received January 18, 1954) 


HE polymerization of vinyl monomers can be initiated by 
heat, ultraviolet radiation, and various catalysts. More 
recently, ionizing radiation has been shown to effectively initiate 
vinyl polymerization.! However, polymerization in the solid state 
by ionizing radiation is not reported in the literature, although 
several papers have been published that describe briefly the 
thermal polymerization of divinyldiphenyl,?* Leuchs’ anhydride,” 
and in greater detail the peroxide catalyzed polymerization of 
acetaldehyde.” The purpose of this note is to describe some ex- 
periments which demonstrate that crystalline acrylamide under- 
goes polymerization upon irradiation with 7 rays from an intense 
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Fic. 1. Solid-state polymerization of acrylamide initiated by gamma 
radiation (Co®, 220000 rep/hour) at several temperatures. @ Residual 
crystallinity in material exposed at 35°C. @ Percent conversion at 55°C. 
@ Percent conversion at 35°C. O Percent conversion at 5°C. 


Co source. Below its melting point the monomer shows little 
or no tendency to polymerize thermally. 

Three-gram samples of sublimed acrylamide, mp 84°C 
(American Cyanamide Company), were sealed in vacuum in 
Pyrex ampules and irradiated. The polymer was isolated by using 
methanol as a precipitant. Viscosity, osmotic pressure, and tur- 
bidity measurements were performed on water solutions of the 
polymer. ; 

Rate curves obtained at several temperatures are shown in 
Fig. 1. Thermocouples attached to the samples showed that the 
temperature was maintained constant to +1°C during these ex- 
periments and no sintering of the samples was ever observed. 
Residual crystallinity of the bulk sample, as determined by the 
integrated intensity of several x-ray reflections, is also shown for 
comparison. Some of the characteristics of the polymer are given 
in Table I. 

The percent conversion vs time curves at 35 and 55°C indicate 
that the order of the reaction lies between zero- and one-half-order 
dependence on monomer concentration at the radiation intensity 
employed. However, sufficient data are not available to enable one 
to suggest a polymerization mechanism. It is evident from the 
run at 5°C that a long induction prevails before the onset of 
polymerization. At still lower temperatures the induction period 
becomes very long. However, radicals are certainly produced 
since on warming a previously irradiated sample to room tem- 
perature violent polymerization occurs. Radicals are obviously 
frozen in, an effect which has also been noted with other crystals.’ 

Since the polymer is amorphous, it is not surprising that the 
residual crystallinity of the exposed material decreases with irra- 
diation (Fig. 1). The fact that appreciable crystallinity remains 
even at high conversions of monomer demonstrates that the 
crystalline domain of unreacted monomer in the vicinity of 
polymer chains is only slightly affected by the latter. 

The molecular weight characteristics of polymer formed at 
various conversions are listed in Table I. It is suggested that the 


TABLE I. 











Intrinsic Number Weight 
Polymer- viscosity average average 
Conversion ization at 25°C molecular molecular 
% temp (°C) 100 cm3-g weight® weight> 
12.7 35 1.27 19 800 43 000 
13.8 55 1.68 48 000 see 
21.4 55 1.88 tee 
40.3 55 2.02 








«From osmotic pressure measurements at four concentrations using 
Igepal CO-630 (Antara Chemicals, Inc.) as wetting agent. 
b From light scattering measurements at four concentrations. 
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progressive increase in intrinsic viscosity with conversion is due 
to branching. Indeed, at conversions above about 50 percent the 
formation of gel occurs. In the one low-conversion sample studied, 
the ratio of weight to number average molecular weight is 2.2 
which, within experimental error, coincides with the value of 2.0 
for the most probable distribution predicted for polymerization 
reactions having a definite termination step.’ 


* Work partially done under contract with the U. S. Atomic Energy 
Commission. 

1 For a recent review see F. S. Dainton and E. Collinson, Ann. Rev. 
Phys. Chem. 2, 99 (1951). 

2 (a) Valyi, Janssen, and Mark, J. Phys. Chem. 49, 462 (1945); (b) 
Miller, Fankuchen, and Mark, J. Appl. Phys. 20, 531 (1949); (c) Letort, 
Duval, and Rollin, Compt. rend. 224, 50 (1947). 

3 J. V. Schmitz and E. J. Lawton, Science 113, 718 (1951). 

4P. J. Flory, Principles of Polymer Chemisiry (Cornell University Press, 
Ithaca, New York, 1953), Chapter VIII. 





On Thermal Diffusion in the Liquid Phase 


J. JEENER AND G. THOMAES* 
Faculty of Science, University of Brussels, Belgium 
(Received December 29, 1953) 


REVIOUSLY, systematic investigations of thermal diffusion 
(Soret effect) in organic solutions have been performed in 
this laboratory under the direction of L. de Brouckére and I. 
Prigogine.’~> The methods used were based on either direct optical 
study of thermal diffusion or on thermogravitation. The first 
method is of course the most accurate; the second procedure is 
used when one is interested in more qualitative results or when 
the enrichment is too small to be observed by the direct method. 
In the stationary state of thermal diffusion we have the relation 
1 Oxg D’' oT 

xaXg 02 D dz’ (1) 
where D’ is the coefficient of thermal diffusion, D the ordinary 
diffusion coefficient, x4, xg the mole fractions of A and B 
(xa +xg=1). A simple kinetic model based on the usual theory 
of transport processes in condensed media® has been developed 
by I. Prigogine for the Soret ratio D’/D'5, Formula (1) applies 
to a stationary state; for this reason, the energy of activation of 
formation of a “hole” which seems to play an important role in 
ordinary diffusion and viscosity does not enter in the ratio D’/D 
because one can assume that the two inverse processes occur 
through the ‘‘same” hole. The formula which can be derived for 

molecules of about the same size is 


D kT? ’ 

where ga and gz are the energies required to remove the molecules 
A and B from their equilibrium positions. The Soret ratio D’/D 
is thus directly related to intermolecular forces. Assuming that 
the energies ga and gg are a fraction 1/X of the total binding 
energy in the liquid and assuming that only dispersion forces 
exist, this formula becomes 

D 21 

D XRT? 
where E,’ is the energy of vaporization of the pure compound y. 
This formula predicts that the compound with higher energy 
of vaporization (or more generally the higher “density of cohe- 
sion’) becomes concentrated towards the cold wall. This theoreti- 
cal prevision has been checked with a number of organic solutions 
studied in our laboratory. 

We thought it might be interesting to study solutions of 
molecules as simple as possible in order to avoid effects related to 
asymetrical shapes or orientation of the molecules. For this 
reason we have measured the Soret coefficient D’/D for the 
binary mixtures of the following compounds: CCl,—CC1;CHs 
—CCl:(CH3)2—C(CHs3)4, whose thermodynamic properties have 
already been investigated,’ 


D! _44—4 (2) 


[(Ea’)!— (Ep")*(xa(Ea’)*+x9(Ex")4)], (3) 
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As 





B xp meanT7(°C) 104-D’/D 








CCl CClsCH; 0.50 —2.8 Oo +1 
0.46 12.0 3.5+0.7 

24.2 3.5+1 
2 CCl CCl2(CHs3)2 0.53 —2.8 2.4+0.6 
3 CCl C(CHs)4 0.50 —2.8 29 +1.5 
0.28 —2.8 26 +1.5 

4 CCl:CH: CCl2(CH3)2 0.39 —2.8 0.5+1 
12.0 3 +0.7 

25.0 18 +1 

5 CCls:CH3 C(CHa)« 0.30 —2.8 17.5+1 

6 CCle(CHs3)2 C(CHs3)4 0.47 —2.8 17 +2 








_* becomes more concentrated in the cold part of the thermal diffusion 
cell. 


The experiments were carried out with the apparatus described 
by G. Thomaes,’ in which a system without convection is sub- 
jected to a vertical temperature gradient, the concentration 
gradient being measured continuously by an optical system. 
In order to test this method, we also measured the diffusion 
coefficient of the system CCl,—C(CHs),s as a function of con- 
centration by the diver method of B. Gerlach.2 Both methods 
gave values of D of the same order of magnitude in the case of 
equimolecular solutions (Dtierm=2.10~, Daiver=1, 3.1075) while 
dilute solutions of C(CH;),; in CCl, studied in the thermal diffusion 
apparatus gave values of D much larger than expected. This 
might be explained by a slow convection of the liquid (see Table I). 

As in all the former papers of this laboratory, the theory gives 
the correct sign of D’/D. Besides it is in good quantitative agree- 
ment with the experimental results for the system CCl,—C(CHs), 
(X=5), but it cannot actually explain the rapid increase of D’/D 
with temperature in the case of systems 1 and 4. 

We are much indebted to Professor de Brouckére and Professor 
Prigogine for constant advice and interest, and to the Institut 
Interuniversitaire des Sciences Nucléaires for financial aid. 

m* Chercheur agréé de l'Institut Interuniversitaire des Sciences Nu 
s 1 Priecginn, de Brouckére, and Amand, Physica 16, 577 (1950). 

2 Prigogine de Brouckére, and H. Amand, Physica 16, 851 (1950). 

3G. Thomaes, Physica 17, 885 (1951). 

4R. Buess, Bull. Soc. chim. Belg. 61, 463 (1952). 

51. Prigogine, L. de Brouckére, and R. Buess, Physica 18, 915 (1952). 

6 Glasstone, Laidler, and Eyring, The Theory of Rate Processes (Mc- 
Graw-Hill Book Company, Inc., New York, 1941 


3. 
7V. Mathot and A. Desmyter, J. Chem. Phys. 21, 782 (1953). 
$B. Gerlach, Ann. Physik 5, 10, 437 (1931). 





Infrared Dichroism in the 13.84 Band of n-C;.H7, 
Single Crystals and Polyethylene. 
SAMUEL KRIMM 


Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received January 11, 1954) 


TUDIES on the 13.84 band in the infrared spectrum of 
n-paraffins and of polyethylene have established that this 
band is due to the CH: rocking vibration in the plane perpen- 
dicular to the chain axis,’ and that the splitting into two com- 
ponents, at about 720 cm™ and 730 cm“, is probably a result of 
interaction between rocking modes on neighboring chains in the 
crystal. In melted paraffins and in the amorphous regions of 
polyethylene this vibration occurs only at 720 cm~, and, there- 
fore, polarization measurements on cold-drawn polyethylene (in 
which both components exhibit perpendicular polarization) 
always show a higher dichroic ratio for the 730 cm=! band than 
for that at 720cm7!. Theoretical considerations indicate that 
the two components arise from in-phase and out-of-phase rocking 
motions of CH: groups on neighboring chains. As a consequence, 
it is to be expected that each of the components will be polarized 
along a difference crystallographic axis. In order to check this, 
polarized spectra of single crystals of a m-paraffin Cz6H74 were 
obtained; the results agree with this theoretical prediction. 
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Fic. 1. Spectrum in 13.84 region of n-CasH74 single crystals, using polar- 
ized radiation: — electric vector parallel to a axis, -—-—-— electric vector 
parallel to 6 axis. 





Crystals of C3sH7, were grown from a di-isopropyl ether solu- 
tion, being obtained as thin parallelopipéds. X-ray diffraction 
photographs showed that the c axis of the crystal was approxi- 
mately perpendicular to the plane of the platelet and also estab- 
lished the orientation of the a axis and 6 axis. A b-axis length of 
5.56A indicates that the crystal is a modification, different from 
the normal form,® in which the long chain axes are tilted at a 
small angle to the basal plane. The sample used consisted of a 
number of such single crystals oriented identically (as nearly as 
possible) on a rock salt plate. Using a silver chloride polarizer, 
spectra were obtained with the electric vector parallel to the 
a axis and to the 0 axis of the crystal. 

The polarized spectrum in the 13.8y region of the single crystals 
of C3sH74 is shown in Fig. 1. It is seen that each component is 
almost completely polarized along one crystallographic axis, the 
720-cm™ band along the 6 axis and the 730-cm™ band along the 
a axis. The doublet at 1460 cm™ shows the same characteristics: 
the low-frequency component is polarized along the b axis and 
the high-frequency component along the a axis. 

The perpendicular polarization of both components in cold- 
drawn polyethylene is a consequence of the fact that the alignment 
of the c axis along the stretching direction is accompanied by a 
random orientation of the a and 6 axes perpendicular to this 
direction. It has been found possible, however, by heat relaxation 
of a stretched sample, to disorient the crystallites in such a way 
that the a axis turns into the stretching direction.* On the basis 
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of the above results on paraffin crystals, one would expect the 
730-cm™ component to show parallel polarization; the spectrum 
of such a heat-relaxed sample showed this to be true. The same 
type of preferred orientation is also found in some machine-ex- 
truded films. The spectrum of such a polyethylene film is shown 
in Fig. 2; the parallel polarization of the 730-cm™ band is evident. 
The expected orientation of the crystallites, viz. with the @ axis 
lying along the machine direction, was confirmed by x-ray photo- 
graphs. 

Knowing that in polyethylene the absorption at 730 cm™ is 
associated with a axes of crystals whereas that at 720cm™ is 
attributable to 6 axes as well as to amorphous material, it is pos- 
sible, assuming reasonable simplified crystallite distributions, to 
calculate readily the dichroic ratio of only the amorphous band 
at 720 cm“. Such a calculation has indicated that the amorphous 
regions in cold-drawn and in machine-extruded specimens are 
indeed oriented, a result in agreement with previous x-ray studies.’ 
The author wishes to express his appreciation to Dr. F. P. Reding 
of Carbide and Carbon Chemicals Company for making available 
the C3sH74, and to Dr. P. H. Lindenmeyer of Visking Corporation 
for furnishing the machine-oriented polyethylene. 

iN: ie ge and G. B. B. M. Sutherland, Nature 159, 739 (1947). 

2G. B. B. M. ree and A. Vallance Jones, Nature 160, 567 (1947). 

sR. e “Stein and G. B. B. M. Sutherland, J. Chem. Phys. 21, 370 (1953). 

4R.S. Stein (to be beck Bae 

5 A. Muller, Proc. Roy. Soc. (London) A120, 437 (1928). 


6 A. Brown, J. Appl. Phys. 20, 552 (1949). 
7S. Krimm and A. V. Tobolsky, J. Polymer Sci. 7, 57 (1951). 





Dielectric Behavior of Methyl Bromide 
in 3-cm Region 
KRISHNAJI AND PREM SWARUP 


Depar.meni of Physics, University of Allahabad, Allahabad, India 
(Received January 4, 1954) 


HE dielectric behavior of the symmetric top methyl 

bromide molecules has been studied in gaseous state in the 
3-cm microwave region at moderate pressures. The dielectric 
properties of a polar medium in which storage and dissipation 
of microwave energy are involved can be represented by 
complex dielectric constant e=e’—je’’, where (e’—1) represents 
the electric susceptibility of the gas and é’’ is the dielectric loss 
factor which is related to the microwave absorption coefficient 
by the linear relation: 

a(per cm) =27e"’, 


where 7 is the frequency (cm™) at which the absorption is 
measured. 

The absorption of methyl bromide in the centimeter 7 region 
is due to a number of rotational lines! clustered about 0.63 cm™ 
and due to the inversion of the molecule in its ground vibrational 
state. The inversion frequency in this case is virtually zero but 
the absorption line is spread out to microwave region owing to 
the collision broadening effect. The absorption in the three-centi- 
meter region is solely due to inversion, the contribution’ of the 
resonant lines at 0.63 cm™ being negligible. 

The theoretical value of the absorption coefficient is calculated 
by the quantum-mechanical expression of VanVleck and Weiss- 
kopf* for absorption : 


a_ 40ENK welll (Av)w (Av) av | 
ze 3kT AP+ (P—Do)? A+ (+I)? 
mame [ (Av)ay 7 Ap | 
=a" PL A+ (P—H)? AP (P+P0)* 
=2-4-1- p[(Av)y/AP+32] for Fo=0, (2) 


where a (per cm) is the absorption coefficient; J is the intensity 
factor (per cm mercury); / is the pressure (cm Hg); (Av)ay is the 
line-width parameter (cm™) ; ¥o(cm™) is the resonance frequency. 
In the case when resonant frequency 7 is zero, this expression (1) r 
reduces to the well-known Debye expression (2). Table I gives 





(1) 
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Fic. 1. Pressure variation of absorption coefficient of methyl 
bromide ( experimental, --- theoretical). 





the values of the parameters used for calculations. The values of 
these two parameters at atmospheric pressure are the same as 
given by Walter and Hershberger? and Bleaney and Loubser,! 
respectively. 

The experimental techniques adopted in the measurements of 
absorption and susceptibility have already been reported.5* The 
experimental values of the absorption coefficient in unbounded 
medium taken at room temperature and 3.3-cm wavelength have 
been plotted against pressure in Fig. 1 which also displays the 
theoretical points by small circles. There is a close agreement 
between the two sets of values. From the experimental curve of 
absorption vs pressure, we find that the curve follows /? law up 
to 35-cm pressure. It is, therefore, possible to represent accurately 
the data of the absorption coefficient tabulated in Table IT for 


TABLE I. 








Pressure in cm Hg 
Parameters 20 30 40 50 60 Atmos 





2-4-I-p X104 10 15 20 25 30 38 
(Av) ay (cm~) 0.032 0.05 0.06 0.08 0.096 0.122 








pressures up to 35 cm Hg by an equation: 


= (const) p*, 


in which the constant comes out to be 1.22 10-6 cm per (cm Hg)?. 
From the absorption values we have calculated the values of the 
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G. 2. Pressure variation of electric susceptibility of methyl bromide. 
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TABLE I. Extended analysis of the \4050 band of Cs. 








Pressure cm Hg 


Wave number cm=! 











20 30 40 50 60 70 76 J P(J) OJ) R(J) 
a@X10'cm= — 0.5 1.0 1.6 23 30 38 4.3 48 24598.61 24678.44 
e’ X10¢ O20 653 O28 12 14 28 23 49 24637.45 
(e’—1) X10? = 2.4 3.4 5 62 74 88 95 50 94.20 77.09 
51 34.59 
52 89.58 75.96 
53 31.58 
dielectric loss factors at various pressures, which are tabulated +4 nant’ 28.51 a 
in Table IT. 56 80.03 73.20 
The experimental values of the electric susceptibility (e’—1) = 75.46 ae 71.61 
have been plotted in Fig. 2 against pressure which gives a straight 59 i 22.28 
line similar to that expected and observed by authors in the case of my 770 19.06 sad 
ammonia’ and ethy] chloride.* The values are also tabulated in 62 65.84 68.37 
Table II 63 15.62 
: ' : . 64 60.87 66.52 
Our results of the absorption coefficient and (e’—1) at atmo- 65 12.38 
spheric pressure are in agreement with the values of Walter and S 55.82 08.81 64.58 
Hershberger, 4.2 10-4 cm™ and 9.5X10-, respectively. Bleaney 68 50.75 62.18 
and Loubser had taken the data at two-atmos pressure. The 4 45.49 reed 
value of the line-width parameter as 0.122 cm™ at one-atmos 71 01.71 
pressure gives a close agreement between the theoretical and i 0.29 598.08 
measured absorptions; the collision diameter calculated from this 74 34.83 
value comes out to be 9 angstroms, much higher than the Kinetic 4 94.58 
theory value of about 5.8 angstroms as also shown by Bleaney 77 90.65 
and Loubser.! bo ear 
The complex dielectric constant of gaseous methyl bromide at 83 78.88 
3.3-cm wavelength, atmospheric pressure, and room temperature ro oo 
comes out to be: 89 66.54 
e= 1.0095 —j (0.00023). pad ss 
sia” and J. H. N. Loubser, Proc. Phys. Soc. (London) 63, bo ao 
48: 0). 
2Gordy, Smith, and Trambarulo, Microwave Spectroscopy (John Wiley a4 2 
and Sons, Inc., New York, 1953). 103 35.72 
3J. E. Walter and W. D. Hershberger, J. Appl. Phys. 17, 814 (1946). 105 31.11 
Pt VanVleck and V. F. Weisskopf, Revs. Modern Phys. 17, 227 107 26.22 
945). : 
’ Krishnaji and Prem Swarup, J. Sci. Ind. Research (India) 12B, 1 (1953). 4 He 


6 Krishnaji and Prem Swarup, J. Appl. Phys. (in press). 
7 Krishnaji and Prem Swarup, Z. Physik 136, 374 (1953). 
8 Prem Swarup, J. Sci. Ind. Research (India) (communicated). 





The 24050 Group of Cometary Spectra in the 
Acetylene-Oxygen Flame 


NORMAN H. KIESS AND ARNOLD M. Bass 
National Bureau of Standards, Washington, D.C. 
(Received September 8, 1953) 


HE group of emission bands which has been observed in 

spectra of comets and late class N-stars, in the region of 
44050, has been produced recently in the laboratory in a number 
of sources.! Durie? has observed the 44050 emission in the flame 
reaction of fluorine with organic compounds, but to the best of 
our knowledge these bands have not been observed before in 
flames burning in oxygen. We have recently observed a band 
emission in the \4050 region in the radiation from the luminous 


CH 
4 4050 GROUP 43154 





| | 





4049.79A 


Fic. 1. Emission spectrum of acetylene-oxygen flame as photo- 
graphed with Hilger E-2 glass prism spectrograph. 








zone of a fuel-rich acetylene-oxygen flame. This luminous zone 
appears at a fuel-to-oxygen ratio of about 2.6 times stoichiometric, 
and remains in the flame well beyond the ratio of 4 times stoichio- 
metric. The low dispersion spectrum in this region shows a group 
of bands similar to that observed by Durie? and by Herzberg.* 
Figure 1 is a reproduction of the spectrum as photographed with 
a Hilger E-2 spectrograph with glass optics. The source for this 
exposure was an acetylene-oxygen flame, of fuel-to-oxygen ratio 
three times stoichiometric, burning on a welding torch with a 
port diameter of 1 mm. The exposure time was 1 minute on a 
spectrum analysis No. 1 plate. The bands of the \4050 group are 
clearly discernible as they extend unchanged over the whole 
slit, while the other features of the spectrum (which are mostly 
CH) show a marked decrease in intensity in going from the inner 
cone to the outer cone. Through the cooperation of the Spectros- 
copy Section of this Bureau, these bands were photographed in 
the second order of a 21-foot grating spectrograph with dispersion 
of 0.88A/mm. The spectrum at this high resolution resembles 
that described by Douglas‘ as obtained in a discharge between 
carbon electrodes. Our spectrum is much richer in lines, as would 
be expected by considering the much higher temperature of our 
source. Figure 2 is a reproduction of a densitometer tracing of 
the spectral region between 4050 and 4075A. This tracing was 
taken from a spectrum analysis No. 1 plate exposed for 43 hours 
by using as a source a three times stoichiometric acetylene-oxygen 
flame burning on a rectangular slot burner of dimensions 50 mm 
by 0.076 mm. The region of the flame selected for this trace lies 
above the reaction zone. 

Douglas has suggested that these bands may be explained as 
arising from a 2—II transition of a linear C; molecule, and he has 
presented an analysis of the rotational structure of the band 
which forms a head at 4050A. For most of the lines of this band 
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Fic. 2. Densitometer trace of the 44050 band in emission from acetylene- 
oxygen flame. Original plate photographed with 21-foot grating spectro- 
graph, dispersion 0.88A/mm. 


our measurements agree with those of Douglas to better than 
1 cm in the spectral range in which the data overlap. Because 
of the higher excitation temperature which we used, we have 
been able to extend the analysis suggested by Douglas to higher 
rotational quantum numbers. The extended analysis is presented 
in Table I. The lines for J less than 48 are omitted since the 
wavelengths which we measured are essentially the same as those 
reported by Douglas. For the type of transition postulated by 
Douglas, our measurements lead to the following constants: 


B’=0.413 cm™ B” =0.430 cm“ 
D/=0.45X 10~* cm™ D" =0.90X 10-§ cm™ 
vo= 24675.75 cm. 
These values for B’, B’, and D” are in very close agreement with 
those of Douglas. For D’ Douglas reports a value of 0.26X10~° 
cm™ which is considerably smaller than that which we found. 


1For a recent complete review of - problem see B. Rosen and P. 
—, Ann. d'Astrophys. 16, 82 (195; 
A. Durie, Proc. Roy. Soc. (L poe ae ot 110 (1952). 
e Herzberg, Astrophys. J. 96, 314 (1942 
4A. E. Douglas, Astrophys. J. 114, 466 (1951). 





Regularity of the F-Center Maxima in 
Fused Silica and a Quartz 


ALVIN J. COHEN 


Multiple Fellowship on Glass Science, Mellon Institute, 
Pittsburgh, Pennsylvania 


(Received January 4, 1954) 


N a careful study of color centers in fused silica, Yokota! ob- 

served an absorption band at 548-550 my (2.3 ev, see Table I) 
upon x-irradiation of samples prepared under reducing conditions. 
His work has shown that this absorption band has many of the 
properties of F centers with the exception that no wavelength 
shift is observed on cooling to liquid oxygen temperature. He at- 
tributed the band to electrons trapped in oxygen vacancies. 
Yokota? has also observed an absorption maximum at 2.68 ev 
(462 mu) upon x-irradiation of crystalline a quartz and inter- 
preted this band as an F band corresponding to the 2.3-ev one in 
fused silica. Niira* has proposed a plausible theory to account for 
the above shift in frequency. Bappu’s‘ work on natural a quartz 
of purple color, generally known as amethyst, shows the existence 
of an absorption band at 550 my at 28°C. The 550-my band in 
amethyst is temperature sensitive, is quickly removed at 400- 
450°C, and is readily converted to an “F’ band” by flooding with 
blue light.4 Consequently, it would seem that Bappu is correct in 
calling the amethyst band an F band, and it is in fact the band 
which corresponds almost exactly to the F band in fused quartz. 
A comparison of the wavelengths of the F bands of these two 
materials is given in Table I. Yokota’s and Niira’s assignment of 











TABLE I. 
Band max 
F fies, Material in mu Reference 
—190 amethyst quartz 527 4 
—183 fused quartz 548-5508, 539> 1 
+ 28 amethyst quartz 550 4 
+ 23 fused quartz 548-5508, 539> 1 
+198 amethyst quartz 560 4 








8 Value taken from graph, p. 318, reference 1. 
b Same band as (a) but is from value of 2.3 ev given in text, p. 318, 
reference 1. 


the F-center peak in @ quartz is considered incorrect, and no con- 
clusions can be drawn as yet about the influence of crystalline or 
amorphous environment on F centers in quartz. 

The F-center band of a quartz corresponding closely with the 
F-center band of fused silica has been seen thus far only in the 
amethyst-colored material and not in the smoky variety. Yokota’s 
2.68-ev band has not been found by other investigators, either in 
other samples of natural smoky quartz or smoky quartz colored 
by x-radiation. Mohler’ finds in this region of the smoky quartz 
spectrum absorption peaks at 400, 500, and 606 mu; Smakula*® 
observes a peak between 400 and 435 my depending on crystal 
orientation; the author finds peaks at 425 and 625 my in natural 
smoky quartz from the Dinkey Lakes region of California oriented 
either parallel or perpendicualr to the optic axis. These two peaks 
may be bleached rapidly at 400°C and regenerated by x-radiation. 
Wafers of naturally colorless Brazilian a quartz cut parallel to the 
optic axis developed the same two absorption peaks after 3X 10*r 
of gamma irradiation. Marshall’ finds absorption peaks in natural 
smoky quartz from Jessieville, Arkansas, that substantially agree 
in wavelength with the results found in this laboratory. 

The occurrence of smoky quartz lacking a “550-my” band and 
amethyst with such a band may be explained by one or more of the 
following mechanisms: (1) if the a quartz turns smoky on x-irra- 
diation, or by proximity to natural radioactivity im situ; it (a) has 
been formed under oxidizing conditions so that anion vacancies 
do not exist; (b) contains chemical impurities that preclude the 
existence of anion vacancies; (c) does have anion vacancies, but 
these do not form F centers. (2) If the a quartz turns purple under 
the same conditions that other a quartz turns smoky, it (a) 
has been formed under reducing conditions so that anion vacancies 
exist; (b) contains chemical impurities such that anion vacancies 
exist in order to preserve electroneutrality ; (c) has anion vacancies 
more favorable for electron trapping than in (1). Work on this 
problem is now in progress in this laboratory. 

Leela’ has measured the static paramagnetism of amethyst and 
attributed the observed paramagnetism entirely to iron im- 
purity. If, however, the 550-my band of amethyst is indeed due 
to F centers (which are always paramagnetic), Leela’s interpreta- 
tion of the results should be re-examined. 

1R. Yokota, J. Phys. Soc. Japan 7, 316 (1952). 

2R. Yokota, J. Phys. Soc. Japan 7, 222 (1952). 

953} Niira, Busseiron Kenkyu 50, 17 (1952); Chem. Abstracts 46, 7421c 
OOM K. V. Bappu, Indian J. Phys. 26, 1 (1952); Chem. Abstracts 46, 
7427a (1952). 

5 N. M. Mohler, Am. Mineralogist 21, 258 (1936). 

6 A. Smakula, J. Opt. Soc. Am. 40, 266a (1950). 

7 Royal Marshall, California Institute of Technology (private com- 


munication). 
8M. Leela, Nature 172, 464 (1953). 





Cl in SO.Cl Pure Quadrupole Spectra* 


P. J. Bray AND D. ESTEVA 
Rensselaer Polytechnic Instituie, Troy, New York 
(Received January 4, 1953) 


NUMBER of new quadrupole resonances of chlorine in 
sulfonyl chlorides and some other compounds have been 
found using a frequency modulated self-quenching superregenera- 
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TABLE I. Cl%5 quadrupole resonance frequencies. 
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Frequency at 
liquid nitrogen Approximate 
temperature (mega- signal-to-noise 






























Compound cycles per second) ratio 
1 2,5-dichlorobenzenesuIfonyl 37.3200 +0.0020 8 
chloride* CleCeH 3S 52Cl 36.3913 +0.0020 5- 6 
34.4484 +0.0020 6- 8 
2 2,5-dichlorobenzenesulfonic 36.4500 3 
acid* CleCeH3S 93H -2H20 36.1600 7 
35.6222 2- 3 
3 2,5-dichlorobenzenesIfonic acid 36.5040 9-10 
sodium salt CleCeHsSJ3Na 35.2117 6 
4 2,5-dimethylbenzenes Ifonyl 32.7579 15¢ 
chloride (CH3)2CeH3S )2Cl 4/ 32.5269 +0.0020 2-¢ 
\ 32.3178 6° 
32.2698 8e 
5 benzenesulfonyl chloride 32.8920 15¢ 
CeHsS J2Cl 32.5380 15¢ 
32.4700 +0.0020 10¢ 
6 p-chlorobenzenesulfonic acid 35.1366 3- 4 
sodium salt p-CICeH4S J3Na 
7 ethanesulfonyl chloride 32.5190 2 
CoHsS2Cl 
8 l-butanesulfony! chloride 32.7592 3- 4 
CH3(CHo2)3S J2Cl 
9 2-thiophenesulf ynvl chloride* 33.1507 22e 


SCH: CHCH:CSJ:Cl 


A ecasseesemenou 





















10 o-chlorobenzoic acid®-> 36.3049 7- 8 
o-CICsbHsCOOH 
11 pentachlorophenol*® 38.5794 6 
CeCls0OH 38.1915 7-8 
37.3750 4 
37.1292 +0.0020 y 
12 a-bromo-p-chloroacetophenone*-f 34.8224 12 


CICeH4COOH 2Br 








‘Sample melted in vial into polycrystalline solid. 

>This resonance may suffer from saturation or randomness in the 
crystalline composition. It appears as a series of humps rather than sharp 
lines. 

¢ This is the maximum signal-to-noise ratio observed. 

4 These two resonances so far have always appeared together. 

e Broader and more diffuse than usual, but very large. 

{ Piezoelectric in feather crystal form from DPI. This disappears com- 
pletely when the sample is melted down. 










tive oscillator. The audio amplification section used previously! ? 
has been replaced by a Tektronix Type 122 low-level preamplifier. 

The sulfonyl chloride resonances reported in Table I should be 
compared with previous Cl in SOsCI resonances.'* A conservative 
estimate of +1 kcps should be assigned to these present measure- 
ments except where noted. The lowest resonance in 2,5-dichloro- 
benzenesulfonyl chloride may tentatively be assigned to Cl in 
$0.Cl on the basis of the general frequency range of Cl in SOsCI 
resonances as reported here and elsewhere.!* The frequencies ob- 
tained for 2,5-dichlorobenzenesulfonic acid and its sodium salt 
tend to confirm this assignment. 

Both 2,5-dimethylbenzenesulfony] chloride and benzenesulfony] 
chloridet apparently have at least three different crystalline phases 
into which they may freeze. The resonance in 2,5-dimethylben- 
zenesulfony! chloride appears to progress stepwise over a period 
of days from the lowest to the highest frequency in a sample 
initially frozen at liquid nitrogen temperature and kept frozen 
under refrigeration at O— 10°C. 

The resonances in compounds 1, 2, 3, 6, 10, 11, and 12 should be 
compared with the chlorobenzene derivatives data of Meal.® 
Correlation of the Cl in SOzCl frequencies (and others reported 
here and in reference 1) with the substituent parameter sigma of 
Hammett will be presented in a later paper. 

The o-chlorobenzoic acid resonance completes the meta and para 
Values of Meal> and shows that the —COOH substitution pro- 
gressively strengthens the field gradient at the chlorine nucleus 
in the order para, meta, ortho. The resonance is brought out of the 
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noise with an increased extent of frequency modulation. It is still 
unusual in shape at room temperature in all samples studied to 
date (see 6 under Table I). 

It is surprising that four resonances arise in pentachlorophenol. 
Work is continuing on this compound and on the phase changes in 
benzenesulfonyl chloride and 2,5-dimethylbenzenesulfonyl chlo- 
ride. It is possible that further investigation will disclose so far 
unnoticed phase changes in other frozen liquids. Temperature 
dependence and Zeeman splitting studies are also in progress. 

Possibly of interest is the fact that at least one of the plastic 
caps employed on the sample-containing vials® exhibits a very 
strong resonance in the 23 mcps region at liquid nitrogen tem- 
perature. This resonance has the exact shape of a quadrupole 
resonance (which differs markedly from an external signal) but 
is unaffected by magnetic fields even of 1200 gauss or by electric 
fields of 300 volts/cm or so. It has not been found at room tem- 
perature. Rough treatment and mutilation of the cap are in- 
effectual in changing the size or frequency of the resonance. 
Annealing has not yet been tried. 

* Research supported by a grant in aid from the Rensselaer Polytechnic 
Institute Research Grants Committee. 
1P, J. Bray and P. J. Ring, J. Chem. Phys. 21, Dec. 1953. 
2C. Dean, thesis, Harvard University, 1952. 
3D. W. McCall and H. S. Gutows‘y, J. Chem. Phys. 21, 1300 (1953). 


4 Resonance first reported by McCall and Gutowsky (reference 3). 
5H. C. Meal, J. Am. Chem. Soc. 74, 6121 (1952). 


6 New York Laboratory Supply Company No. 15691 1 Dram Black Molded 
Screw Cap. 





Self-Consistent Orbitals for Radicals 


J. A. Pople AND R. K. NESBET 
Department of Theoretical Chemistry, Cambridge, England 
(Received November 25, 1953) 


OOTHAAN! has described an iterative method of deter- 
mining LCAO molecular orbitals for closed shell ground 
states. This can be generalized. to apply to the ground state of 
radicals or to any excited state which can be represented by a 
single determinant wave function. For such a state we may 
associate M electrons with orthonormal orbitals ¢:*---@y* and 
a-spin functions and the remaining N electrons with orbitals 
o:°-+-y* and B-spin functions. There is no a priori reason, how- 
ever, why any of the orbitals in one set should be identical with 
any in the other. The total determinantal wave function is, then, 


b=[(M+N)!}'2p(—1)PP{gi%(1)a(1)- ++ 
Xomu*(M)a(M)o5(M+1)8(M+1)--- 
Xon*(M+N)8(M+N)}. (1) 


The corresponding electronic energy is easily found by the 
standard reduction procedure and is 


a+8 a+ a+B a a BB 
E=SHi+4z = «H(z S45 >) Ky (2) 
i i i tj tj 


Here D*%, D8, and 2*+* indicate summation over a—, B—, and all 
orbitals, respectively. H;, Ji;, and K;; are defined by 


Hi= { Gilldids 
Tis= Jf F:(A)$5(2) (1/12) b:(1)};(2)dordo2 (3) 
Kis= ff G:(1)bs(2) (1/ris); (1): (2)dordes 


H being the Hamiltonian for a single electron in the field of the 
nuclei alone. 
If we now write the molecular orbitals ¢; in LCAO form 


$i =D exrCri; (4) 


where x; are any general set of specified single electron functions, 
then self-consistent values of C,; are determined by the condition 
that the first variation of (2) should vanish, subject to the ortho- 
normality conditions. Following the method and notation of 
reference 1, it is easily shown that the coefficients must satisfy 
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equations which can be written in matrix form 


Fee; = ¢,°Sc;*; F5¢,8 = FP Se,8, (5) 


where ¢;*, c:* are column vectors specifying the coefficients of 
the orbitals ¢;% and ¢:8, respectively. The matrices F* and F* are 


Fe¢=H+J—K*; F®=H+J—K’, (6) 
and the (rs)th elements of S, H, J, K* are 


(S)n= J Xixedo; (Wo= f XH xado 
Dru Z (pest PP) ff Ko(1)Ke(2) (1/ra2)xo(1)xw(2)derdes 
(Ke ra= Zp ff Ke Ke(2) (1/12) xu (A)xe(2)dorder @) 


7 B | 
put=WrCui; Pub =ZCuCuw. 


An iterative calculation of the coefficients can be based on the 
following steps: 


(a) assume a set of coefficients ¢;*, ¢:* satisfying the necessary 
orthonormality conditions. 

(b) Use these to calculate the matrices J, K*, K®, and, hence, 
F* and F°. 

(c) Determine a new set of coefficients from Eqs. (5). 

(d) Repeat the process until self-consistency is obtained. 


Equations (5) are a direct generalization of those obtained by 
Roothaan! and reduce to them in the special case when the 
number of a electrons is equal to the number of # electrons 
(M=N). 

They can be applied to the determination of orbitals in a single 
radical or radical ion along lines that have already been used for 
closed shell ground states.?~® 

One of us (R.K.N.) is a Predoctoral Fellow of the National 
Science Foundation. 

1C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

2J. F. Mulligan, J. Chem. Phys. 19, 347 (1951). 

3F. O. Ellison and H. Shull, J. Chem. Phys. 21, 1420 (1953). 


4R. C. Sahni, Trans. Faraday Soc. 49, 1246 (1953). 
5 R. G. Parr and R. S. Mulliken, J. Chem. Phys. 18, 1338 (1950). 





Nuclear Quadrupole Resonances in Some 
Chlorine Compounds* 
QUITMAN WILLIAMS AND T. L. WEATHERLY 


School of Physics, Georgia Institute of Technology, Atlanta, Georgia 
(Received December 28, 1953) 


URE quadrupole resonance has been observed in three 

chlorine compounds. The Cl** resonance frequencies are listed 

in Table I. Measurements were made at liquid-nitrogen tempera- 

ture using a frequency modulated regenerative detector. Fre- 

quencies were determined with a Signal Corps BC 221 frequency 
meter. 

The resonance frequency for 1-chloro-2,4-dinitrobenzene is 
higher than the value 34.622 Mc reported by Livingston! for mono- 
chlorobenzene. This increase in the Cl** resonance frequency pro- 
duced when NOz groups replace hydrogen atoms in monochloro- 
benzene is also evident in the measurements of Dean and Pound.? 


TABLE I. Cl85 quadrupole resonance frequencies at —196°C. 











Compound Frequency (Mc) 
1-Chloro-2,4-dinitrobenzene 37.796 
4-Chloro-3,5-xylenol 34.348 

34.415 
Ethyltrichlorosilane 18.756 
18.842 
18.865 
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Two resonances were found for 4-chloro-3,5-xylenol at fre- 
quencies slightly lower than those for parachlorophenol? at this 
temperature. Thus the substitution of CH; groups for hydro- 
gen at carbon atoms 3 and 5 decreases the resonance frequency. 
The existence of two resonance frequencies for 4-chloro-3,5-xylenol 
presumably results from two nonequivalent chlorine positions in 
the crystal lattice. 

The three absorption lines found for ethyltrichlorosilane occur 
at relatively low frequencies, indicating a decrease in resonance 
frequency with increased electronegativity difference. These fre- 
quencies are slightly lower than those reported by Livingston’ for 
SiCl,. This frequency decrease is probably the result of increased 
ionic character of the remaining C—Cl bonds when one chlorine 
atom is replaced by a CoH; group. 

* Sponsored by the Office of Ordnance Research, U. S. Army. 

1R. Livingston, Phys. Rev. 82, 289 (1951). 


2C. Dean and R. V. Pound, J. Chem. Phys. 20, 195 (1952). 
3R. Livingston, J. Phys. Chem. 57, 496 (1953). 





Temperature-Dependent Color Changes in 
Some Merocyanines 


YEHUDA HIRSHBERG AND ERNST FISCHER 


The Daniel Sieff Research Institute, The Weizmann Institute of Science 
Rehovoth, Israel 


(Received December 28, 1953) 


N the course of investigations of thermochromism and photo- 

chromism in spiropyrans,!? the absorption spectra of several 
merocyanines were measured at reduced temperatures. In all 
cases pronounced changes in color were observed when solutions 
of these compounds were cooled from room temperature to various 
lower temperatures, down to about 110°K. 

Spectrophotometric measurements showed these color changes 
to be due to the fact that with decreasing temperature one ab- 
sorption band, at longer wavelength, grows less intense while a 
second band, at shorter wavelength, grows more intense. A 
typical case is shown in Fig. 1, where the absorption spectrum is 
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Fic. 1. Absorption spectrum, at several temperatures, of (J) 
in a mixture of ethanol and methanol. (Conc. 2 mg/liter). 
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recorded for an alcoholic solution of compound (J) at several 
temperatures. Similar results were obtained with (JJ), (III), 
(IV), and several related compounds.’ From the change with 


Jonl0 onc. 


m (1) 0 ee (II) 
MeN >=tich=( ao {=the 
(1) a (tv) 


temperature of the thermal equilibrium between the two modi- 
fications characterized by the two absorption bands, the energy 
difference between these modifications was estimated at 2-3 
kcal/mole. 

The apparatus used in these experiments has been described 
elsewhere.” 

Further investigations are now under way on these phenomena 
and their relation to photochromism. 

1E. Fischer and Y. Hirshberg, J. Chem. Soc. 4522, 1952. 

2? Y. Hirshberg and E. Fischer, J. Chem. Soc. (to be published). 


3’ The authors are indebted to Dr. Anna Weizmann for a sample of (I), 
and to Dr. E. B. Knott for samples of all the other compounds measured. 





Maxima in the Potential Energy-Distance 
Functions of Diatomic Molecules 


R. F. BaRRow 
Physical Chemistry Laboratory, Oxford University, Oxford, England 
(Received December 28, 1953) 


NE conclusion of a recent theoretical study of the oxygen 

molecule by Meckler'’ is that there may be quite pronounced 
maxima in the potential energy-distance curves for the ground 
state X8L,~ and for the state 6',+ of the oxygen molecule. The 
possibility of such maxima occurring at least in excited states 
was indicated some years ago by Mulliken’s work? on AglI, and 
there is evidence from observations of predissociation that the 
lowest! II states in BH and AIH behave similarly (see, for example, 
Herzberg’). 

The present thermochemical and spectroscopic information 
about the AIF molecule can only be reconciled if it is assumed 
that there is a maximum in the state A'II at about 21 kcal above 
the dissociation limit. This conclusion prompted an examination 
of the data for AICI and for the silver halides. The results (kcal 
mole!) are summarized in Table I. The information is not uni- 




























TABLE I. 

Height of 

potential 

Molecule State Dspect- Dthermochem. maximum 
AICl Alll 121.7 117.3 4.4 
AgCl B(®To+) 94.9 78.3 16.6 
AgBr B(8QTlo+) 83.9 73.4 10.5 
Agl B(3Ilo+) 69.4 60.5 8.9 








formly reliable, and particularly some of the latent heats of sub- 
imation may be in considerable error, but there is a clear sugges- 
on that maxima of height up to about 20 kcal may be more 
‘ommon at least in excited states than has been generally supposed. 

This question has important bearings upon the spectroscopic 
determination of dissociation energies of certain important mole- 
cules like NO and CO: indeed this has been realized for some time 
(see, for example, Herzberg? and Gaydon*). However, the indica- 
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tions now are that potential maxima are no longer to be regarded 
as rather special anomalies; and, as a result, the acceptance of a 
spectroscopic dissociation energy based on the observation of a 
single limit is to be treated with perhaps more scepticism than 
it has received hitherto. The present position stresses the need 
for more theoretical and experimental information about the 
interaction of atoms at moderately large values of the internuclear 
distance. 

1A. Meckler, J. Chem. Phys. 21, 1750 (1953). 

2R. S. Mulliken, Phys. Rev. 50, 310 (1937). 

3G. Herzberg, Molecular Spectra and Molecular Structure (D. Van Nos- 
trand Company, Inc., New York, 1950), Vol. I. 

4H. C. Rowlinson and R. F. Barrow, Proc. Phys. Soc. (London) A66, 
437 (1953). 

5A. G. Gaydon, Dissociation Energies (Chapman and Hall, London, 
1953). 





Erratum: Theory of Absorption Spectra 
of Carotenoids 
(J. Chem. Phys. 20, 1661 (1952); 21, 381 (1953)] 


GENTARO ARAKI 
Faculty of Engineering, Kyoto University, Yosida, Kyoto, Japan 


HE interpretation of the sectional area A of the pipe in 

which =z electrons are enclosed was not appropriate as given 

in these letters. In the correct interpretation 4A should be replaced 

for A in the previous letter. Then Eq. (2) becomes 5= (L/7)*/ 

{A (N—2)}, and consequently we have A =181.1 atomic units after 
some new adjustment for fitting experiment. 





Errata: Mechanism of the Hg(*P,) Photo- 
sensitized Decomposition of Ethylene 
[J. Chem. Phys. 21, 2075-2076 (1953) ] 
A. G. MITCHELL AND D. J. LERoy 
Department of Chemistry, University of Toronto, Toronto, Canada 


QUATIONS (1a), (1b), (2), (3), (4), (5a), and (5b) should 
read, respectively, (a), (b), (1), (2), (3), (@), and (i). 





On the Ionicity of Gaseous Thallous Chloride 
AUBREY P. ALTSHULLER 


1911 Clover Street, Cleveland, Ohio 
(Received December 28, 1953) 


N attempt was made recently to calculate the dipole moments 
of gaseous thallous halides! by means of the electrostatic 
treatment used successfully for alkali metal halides by Rittner.? 
The calculated dipole moment of thallous chloride of about 3.8 d 
was 0.7 d less than the observed moment of 4.44 d. This difference 
was explained as probably due to the uncertainty in the polar- 
izability of Tl*. While this uncertainty may be partially respon- 
sible for the difference, it is also true that the assumption made 
that the gaseous thallous halides are completely ionic in character 
is probably incorrect. Although TICI is undoubtedly a highly 
polar molecule, recent interpretations’ of nuclear quadrupole 
coupling constants indicate that there may be a 15-20 percent 
contribution from s-p hybridization to the TI—Cl bond. (This 
partially covalent character of TIC] in the gaseous state contrasts 
with the apparently negligible contribution from homopolar 
binding to the lattice energies of solid thallous halides.*® 
If this interpretation** of the microwave data is correct, there 
will be a contribution to the total moment of TIC] from the atomic 
dipoles arising at the Tl and Cl atoms as a result of charge asym- 
metries caused by hybridization of the bonding orbits.”'* An atomic 
moment arising from the nonbonding hybridized orbitals will also 
be present which will tend to oppose the net atomic moment due to 
the hybridization of the bonding orbitals. Furthermore, a homo- 
polar dipole will also be present due to the difference in the sizes 
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of the Tl and Cl atoms. The TI* in the gaseous molecule may be 
calculated to have a radius of 0.9A (average of 0.95, 0.94, and 
0.85A) from the ionic radius of 1.59A given by Rittner? for CI- in 
gaseous alkali halides and the internuclear distances of TICI, 
TIBr, ‘TII.! If these radii are used then TI*<CI- and the homo- 
polar dipole will be directed with its negative end towards the Tl 
atom and will thus oppose the ionic moment. (The partially 
covalent character of the bond should reduce the difference in 
these radii somewhat and consequently reduce the magnitude of 
the homopolar moment.) Since pionic+Mhomopolar <Mionie<Mobs, it 
would seem that the resultant of the atomic moments arising 
from hybridization of the bonding and nonbonding orbitals must 
act in the same direction as the ionic moment so that pionic 


! ! =— 
T Khomopolar 1 Matomic = Mobs- 
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The brief discussion given above would appear to indicate that 
the exact calculation of the dipole moment of a molecule of large 
but not 100 percent ionic character with some orbital hybridiza- 
tion is quite likely to be difficult and that the simple electrostatic 
treatment can only be expected at best to give a fair approxima- 
tion to the observed moment. 


1A. P. Altshuller, J. Chem. Phys. 21, 2074 (1953). 

2 E. Rittner, J. Chem. Phys. 19, 1030 (1951). 

3 Gordy, Smith, and Trambarulo, Microwave Spectroscopy (John Wiley 
and Sons, Inc., New York, 1953), Chapter 7. 

4B. P. Dailey, J. Phys. Chem. 57, 490 (1953). 

5 J. E. Mayer, J. Chem. Phys. 1, 327 (1933). 

6 This difference is in accord with the increasing ionic character observed 
in going from the gaseous to the solid states for other halides (reference 4), 

7R. S. Mulliken, J. chim. phys. 46, 497 (1949). 

#C. A. Coulson, Proc. Phys. Soc. (London) 207A, 63 (1951). 





